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ʇʦʩʽʙʥʠʢ ʦʭʦʧʣʶʻ ʤʘʪʝʨʽʘʣ ʧʨʦʛʨʘʤʠ ʧʝʨʰʦʛʦ ʪʘ ʜʨʫʛʦʛʦ ʢʫʨʩʽʚ ʜʠʩʮʠʧʣʽʥʠ 

çɺʠʱʘ ʤʘʪʝʤʘʪʠʢʘè. ʇʦʜʘʥʦ ʢʦʨʦʪʢʽ ʪʝʦʨʝʪʠʯʥʽ ʚʽʜʦʤʦʩʪʽ ʜʦʚʽʜʢʦʚʦʛʦ ʭʘʨʘʢʪʝʨʫ, 

ʧʨʠʢʣʘʜʠ ʨʦʟʚôʷʟʫʚʘʥʥʷ ʪʠʧʦʚʠʭ ʟʘʜʘʯ, ʚʘʨʽʘʥʪʠ ʟʘʚʜʘʥʴ ʢʦʥʪʨʦʣʴʥʠʭ ʨʦʙʽʪ.  

ɼʣʷ ʩʪʫʜʝʥʪʽʚ ʪʝʭʥʽʯʥʠʭ ʩʧʝʮʽʘʣʴʥʦʩʪʝʡ ʟʘʦʯʥʦʾ ʬʦʨʤʠ ʥʘʚʯʘʥʥʷ. 
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ɺʉʊʋʇ 

 

ɼʘʥʠʡ "ʅʘʚʯʘʣʴʥʠʡ ʧʦʩʽʙʥʠʢ" ʚʽʜʧʦʚʽʜʘʻ ʧʨʦʛʨʘʤʽ ʜʠʩʮʠʧʣʽʥʠ "ɺʠʱʘ 

ʤʘʪʝʤʘʪʠʢʘ" ʜʣʷ ʩʪʫʜʝʥʪʽʚ ʽʥʞʝʥʝʨʥʦ-ʪʝʭʥʽʯʥʠʭ ʩʧʝʮʽʘʣʴʥʦʩʪʝʡ  ʟʘʦʯʥʦʾ 

ʬʦʨʤʠ ʥʘʚʯʘʥʥʷ. 

ʇʦʩʽʙʥʠʢ ʚʤʽʱʫʻ ʜʝʩʷʪʴ ʨʦʟʜʽʣʽʚ, ʱʦ ʦʭʦʧʣʶʶʪʴ ʤʘʪʝʨʽʘʣ ʚʩʴʦʛʦ ʢʫʨʩʫ 

ʚʠʱʦʾ ʤʘʪʝʤʘʪʠʢʠ ʜʣʷ ʪʝʭʥʽʯʥʠʭ ʩʧʝʮʽʘʣʴʥʦʩʪʝʡ: 

¶ ɽʣʝʤʝʥʪʠ ʣʽʥʽʡʥʦʾ ʘʣʛʝʙʨʠ. 

¶ ɸʥʘʣʽʪʠʯʥʘ ʛʝʦʤʝʪʨʽʷ. 

¶ ɺʚʝʜʝʥʥʷ ʚ ʤʘʪʝʤʘʪʠʯʥʠʡ ʘʥʘʣʽʟ. ɼʠʬʝʨʝʥʮʽʘʣʴʥʝ ʯʠʩʣʝʥʥʷ 

ʬʫʥʢʮʽʾ ʦʜʥʽʻʾ ʟʤʽʥʥʦʾ. 

¶ ɯʥʪʝʛʨʘʣʴʥʝ ʯʠʩʣʝʥʥʷ ʬʫʥʢʮʽʾ ʦʜʥʽʻʾ ʟʤʽʥʥʦʾ. 

¶ ɼʠʬʝʨʝʥʮʽʘʣʴʥʝ ʯʠʩʣʝʥʥʷ ʬʫʥʢʮʽʾ ʙʘʛʘʪʴʦʭ ʟʤʽʥʥʠʭ. 

¶ ɼʠʬʝʨʝʥʮʽʘʣʴʥʽ ʨʽʚʥʷʥʥʷ. 

¶ ʏʠʩʣʦʚʽ ʪʘ ʬʫʥʢʮʽʦʥʘʣʴʥʽ ʨʷʜʠ. 

¶ ʂʨʘʪʥʽ, ʢʨʠʚʦʣʽʥʽʡʥʽ ʪʘ ʧʦʚʝʨʭʥʝʚʽ ʽʥʪʝʛʨʘʣʠ. ɽʣʝʤʝʥʪʠ ʪʝʦʨʽʾ 

ʧʦʣʷ. 

¶ ʊʝʦʨʽʷ ʡʤʦʚʽʨʥʦʩʪʝʡ ʽ ʤʘʪʝʤʘʪʠʯʥʘ ʩʪʘʪʠʩʪʠʢʘ. 

¶ ʈʽʚʥʷʥʥʷ ʤʘʪʝʤʘʪʠʯʥʦʾ ʬʽʟʠʢʠ. ʌʫʥʢʮʽʾ ʢʦʤʧʣʝʢʩʥʦʛʦ ʟʤʽʥʥʦʛʦ. 

ʆʧʝʨʘʮʽʡʥʝ ʯʠʩʣʝʥʥʷ. 

ʋ ʢʦʞʥʦʤʫ ʨʦʟʜʽʣʽ ʥʘʚʝʜʝʥʦ: ʧʦʩʠʣʘʥʥʷ ʥʘ ʥʘʚʯʘʣʴʥʫ ʣʽʪʝʨʘʪʫʨʫ; 

ʢʦʨʦʪʢʽ ʪʝʦʨʝʪʠʯʥʽ ʚʽʜʦʤʦʩʪʽ ï ʬʦʨʤʫʣʶʚʘʥʥʷ ʦʩʥʦʚʥʠʭ ʧʦʥʷʪʴ ʽ ʪʝʦʨʝʤ;  

ʟʨʘʟʢʠ ʨʦʟʚôʷʟʫʚʘʥʥʷ ʦʩʥʦʚʥʠʭ ʪʠʧʽʚ ʟʘʜʘʯ; ʧʽʜʙʽʨ ʟʘʜʘʯ ʜʣʷ ʚʠʢʦʥʘʥʥʷ 

ʢʦʥʪʨʦʣʴʥʠʭ ʨʦʙʽʪ (10 ʚʘʨʽʘʥʪʽʚ). 

ʇʦʩʽʙʥʠʢ ʨʝʢʦʤʝʥʜʦʚʘʥʦ ʜʣʷ ʩʪʫʜʝʥʪʽʚ ʟʘʦʯʥʦʾ ʬʦʨʤʠ ʥʘʚʯʘʥʥʷ, ʚʽʥ 

ʪʘʢʦʞ ʤʦʞʝ ʙʫʪʠ ʚʠʢʦʨʠʩʪʘʥʠʡ ʷʢ ʜʦʚʽʜʥʠʢ ʩʪʫʜʝʥʪʘʤʠ ʜʝʥʥʦʾ ʬʦʨʤʠ 

ʥʘʚʯʘʥʥʷ. 
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Ä1. ɽʃɽʄɽʅʊʀ ʃɯʅɯʁʅʆɰ ɸʃɻɽɹʈʀ 

 

ʃʽʪʝʨʘʪʫʨʘ: [1] ï ʩ. 8-27, 89-102; [2] ï ʩ. 68-80, 104-113; [3] ï ʩ. 5-14;  

[4] ï ʩ. 3-24; [5] ï ʩ. 124-138.  

ʄʘʪʨʠʮʝʶ )( ijaA=  ʥʘʟʠʚʘʻʪʴʩʷ ʧʨʷʤʦʢʫʪʥʘ ʪʘʙʣʠʮʷ ʯʠʩʝʣ 
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ʱʦ ʤʽʩʪʠʪʴ m ʨʷʜʢʽʚ ʪʘ n  ʩʪʦʚʧʮʽʚ. 

ʗʢʱʦ nm= , ʪʦ ʤʘʪʨʠʮʷ ʥʘʟʠʚʘʻʪʴʩʷ ʢʚʘʜʨʘʪʥʦʶ, ʘ ʯʠʩʣʦ m, ʱʦ 

ʜʦʨʽʚʥʶʻ n , ï ʾʾ ʧʦʨʷʜʢʦʤ. ʏʠʩʣʘ ija , ʱʦ ʫʪʚʦʨʶʶʪʴ ʤʘʪʨʠʮʶ, ʥʘʟʠʚʘʶʪʴʩʷ ʾʾ 

ʝʣʝʤʝʥʪʘʤʠ. 

ʋ ʟʘʧʠʩʫ ija  ʧʝʨʰʠʡ ʽʥʜʝʢʩ i  ʦʟʥʘʯʘʻ ʥʦʤʝʨ ʨʷʜʢʘ, ʘ ʜʨʫʛʠʡ ʽʥʜʝʢʩ j  ï 

ʥʦʤʝʨ ʩʪʦʚʧʮʷ. 

ɼʦʙʫʪʢʦʤ ʤʘʪʨʠʮʽ )( ikaA=  ʨʦʟʤʽʨʽʚ nm³  ʽ ʤʘʪʨʠʮʽ )( kjbB=  ʨʦʟʤʽʨʽʚ 

pn³  ʥʘʟʠʚʘʻʪʴʩʷ ʤʘʪʨʠʮʷ C  ʨʦʟʤʽʨʽʚ pm³ , ʝʣʝʤʝʥʪ ijc , ʷʢʦʾ ʜʦʨʽʚʥʶʻ ʩʫʤʽ 

ʜʦʙʫʪʢʽʚ ʚʽʜʧʦʚʽʜʥʠʭ ʝʣʝʤʝʥʪʽʚ i -ʛʦ ʨʷʜʢʘ ʤʘʪʨʠʮʽ A ʪʘ ʝʣʝʤʝʥʪʽʚ j -ʛʦ 

ʩʪʦʚʧʮʷ ʤʘʪʨʠʮʽ B, ʪʦʙʪʦ 

),...,2,1;,...2,1(
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ɺʠʨʘʟʠ 
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ʥʘʟʠʚʘʶʪʴʩʷ ʚʽʜʧʦʚʽʜʥʦ ʚʠʟʥʘʯʥʠʢʘʤʠ (ʜʝʪʝʨʤʽʥʘʥʪʘʤʠ) ʜʨʫʛʦʛʦ ʽ ʪʨʝʪʴʦʛʦ 

ʧʦʨʷʜʢʽʚ. 

ɸʣʛʝʙʨʘʾʯʥʠʤ ʜʦʧʦʚʥʝʥʥʷʤ ijA  ʝʣʝʤʝʥʪʘ ija  ʚʠʟʥʘʯʥʠʢʘ n -ʛʦ ʧʦʨʷʜʢʫ 

ʥʘʟʠʚʘʻʪʴʩʷ ʚʠʟʥʘʯʥʠʢ ijD  )1( -n -ʛʦ ʧʦʨʷʜʢʫ, ʫʪʚʦʨʝʥʠʡ ʟ ʜʘʥʦʛʦ 

ʚʠʢʨʝʩʣʶʚʘʥʥʷʤ i -ʛʦ ʨʷʜʢʘ ʪʘ j -ʛʦ ʩʪʦʚʧʮʷ ʽ ʧʦʤʥʦʞʝʥʠʡ ʥʘ ji+-)1(  

.)1( ij
ji

ijA D-= +  
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ʄʘʪʨʠʮʷ 1-A  ʥʘʟʠʚʘʻʪʴʩʷ ʦʙʝʨʥʝʥʦʶ ʜʦ ʤʘʪʨʠʮʽ A, ʷʢʱʦ  

,11 EAAAA =Ö=Ö --  

ʜʝ E  ï ʦʜʠʥʠʯʥʘ ʤʘʪʨʠʮʷ n -ʛʦ ʧʦʨʷʜʢʫ. 
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ʗʢʱʦ 0|| ¸A , ʪʦ ʦʙʝʨʥʝʥʘ ʤʘʪʨʠʮʷ 1-A  ʽʩʥʫʻ ʽ ʤʘʻ ʚʠʛʣʷʜ 
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ʜʝ ),...,2,1;,...,2,1( njniAij ==  ï ʘʣʛʝʙʨʘʾʯʥʝ ʜʦʧʦʚʥʝʥʥʷ ʝʣʝʤʝʥʪʘ ija  

ʤʘʪʨʠʮʽ A. 

ʄʽʥʦʨʦʤ r -ʛʦ ʧʦʨʷʜʢʫ ʤʘʪʨʠʮʽ A ʨʦʟʤʽʨʽʚ nm³  ʥʘʟʠʚʘʻʪʴʩʷ 

ʚʠʟʥʘʯʥʠʢ r -ʛʦ ʧʦʨʷʜʢʫ, ʫʪʚʦʨʝʥʠʡ ʟ ʝʣʝʤʝʥʪʽʚ ʤʘʪʨʠʮʽ A, ʱʦ ʟʘʣʠʰʠʣʠʩʴ 

ʧʽʩʣʷ ʚʠʢʨʝʩʣʶʚʘʥʥʷ ʚ ʥʽʡ rm-  ʨʷʜʢʽʚ ʽ rn-  ʩʪʦʚʧʮʽʚ ),( nrmr ¢¢ . 

ʈʘʥʛʦʤ )(Ar  ʤʘʪʨʠʮʽ A ʥʘʟʠʚʘʻʪʴʩʷ ʥʘʡʙʽʣʴʰʠʡ ʟ ʧʦʨʷʜʢʽʚ ʾʾ ʤʽʥʦʨʽʚ, 

ʚʽʜʤʽʥʥʠʭ ʚʽʜ ʥʫʣʷ. 

ʂʨʽʤ ʙʝʟʧʦʩʝʨʝʜʥʴʦʛʦ ʦʙʯʠʩʣʝʥʥʷ ʤʽʥʦʨʽʚ, ʨʘʥʛ ʤʘʪʨʠʮʽ ʤʦʞʥʘ ʟʥʘʡʪʠ 

ʧʨʦʩʪʽʰʠʤ ʤʝʪʦʜʦʤ, ʷʢʠʡ ˇʨʫʥʪʫʻʪʴʩʷ ʥʘ ʪʦʤʫ, ʱʦ ʨʘʥʛ ʤʘʪʨʠʮʽ ʥʝ 

ʟʤʽʥʶʻʪʴʩʷ, ʷʢʱʦ ʥʘʜ ʥʝʶ ʚʠʢʦʥʫʚʘʪʠ ʝʣʝʤʝʥʪʘʨʥʽ ʧʝʨʝʪʚʦʨʝʥʥʷ: 

ʘ) ʧʝʨʝʩʪʘʚʠʪʠ ʤʽʩʮʷʤʠ ʜʚʘ ʨʷʜʢʠ (ʩʪʦʚʧʮʽ); 

ʙ) ʧʦʤʥʦʞʠʪʠ ʢʦʞʝʥ ʝʣʝʤʝʥʪ ʨʷʜʢʘ (ʩʪʦʚʧʮʷ) ʥʘ ʦʜʠʥ ʽ ʪʦʡ ʩʘʤʠʡ 

ʚʽʜʤʽʥʥʠʡ ʚʽʜ ʥʫʣʷ ʤʥʦʞʥʠʢ; 

ʚ) ʜʦʜʘʪʠ ʜʦ ʝʣʝʤʝʥʪʽʚ ʨʷʜʢʘ (ʩʪʦʚʧʮʷ) ʚʽʜʧʦʚʽʜʥʽ ʝʣʝʤʝʥʪʠ ʽʥʰʦʛʦ ʨʷʜʢʘ 

(ʩʪʦʚʧʮʷ), ʧʦʤʥʦʞʝʥʽ ʥʘ ʦʜʥʝ ʡ ʪʝ ʩʘʤʝ ʯʠʩʣʦ. 

 

ʅʝʭʘʡ ʟʘʜʘʥʦ ʩʠʩʪʝʤʫ m ʣʽʥʽʡʥʠʭ ʨʽʚʥʷʥʴ ʟ n  ʥʝʚʽʜʦʤʠʤʠ 
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,...

,...

2211

22222121

11212111

mnmnmm

nn

nn

bxaxaxa

bxaxaxa

bxaxaxa

 

ʜʝ ija  ï ʢʦʝʬʽʮʽʻʥʪʠ ʩʠʩʪʝʤʠ, ib  ï ʚʽʣʴʥʽ ʯʣʝʥʠ. 

ʉʠʩʪʝʤʘ ʨʽʚʥʷʥʴ ʥʘʟʠʚʘʻʪʴʩʷ ʩʫʤʽʩʥʦʶ, ʷʢʱʦ ʚʦʥʘ ʤʘʻ ʭʦʯʘ ʙ ʦʜʠʥ 

ʨʦʟʚôʷʟʦʢ. ʗʢʱʦ ʞ ʩʠʩʪʝʤʘ ʥʝ ʤʘʻ ʞʦʜʥʦʛʦ ʨʦʟʚôʷʟʢʫ, ʪʦ ʚʦʥʘ ʥʘʟʠʚʘʻʪʴʩʷ 

ʥʝʩʫʤʽʩʥʦʶ. 
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ʄʘʪʨʠʮʷ 

ö
ö
ö
ö
ö

÷

õ

æ
æ
æ
æ
æ

ç

å

=

mnmm

n

n

aaa

aaa

aaa

A

...

............

...

...

21

22221

11211

 

ʥʘʟʠʚʘʻʪʴʩʷ ʦʩʥʦʚʥʦʶ ʤʘʪʨʠʮʝʶ ʩʠʩʪʝʤʠ. 

ʄʘʪʨʠʮʷ 

ö
ö
ö
ö
ö

÷

õ

æ
æ
æ
æ
æ

ç

å

=

mmnmm

n

n

baaa

baaa

baaa

B

...

...............

...

...

~

21

222221

111211

 

ʥʘʟʠʚʘʻʪʴʩʷ ʨʦʟʰʠʨʝʥʦʶ ʤʘʪʨʠʮʝʶ ʩʠʩʪʝʤʠ. 

ɼʣʷ ʪʦʛʦ, ʱʦʙ ʩʠʩʪʝʤʘ ʙʫʣʘ ʩʫʤʽʩʥʦʶ, ʥʝʦʙʭʽʜʥʦ ʽ ʜʦʩʪʘʪʥʴʦ, ʱʦʙ ʨʘʥʛ 

ʾʾ ʨʦʟʰʠʨʝʥʦʾ ʤʘʪʨʠʮʽ ʜʦʨʽʚʥʶʚʘʚ ʨʘʥʛʫ ʦʩʥʦʚʥʦʾ ʤʘʪʨʠʮʽ, ʪʦʙʪʦ )()
~

( ArBr = . 

ɿʘ ʜʦʧʦʤʦʛʦʶ ʝʣʝʤʝʥʪʘʨʥʠʭ ʧʝʨʝʪʚʦʨʝʥʴ ʩʠʩʪʝʤʫ ʟʚʦʜʷʪʴ ʜʦ ʩʠʩʪʝʤʠ 

ʚʠʜʫ 

î
î
î

í

îî
î

ì

ë

=++

=++

=++

=++

....

..................

,...

,...

,...

11

333

222

11111

baa

baa

baa

baa

nnsrs

nnii

nnkk

nn

xx

xx

xx

xx

            (2) 

ʊʘʢʫ ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ ʥʘʟʠʚʘʶʪʴ ʪʨʘʧʝʮʽʻʧʦʜʽʙʥʦʶ. 

1) ʗʢʱʦ ʩʠʩʪʝʤʘ (2) ʤʽʩʪʠʪʴ ʨʽʚʥʷʥʥʷ ʚʠʜʫ rb=0  ʽ 0̧rb , ʪʦ ʚʦʥʘ 

ʥʝʩʫʤʽʩʥʘ. 

2) ʗʢʱʦ ʩʠʩʪʝʤʘ ʩʫʤʽʩʥʘ, ʘ ʨʘʥʛ ʤʘʪʨʠʮʽ ʩʠʩʪʝʤʠ ʤʝʥʰʠʡ ʯʠʩʣʘ 
ʥʝʚʽʜʦʤʠʭ x, ʪʦʙʪʦ nr < , ʪʦ ʩʠʩʪʝʤʘ ʤʘʻ ʙʝʟʣʽʯ ʨʦʟʚôʷʟʢʽʚ. ɰʾ ʤʦʞʥʘ 

ʨʦʟʚôʷʟʘʪʠ ʤʝʪʦʜʦʤ ɻʘʫʩʩʘ ï ʤʝʪʦʜʦʤ ʧʦʩʣʽʜʦʚʥʦʛʦ ʚʠʢʣʶʯʝʥʥʷ 

ʥʝʚʽʜʦʤʠʭ. ɺʽʣʴʥʽ rn-  ʥʝʚʽʜʦʤʠʭ ʚʠʙʠʨʘʶʪʴʩʷ ʜʦʚʽʣʴʥʦ, ʘ ʙʘʟʠʩʥʽ 

r  ʥʝʚʽʜʦʤʠʭ ʚʠʟʥʘʯʘʶʪʴʩʷ ʻʜʠʥʠʤ ʩʧʦʩʦʙʦʤ ʯʝʨʝʟ ʚʽʣʴʥʽ ʥʝʚʽʜʦʤʽ. 

3) ʗʢʱʦ nr = , ʪʦ ʩʠʩʪʝʤʘ (2) ʤʘʻ ʪʨʠʢʫʪʥʠʡ ʚʠʛʣʷʜ. ɺ ʮʴʦʤʫ ʚʠʧʘʜʢʫ 

ʩʠʩʪʝʤʘ ʤʘʻ ʻʜʠʥʠʡ ʨʦʟʚôʷʟʦʢ, ʷʢʠʡ ʤʦʞʥʘ ʟʥʘʡʪʠ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ 

ʤʘʪʨʠʯʥʠʡ ʤʝʪʦʜ ʘʙʦ ʤʝʪʦʜ ʂʨʘʤʝʨʘ. 

ʅʝʭʘʡ ʦʩʥʦʚʥʘ ʤʘʪʨʠʮʷ ʩʠʩʪʝʤʠ A ʻ ʢʚʘʜʨʘʪʥʦʶ ʤʘʪʨʠʮʝʶ n -ʛʦ 

ʧʦʨʷʜʢʫ. ʊʦʜʽ ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ ʨʽʚʥʷʥʴ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʚ ʤʘʪʨʠʯʥʽʡ ʬʦʨʤʽ 
,BAX=  

ʜʝ 
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,
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22221
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ö
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ö
ö

÷

õ

æ
æ
æ
æ
æ

ç

å

=
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n

n
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A  .
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,
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2

1

2

1

ö
ö
ö
ö
ö

÷

õ
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æ
æ
æ
æ

ç

å

=

ö
ö
ö
ö
ö

÷

õ

æ
æ
æ
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å

=

nn b

b

b

B

x

x
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X  

ʇʦʟʥʘʯʠʤʦ || A=D . ʗʢʱʦ 0̧D , ʪʦ ʽʩʥʫʻ ʤʘʪʨʠʮʷ ʦʙʝʨʥʝʥʘ ʜʦ ʤʘʪʨʠʮʽ 

A ʽ ʨʦʟʚôʷʟʦʢ ʩʠʩʪʝʤʠ ʤʦʞʥʘ ʟʥʘʡʪʠ ʟʘ ʬʦʨʤʫʣʦʶ 

BAX 1-= .                                                   (3) 

ʗʢʱʦ 0̧D , ʪʦ ʻʜʠʥʠʡ ʨʦʟʚôʷʟʦʢ ʩʠʩʪʝʤʠ ʤʦʞʥʘ ʟʥʘʡʪʠ ʪʘʢʦʞ ʟʘ 

ʬʦʨʤʫʣʘʤʠ ʂʨʘʤʝʨʘ: 

,...,,, 2
2

1
1

D

D
=

D

D
=

D

D
= n

nxxx                                    (4) 

ʜʝ ni DDDD ...,,...,,, 21  ï ʚʠʟʥʘʯʥʠʢʠ, ʱʦ ʦʪʨʠʤʫʶʪʴʩʷ ʟ ʚʠʟʥʘʯʥʠʢʘ D 

ʟʘʤʽʥʦʶ i -ʛʦ ʩʪʦʚʧʮʷ ),...,2,1( ni=  ʩʪʦʚʧʮʝʤ ʚʽʣʴʥʠʭ ʯʣʝʥʽʚ. 

 

ʇʨʠʢʣʘʜ 1. (ɿʘʜʘʯʘ 1.1.) ʈʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ ʨʽʚʥʷʥʴ  

î
í

î
ì

ë

=++

=+-

-=-+

.43

,1722

,532

321

321

311

xxx

xxx

xxx

 

ʪʨʴʦʤʘ ʩʧʦʩʦʙʘʤʠ: 

ʘ) ʤʝʪʦʜʦʤ ʂʨʘʤʝʨʘ; 

ʙ) ʤʘʪʨʠʯʥʠʤ ʩʧʦʩʦʙʦʤ; 

ʚ) ʤʝʪʦʜʦʤ ɻʘʫʩʩʘ. 

ʈʦʟʚôʷʟʘʥʥʷ.  

ʆʙʯʠʩʣʠʤʦ ʚʠʟʥʘʯʥʠʢ ʩʠʩʪʝʤʠ: 

.26311122)3()2(121111)3(3)2(2

311

221

312

-=ÖÖ-ÖÖ--Ö-Ö-ÖÖ+ÖÖ-+Ö-Ö=-

-

=D  

0̧D , ʪʦʤʫ ʨʦʟʚôʷʟʦʢ ʤʦʞʥʘ ʟʥʘʡʪʠ ʟʘ ʬʦʨʤʫʣʘʤʠ ʂʨʘʤʝʨʘ ʪʘ 

ʤʘʪʨʠʯʥʠʤ ʩʧʦʩʦʙʦʤ. 

ʘ) ɿʥʘʡʜʝʤʦ 321 ,, DDD : 

,78

314

2217

315

1 -=-

--

=D  ,130

341

2171

352

2 =

--

=D   .52

411

1721

512

3 -=-

-

=D  

ʇʽʜʩʪʘʚʣʷʶʯʠ ʟʥʘʡʜʝʥʽ ʟʥʘʯʝʥʥʷ ʚʠʟʥʘʯʥʠʢʽʚ ʫ ʬʦʨʤʫʣʠ ʂʨʘʤʝʨʘ (4) 

ʦʪʨʠʤʘʻʤʦ 

,3
26

781
1 =

-

-
=

D

D
=x   ,5

26

1302
2 -=

-
=

D

D
=x   .2

26

523
3 =

-

-
=

D

D
=x  
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ʙ) ɿʥʘʡʜʝʤʦ ʨʦʟʚôʷʟʦʢ ʤʘʪʨʠʯʥʠʤ ʩʧʦʩʦʙʦʤ. ɺʽʜʧʦʚʽʜʥʦ ʜʦ ʚʚʝʜʝʥʠʭ 

ʧʦʟʥʘʯʝʥʴ ʤʘʻʤʦ 

.

4

17

5

,,

311

221

312

3

2

1

ö
ö
ö

÷

õ

æ
æ
æ

ç

å-

=
ö
ö
ö

÷

õ

æ
æ
æ

ç

å

=
ö
ö
ö

÷

õ

æ
æ
æ

ç

å

-

-

= B

x

x

x

XA  

ɺʠʢʦʨʠʩʪʘʻʤʦ ʦʪʨʠʤʘʥʝ ʚ ʧʦʧʝʨʝʜʥʴʦʤʫ ʧʫʥʢʪʽ ʟʥʘʯʝʥʥʷ ʚʠʟʥʘʯʥʠʢʘ 

ʤʘʪʨʠʮʽ A:  
.026|| ¸-=A  

ɼʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʦʙʝʨʥʝʥʦʾ ʤʘʪʨʠʮʽ 1-A  ʦʙʯʠʩʣʠʤʦ ʘʣʛʝʙʨʘʾʯʥʽ 

ʜʦʧʦʚʥʝʥʥʷ ʝʣʝʤʝʥʪʽʚ ʤʘʪʨʠʮʽ A: 

,8
31

22
)1( 11

11 -=
-

-= +A  ,1
31

21
)1( 11

12 -=-= +A  ,3
11

21
)1( 31

13 =
-

-= +A  

,6
31

31
)1( 12

21 -=
-

-= +A   ,9
31

32
)1( 22

22 =
-

-= +A  ,1
11

12
)1( 32

23 -=-= +A  

,4
22

31
)1( 13

31 -=
-

-
-= +A  ,7

21

32
)1( 23

32 -=
-

-= +A  .5
21

12
)1( 33

33 -=
-

-= +A  

ɿʛʽʜʥʦ ʬʦʨʤʫʣʠ (1) 1-A  ʤʘʻ ʚʠʛʣʷʜ 

.

513

791

468

26

11

ö
ö
ö

÷

õ

æ
æ
æ

ç

å

--

--

---

-=-A  

ʈʦʟʚôʷʟʦʢ ʩʠʩʪʝʤʠ ʟʥʘʡʜʝʤʦ ʟʘ ʬʦʨʤʫʣʦʶ (3): 

,

2

5

3

52

130

78

26

1

201715

281535

1610240

26

1

4

17

5

513

791

468

26

1

3

2

1

ö
ö
ö

÷

õ

æ
æ
æ

ç

å

-=
ö
ö
ö

÷

õ

æ
æ
æ

ç

å

-

-

-=
ö
ö
ö

÷

õ

æ
æ
æ

ç

å

---

-+

--

-=
ö
ö
ö

÷

õ

æ
æ
æ

ç

å-

ö
ö
ö

÷

õ

æ
æ
æ

ç

å

--

--

---

-=
ö
ö
ö

÷

õ

æ
æ
æ

ç

å

x

x

x

ʟʚʽʜʢʠ ʚʠʧʣʠʚʘʻ, ʱʦ 31=x , 52 -=x , 23=x . 

ʚ) ɼʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʩʠʩʪʝʤʠ ʤʝʪʦʜʦʤ ɻʘʫʩʩʘ ʟʘʧʠʰʝʤʦ ʨʦʟʰʠʨʝʥʫ 

ʤʘʪʨʠʮʶ ʜʘʥʦʾ ʩʠʩʪʝʤʠ. 

 

ʇʦʤʽʥʷʻʤʦ ʤʽʩʮʷʤʠ 1-ʡ ʽ 3-ʡ ʨʷʜʢʠ ʤʘʪʨʠʮʽ.  

 

 

 

ɼʦʤʥʦʞʠʤʦ ʧʝʨʰʠʡ ʨʷʜʦʢ ʥʘ (-1) ʪʘ ʜʦʜʘʤʦ ʡʦʛʦ ʜʦ 

ʜʨʫʛʦʛʦ. ʇʝʨʰʠʡ ʨʷʜʦʢ ʧʝʨʝʧʠʩʫʻʤʦ ʙʝʟ ʟʤʽʥ, ʘ ʟʘʤʽʩʪʴ 

ʜʨʫʛʦʛʦ ʟʘʧʠʩʫʻʤʦ ʦʪʨʠʤʘʥʫ ʩʫʤʫ. ɺʠʢʦʥʘʻʤʦ 

ʘʥʘʣʦʛʽʯʥʫ ʦʧʝʨʘʮʽʶ, ʜʦʤʥʦʞʠʚʰʠ ʧʝʨʰʠʡ ʨʷʜʦʢ ʥʘ (-2) 

ʪʘ ʜʦʜʘʚʰʠ ʡʦʛʦ ʜʦ ʪʨʝʪʴʦʛʦ. ɺ ʨʝʟʫʣʴʪʘʪʽ ʤʘʪʠʤʝʤʦ. 
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17221
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ɼʦʤʥʦʞʠʤʦ 2-ʡ ʨʷʜʦʢ ʥʘ (-1) ʽ ʧʦʤʽʥʷʻʤʦ ʤʽʩʮʷʤʠ 

ʜʨʫʛʠʡ ʽ ʪʨʝʪʽʡ ʨʷʜʢʠ. 

 

 

 ɼʦʤʥʦʞʠʤʦ 2-ʡ ʨʷʜʦʢ ʥʘ 3 ʽ ʜʦʜʘʤʦ ʜʦ ʪʨʝʪʴʦʛʦ.  

 

 

ʈʘʥʛ ʦʩʥʦʚʥʦʾ ʤʘʪʨʠʮʽ ʜʦʨʽʚʥʶʻ ʨʘʥʛʫ ʨʦʟʰʠʨʝʥʦʾ 

3)
~

()( === BrArr  ʪʘ 3==nr , ʪʦʤʫ ʩʠʩʪʝʤʘ ʤʘʻ ʻʜʠʥʠʡ 

ʨʦʟʚôʷʟʦʢ, ʷʢʠʡ ʟʥʘʡʜʝʤʦ, ʟʘʧʠʩʘʚʰʠ ʧʝʨʝʪʚʦʨʝʥʫ 

ʩʠʩʪʝʤʫ ʟʘ ʟʜʦʙʫʪʦʶ ʤʘʪʨʠʮʝʶ. ʆʪʨʠʤʘʻʤʦ 

î
í

î
ì

ë

-=-

-=--

=++

.5226

,139

,43

3

32

321

x

xx

xxx

 

ɿʚʽʜʩʠ, ʧʽʜʥʽʤʘʶʯʠʩʴ ʟʥʠʟʫ ʚʛʦʨʫ, ʟʥʘʡʜʝʤʦ 

.334

,5913

,2

321

32

3

=--=

-=-=

=

xxx

xx

x

 

 

ʇʨʠʢʣʘʜ 2. (ɿʘʜʘʯʘ 1.2.) ɼʦʚʝʩʪʠ, ʱʦ ʩʠʩʪʝʤʘ ʣʽʥʽʡʥʠʭ ʨʽʚʥʷʥʴ ʤʘʻ 

ʨʦʟʚôʷʟʢʠ, ʟʥʘʡʪʠ ʮʽ ʨʦʟʚôʷʟʢʠ. 

î
î

í

î
î

ì

ë

-=--

-=-+-

=--

=+-

.542

,18642

,442

,932

321

321

321

321

xxx

xxx

xxx

xxx

 

ʈʦʟʚôʷʟʘʥʥʷ.  

ʄʘʻʤʦ 

~

5421

18642

4142

9321
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ö
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÷
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~
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õ
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æ

ç

å -

 

ʆʪʞʝ, 2)( =Ar , 2)
~

( =Br . ʉʠʩʪʝʤʘ ʩʫʤʽʩʥʘ. 

ʆʩʢʽʣʴʢʠ ʨʘʥʛ ʤʝʥʰʠʡ ʯʠʩʣʘ ʥʝʚʽʜʦʤʠʭ, ʪʦ ʩʠʩʪʝʤʘ ʤʘʻ ʙʝʟʣʽʯ 

ʨʦʟʚôʷʟʢʽʚ. ʇʝʨʝʪʚʦʨʝʥʘ ʩʠʩʪʝʤʘ ʤʘʪʠʤʝ ʚʠʛʣʷʜ 

í
ì
ë

=

+=
Ý

í
ì
ë

=

=+-

,2

,32

.2

,932

3

21

3

321

x

xx

x

xxx
 

ʜʝ 1x , 3x  ï ʙʘʟʠʩʥʽ, ʘ 2x  ï ʚʽʣʴʥʘ ʥʝʚʽʜʦʤʘ. 

~

13910

13130

4311

ö
ö
ö

÷

õ

æ
æ
æ

ç

å

---

--  

~

13130

13910

4311

ö
ö
ö

÷

õ

æ
æ
æ

ç

å

-

---  

.

522600

13910

4311

ö
ö
ö

÷

õ

æ
æ
æ

ç

å

--

---  
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ɿʘʧʠʰʝʤʦ ʟʘʛʘʣʴʥʠʡ ʨʦʟʚôʷʟʦʢ ʜʘʥʦʾ ʩʠʩʪʝʤʠ ʫ ʚʠʛʣʷʜʽ 

.

0

1

2

2

0

3

2

3

2

1

x

x

x

x

ö
ö
ö

÷

õ

æ
æ
æ

ç

å

+
ö
ö
ö

÷

õ

æ
æ
æ

ç

å

=
ö
ö
ö

÷

õ

æ
æ
æ

ç

å

 

 

ʇʨʠʢʣʘʜ 3. (ɿʘʜʘʯʘ 1.3.) ɼʦʩʣʽʜʠʪʠ ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ ʥʘ ʩʫʤʽʩʥʽʩʪʴ. 

î
í

î
ì

ë

=--

-=-+

=+-

.255

,12

,57

321

321

321

xxx

xxx

xxx

 

ʈʦʟʚôʷʟʘʥʥʷ.  

ʄʘʻʤʦ 

.

1000

113150

5171

~

236300

113150

5171

~

2155

1112

5171

ö
ö
ö

÷

õ

æ
æ
æ

ç

å

-

--

-

ö
ö
ö

÷

õ

æ
æ
æ

ç

å

--

--

-

ö
ö
ö

÷

õ

æ
æ
æ

ç

å

--

--

-

 

2)( =Ar , 3)
~

( =Br , ʪʦʙʪʦ )
~

()( BrAr ¸ . 

ʉʠʩʪʝʤʘ ʨʽʚʥʷʥʴ ʥʝʩʫʤʽʩʥʘ. 
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ɿʘʜʘʯʽ ʢʦʥʪʨʦʣʴʥʦʾ ʨʦʙʦʪʠ ˉ 1 

 

ɿʘʜʘʯʘ 1.1. ʈʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ ʨʽʚʥʷʥʴ ʪʨʴʦʤʘ ʩʧʦʩʦʙʘʤʠ:  

ʘ) ʤʝʪʦʜʦʤ ʂʨʘʤʝʨʘ; 

ʙ) ʤʘʪʨʠʯʥʠʤ ʩʧʦʩʦʙʦʤ; 

ʚ) ʤʝʪʦʜʦʤ ɻʘʫʩʩʘ. 

1. 
î
í

î
ì

ë

=++

=++

=++

.1132

;132

;523

321

321

321

xxx

xxx

xxx

 2. 
î
í

î
ì

ë

=--

-=++-

=++

.84

;223

;1427

321

321

321

xxx

xxx

xxx

 

3. 
î
í

î
ì

ë

=--

=-+

=+-

.6523

;20432

;632

321

321

321

xxx

xxx

xxx

 4. 
î
í

î
ì

ë

=-+

=-+

=+-

.18265

;4352

;9234

321

321

321

xxx

xxx

xxx

 

5. 
î
í

î
ì

ë

=-+

=-+

=-+

.334

;2638

;1

321

321

321

xxx

xxx

xxx

 6. 
î
í

î
ì

ë

-=++

=++

=++

.225

;332

;3432

321

321

321

xxx

xxx

xxx

 

7. 
î
í

î
ì

ë

-=++

-=+-

-=++

.244

;422

;12

321

321

321

xxx

xxx

xxx

 8. 
î
í

î
ì

ë

-=--

=++

-=--

.9653

;53

;324

321

321

321

xxx

xxx

xxx

 

9. 
î
í
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ì

ë

-=++

=+-

=-+

.1225

;1

;22

321
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xxx

xxx
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 10. 
î
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î
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=++

=++

.837

;875

;0753

321

321

321

xxx

xxx

xxx

 

 

ɿʘʜʘʯʘ 1.2. ɼʦʚʝʩʪʠ, ʱʦ ʩʠʩʪʝʤʘ ʣʽʥʽʡʥʠʭ ʨʽʚʥʷʥʴ ʤʘʻ ʨʦʟʚôʷʟʢʠ ʽ ʟʥʘʡʪʠ ʮʽ 

ʨʦʟʚôʷʟʢʠ. 

1. 

î
î

í

î
î

ì

ë

-=---

=++

-=++

-=-+

.22

;22

;132

;32

321

321

321
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xxx
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 2. 

î
î

í

î
î

ì

ë

=-+

=+-

=-+

=--

.254145

;36

;11243

;42

321

21

321

321

xxx
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xxx

xxx

 

3. 

î
î

í

î
î

ì

ë

-=++

-=-+-

-=++

-=+-

.2485

;12474

;20432

;4423

321
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xxx

xxx

xxx

xxx

 4. 

î
î

í

î
î

ì

ë

=-+

=-+-

-=-+

-=+-

.32

;733

;13
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321
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5. 

î
î

í

î
î

ì

ë
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-=+-

=+-

-=+-

.162

;1210715

;93

;7324

321
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321

321

xxx

xxx

xxx

xxx

 6. 

î
î

í

î
î

ì

ë
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-=--

=-+

.4535

;16121013
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xxx
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7. 

î
î

í

î
î

ì

ë

-=--

-=--

-=++

-=--

.145116

;834

;53
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321
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xxx

xxx

 8. 

î
î

í

î
î

ì

ë
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.51636

;1124

;2025

;3142

321
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9. 

î
î

í

î
î

ì

ë
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.7335

;2366

;10332

;1333
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 10. 

î
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.13249

;13423

;133

;02
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ɿʘʜʘʯʘ 1.3. ɼʦʩʣʽʜʠʪʠ ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ ʥʘ ʩʫʤʽʩʥʽʩʪʴ. 

1. 
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.9423
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xxx
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ì
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=-+

.2335
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;1333
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5. 
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í

î
ì

ë

=++-

=++

=++

.1124

;2025

;3142

321

321
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xxx

xxx
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 6. 
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í
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ì

ë
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-=++
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.985
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;4423

321
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7. 
î
í

î
ì

ë
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.134
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 8. 
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=--
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9. 
î
í

î
ì

ë
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-=++

-=-+

.92

;133
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321
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 10. 
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;432

;8243
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Ä2. ɸʅɸʃɯʊʀʏʅɸ ɻɽʆʄɽʊʈɯʗ 
 

2.1. ɺʝʢʪʦʨʠ ʽ ʜʽʾ ʥʘʜ ʥʠʤʠ 
 

ʃʽʪʝʨʘʪʫʨʘ: [1] ï ʩ. 30-76; [2] ï ʩ. 81-103; [3] ï ʩ. 5-12; [4] ï ʩ. 25-48;  

[5] ï ʩ. 8-22, 139-158. 

ɺʝʢʪʦʨʦʤ ʥʘʟʠʚʘʶʪʴ ʥʘʧʨʷʤʣʝʥʠʡ ʚʽʜʨʽʟʦʢ. ʗʢʱʦ ʧʦʯʘʪʦʢ ʚʝʢʪʦʨʘ ʻ 

ʪʦʯʢʘ A, ʘ ʢʽʥʝʮʴ ï ʪʦʯʢʘ B, ʪʦ ʚʝʢʪʦʨ ʧʦʟʥʘʯʘʶʪʴ ʪʘʢ: AB ʘʙʦ a. ɼʦʚʞʠʥʘ 

ʚʽʜʨʽʟʢʘ AB ʥʘʟʠʚʘʻʪʴʩʷ ʤʦʜʫʣʝʤ ʚʝʢʪʦʨʘ ʽ ʧʦʟʥʘʯʘʻʪʴʩʷ || AB  ʘʙʦ ||a .  

ʃʽʥʽʡʥʦʶ ʢʦʤʙʽʥʘʮʽʻʶ n  ʚʝʢʪʦʨʽʚ naaa ...,,, 21  ʥʘʟʠʚʘʻʪʴʩʷ ʩʫʤʘ 

ʜʦʙʫʪʢʽʚ ʮʠʭ ʚʝʢʪʦʨʽʚ ʥʘ ʜʦʚʽʣʴʥʽ ʜʽʡʩʥʽ ʯʠʩʣʘ naaa ...,,, 21 , ʪʦʙʪʦ ʚʠʨʘʟ ʚʠʜʫ 

....2211 nnaaa aaa +++  

ɺʝʢʪʦʨʠ naaa ...,,, 21  ʥʘʟʠʚʘʶʪʴʩʷ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʤʠ, ʷʢʱʦ ʨʽʚʥʽʩʪʴ 

ʥʫʣʴʦʚʦʤʫ ʚʝʢʪʦʨʫ ʾʭ ʣʽʥʽʡʥʦʾ ʢʦʤʙʽʥʘʮʽʾ ʟ ʯʠʩʣʘʤʠ naaa ...,,, 21  ʤʦʞʣʠʚʘ 

ʣʠʰʝ ʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ ʚʩʽ ʯʠʩʣʘ naaa ...,,, 21  ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ. 

ʉʠʩʪʝʤʘ ʚʝʢʪʦʨʽʚ neee ...,,, 21  ʥʘʟʠʚʘʻʪʴʩʷ ʙʘʟʠʩʦʤ ʧʨʦʩʪʦʨʫ, ʷʢʱʦ ʚʦʥʘ 

ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʘ ʽ ʢʦʞʝʥ ʚʝʢʪʦʨ ʧʨʦʩʪʦʨʫ a  ʤʦʞʝ ʙʫʪʠ ʨʦʟʢʣʘʜʝʥʦ ʚ 

ʣʽʥʽʡʥʫ ʢʦʤʙʽʥʘʮʽʶ ʚʝʢʪʦʨʽʚ ʜʘʥʦʾ ʩʠʩʪʝʤʠ      ....2211 nneeea aaa +++=  

ʂʦʝʬʽʮʽʻʥʪʠ ʮʴʦʛʦ ʨʦʟʢʣʘʜʫ ʥʘʟʠʚʘʶʪʴ ʢʦʦʨʜʠʥʘʪʘʤʠ ʚʝʢʪʦʨʘ a  ʚ ʙʘʟʠʩʽ 

neee ...,,, 21  ʽ ʟʘʧʠʩʫʶʪʴ ʪʘʢ: );...;;( 21 na aaa . 

 ɼʚʘ ʥʝʢʦʣʽʥʝʘʨʥʽ ʚʝʢʪʦʨʠ ʫʪʚʦʨʶʶʪʴ ʙʘʟʠʩ ʥʘ ʧʣʦʱʠʥʽ, ʪʨʠ 

ʥʝʢʦʤʧʣʘʥʘʨʥʽ ʚʝʢʪʦʨʠ ʫʪʚʦʨʶʶʪʴ ʙʘʟʠʩ ʚ ʧʨʦʩʪʦʨʽ.  

ʂʘʞʫʪʴ, ʱʦ ʚ ʧʨʦʩʪʦʨʽ ʟʘʜʘʥʦ ʜʝʢʘʨʪʦʚʫ ʧʨʷʤʦʢʫʪʥʫ ʩʠʩʪʝʤʫ 

ʢʦʦʨʜʠʥʘʪ, ʷʢʱʦ ʚ ʥʴʦʤʫ ʟʘʬʽʢʩʦʚʘʥʘ ʪʦʯʢʘ O  (ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ) ʪʘ 

ʚʠʙʨʘʥʦ ʦʨʪʦʥʦʨʤʦʚʘʥʠʡ ʙʘʟʠʩ kji ,,  (ʚʝʢʪʦʨʠ ʙʘʟʠʩʫ ʤʘʶʪʴ ʜʦʚʞʠʥʫ 1 ʽ 

ʚʟʘʻʤʥʦ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʽ). ʅʘʜʘʣʽ ʢʦʨʠʩʪʫʚʘʪʠʤʝʤʦʩʴ ʩʘʤʝ ʜʝʢʘʨʪʦʚʦʶ 

ʩʠʩʪʝʤʦʶ ʢʦʦʨʜʠʥʘʪ. 

ʗʢʱʦ ʪʦʯʢʘ );;( 111 zyxA  ʻ ʧʦʯʘʪʢʦʤ ʚʝʢʪʦʨʘ a, ʘ ʪʦʯʢʘ );;( 222 zyxB  ï 

ʡʦʛʦ ʢʽʥʮʝʤ, ʪʦ ʢʦʦʨʜʠʥʘʪʠ zyx aaa ,,  ʚʝʢʪʦʨʘ ABa=  ʟʥʘʭʦʜʷʪʴ ʟʘ 

ʬʦʨʤʫʣʘʤʠ  

,,, 121212 zzayyaxxa zyx -=-=-=  ʪʦʙʪʦ ).;;( 121212 zzyyxxAB ---=  

ɼʦʚʞʠʥʫ ||a  ʚʝʢʪʦʨʘ );;( zyx aaaa=  ʚʠʟʥʘʯʘʶʪʴ ʟʘ ʬʦʨʤʫʣʦʶ 

.|| 222
zyx aaaa ++=                                              (1) 

ʗʢʱʦ ʪʦʯʢʘ );;( zyxC  ʥʘʣʝʞʠʪʴ ʧʨʷʤʽʡ AB ʽ ʜʽʣʠʪʴ ʚʽʜʨʽʟʦʢ AB ʫ 

ʚʽʜʥʦʰʝʥʥʽ 
||

||

CB

AC
=l , ʪʦ ʢʦʦʨʜʠʥʘʪʠ zyx ,,  ʪʦʯʢʠ C  ʚʠʟʥʘʯʘʶʪʴ ʟʘ 

ʬʦʨʤʫʣʘʤʠ 

.
1

,
1

,
1

212121

l

l

l

l

l

l

+

+
=

+

+
=

+

+
=

zz
z

yy
y

xx
x  
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ɿʦʢʨʝʤʘ, ʷʢʱʦ C  ï ʩʝʨʝʜʠʥʘ ʚʽʜʨʽʟʢʘ AB, ʪʦ ʚ ʮʠʭ ʬʦʨʤʫʣʘʭ ʩʣʽʜ 

ʧʦʢʣʘʩʪʠ 1=l :      

.
2

,
2

,
2

212121 zz
z

yy
y

xx
x

+
=

+
=

+
=                               (2) 

ʉʢʘʣʷʨʥʠʤ ʜʦʙʫʪʢʦʤ ʚʝʢʪʦʨʽʚ a  ʽ b  ʥʘʟʠʚʘʻʪʴʩʷ ʯʠʩʣʦ, ʷʢʝ ʜʦʨʽʚʥʶʻ 

ʜʦʙʫʪʢʫ ʤʦʜʫʣʽʚ ʮʠʭ ʚʝʢʪʦʨʽʚ ʥʘ ʢʦʩʠʥʫʩ ʢʫʪʘ ),( ba
Ø

=j  ʤʽʞ ʥʠʤʠ: 

.cos|||| jbaba Ö=Ö  

ʉʢʘʣʷʨʥʠʡ ʜʦʙʫʪʦʢ ʧʦʟʥʘʯʘʶʪʴ ʪʘʢʦʞ >< ba,  ʽ ba . 

ʗʢʱʦ ʚʝʢʪʦʨʠ ʟʘʜʘʥʦ ʩʚʦʾʤʠ ʢʦʦʨʜʠʥʘʪʘʤʠ );;( zyx aaaa=  ʽ 

);;( zyx bbbb= , ʪʦ ʩʢʘʣʷʨʥʠʡ ʜʦʙʫʪʦʢ ʜʦʨʽʚʥʶʻ 

,zzyyxx babababa ++=  

ʘ ʢʫʪ ʤʽʞ ʚʝʢʪʦʨʘʤʠ ʟʥʘʭʦʜʷʪʴ ʟʘ ʬʦʨʤʫʣʦʶ 

.
||||

cos
222222
zyxzyx

zzyyxx

bbbaaa

bababa

ba

ba

++Ö++

++
=

Ö

Ö
=j                       (3) 

ʋʤʦʚʘ ʦʨʪʦʛʦʥʘʣʴʥʦʩʪʽ (ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʩʪʽ) ʚʝʢʪʦʨʽʚ: 0=Öba . 

ɺʝʢʪʦʨʥʠʤ ʜʦʙʫʪʢʦʤ ʚʝʢʪʦʨʽʚ a  ʽ b  ʥʘʟʠʚʘʻʪʴʩʷ ʚʝʢʪʦʨ, ʷʢʠʡ 

ʧʦʟʥʘʯʘʻʪʴʩʷ ba³  ʽ ʟʘʜʦʚʦʣʴʥʷʻ ʪʘʢʠʤ ʪʨʴʦʤ ʫʤʦʚʘʤ: 

1) ʜʦʚʞʠʥʘ ʚʝʢʪʦʨʘ ba³  ʯʠʩʝʣʴʥʦ ʜʦʨʽʚʥʶʻ 

ʧʣʦʱʽ ʧʘʨʘʣʝʣʦʛʨʘʤʘ, ʧʦʙʫʜʦʚʘʥʦʛʦ ʥʘ 

ʮʠʭ ʚʝʢʪʦʨʘʭ 

,sin|||||| jbaba Ö=³  ʜʝ ),( ba
Ø

=j ; 

2) ʚʝʢʪʦʨ ba³  ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʠʡ ʢʦʞʥʦʤʫ 

ʟ ʚʝʢʪʦʨʽʚ a  ʽ b ; 

3) ʚʝʢʪʦʨ ba³  ʤʘʻ ʪʘʢʠʡ ʥʘʧʨʷʤ, ʱʦ ʧʨʠ 

ʩʧʦʩʪʝʨʝʞʝʥʥʽ ʟ ʡʦʛʦ ʢʽʥʮʷ ʥʘʡʙʣʠʞʯʠʡ 

ʧʦʚʦʨʦʪ ʚʽʜ ʚʝʢʪʦʨʘ a  ʜʦ ʚʝʢʪʦʨʘ b  ʚʠʢʦʥʫʻʪʴʩʷ ʧʨʦʪʠ ʛʦʜʠʥʥʠʢʦʚʦʾ 

ʩʪʨʽʣʢʠ. 

ɺʝʢʪʦʨʥʠʡ ʜʦʙʫʪʦʢ ʧʦʟʥʘʯʘʶʪʴ ʪʘʢʦʞ  ],[ ba  ʘʙʦ ][ ba . 

ʋʤʦʚʘ ʧʘʨʘʣʝʣʴʥʦʩʪʽ ʚʝʢʪʦʨʽʚ: 0=³ba . 

ʗʢʱʦ ʚʝʢʪʦʨʠ ʟʘʜʘʥʦ ʾʭ ʢʦʦʨʜʠʥʘʪʘʤʠ );;( zyx aaaa , );;( zyx bbbb , ʪʦ 

,)()()( kbabajbabaibaba

bbb

aaa

kji

bac xyyxxzzxyzzy

zyx

zyx -+---==³=   (4) 

ʦʪʞʝ 

).;;( xyyxzxxzyzzy babababababac ---=  

ʈʠʩ. 1

 bac ³=

 b

 a

 j
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ʄʽʰʘʥʠʤ ʜʦʙʫʪʢʦʤ cba  ʚʧʦʨʷʜʢʦʚʘʥʦʾ ʪʨʽʡʢʠ ʚʝʢʪʦʨʽʚ a , b  ʽ  c  

ʥʘʟʠʚʘʻʪʴʩʷ ʯʠʩʣʦ, ʷʢʝ ʜʦʨʽʚʥʶʻ ʚʝʢʪʦʨʥʦʤʫ ʜʦʙʫʪʢʫ ba³ , ʧʦʤʥʦʞʝʥʦʤʫ 

ʩʢʘʣʷʨʥʦ ʥʘ ʚʝʢʪʦʨ c : 

.)( cbacba Ö³=  

ʗʢʱʦ ʚʝʢʪʦʨʠ a , b  ʽ  c  ʟʘʜʘʥʦ ʩʚʦʾʤʠ ʢʦʦʨʜʠʥʘʪʘʤʠ: );;( zyx aaaa= , 

);;( zyx bbbb=  ʽ );;( zyx cccc= , ʪʦ ʾʭ ʤʽʰʘʥʠʡ ʜʦʙʫʪʦʢ ʚʠʟʥʘʯʘʶʪʴ ʟʘ 

ʬʦʨʤʫʣʦʶ                               .

zyx

zyx

zyx

ccc

bbb

aaa

cba =

                                                

(5) 

ʄʦʜʫʣʴ ʤʽʰʘʥʦʛʦ ʜʦʙʫʪʢʫ ʯʠʩʝʣʴʥʦ ʜʦʨʽʚʥʶʻ ʦʙôʻʤʫ ʧʘʨʘʣʝʣʝʧʽʧʝʜʘ, 

ʧʦʙʫʜʦʚʘʥʦʛʦ ʥʘ ʚʝʢʪʦʨʘʭ a , b  ʽ  c : Vʧʘʨ-ʜʘ || cba= ,   ʘ ʦʙôʻʤ ʚʽʜʧʦʚʽʜʥʦʾ 

ʧʽʨʘʤʽʜʠ   Vʧʽʨʘʤʽʜʠ ||
6
1 cba= . 

 ɺʝʢʪʦʨʠ  a , b  ʽ  c  ʢʦʤʧʣʘʥʘʨʥʽ ʪʦʜʽ ʽ ʣʠʰʝ ʪʦʜʽ, ʢʦʣʠ ʾʭʥʽʡ ʤʽʰʘʥʠʡ 

ʜʦʙʫʪʦʢ ʨʽʚʥʠʡ ʥʫʣʶ. 
  

ʇʨʠʢʣʘʜ 1 .  (ɿʘʜʘʯʘ 2.1.) ɼʘʥʦ ʢʦʦʨʜʠʥʘʪʠ ʚʝʨʰʠʥ ʧʽʨʘʤʽʜʠ 

)1;0;1(1 -A , )2;3;4(2A , )4;2;1(3A , )1;4;0(4 -A  ʽ ʪʦʯʢʠ )2;1;2(M . ɿʥʘʡʪʠ: 

1) ʜʦʚʞʠʥʫ ʨʝʙʨʘ 21AA ; 

2) ʢʫʪ ʤʽʞ ʨʝʙʨʘʤʠ 21AA  ʽ 31AA ; 

3) ʧʣʦʱʫ ʛʨʘʥʽ 321 AAA ; 

4) ʦʙôʻʤ ʧʽʨʘʤʽʜʠ 4321 AAAA ; 

5) ʜʦʚʝʩʪʠ, ʱʦ ʚʝʢʪʦʨʠ 21AA , 31AA  ʽ 41AA  ʫʪʚʦʨʶʶʪʴ ʙʘʟʠʩ ʽ ʟʥʘʡʪʠ 

ʢʦʦʨʜʠʥʘʪʠ ʚʝʢʪʦʨʘ MA1  ʫ ʮʴʦʤʫ ʙʘʟʠʩʽ. 

ʈʦʟʚôʷʟʘʥʥʷ.  

1) ɿʥʘʡʜʝʤʦ ʢʦʦʨʜʠʥʘʪʠ ʚʝʢʪʦʨʘ 21AA .  

ʄʘʻʤʦ: )1;3;5()12;03);1(4(21 =----=AA , ʆʩʢʽʣʴʢʠ |||| 2121 AAAA = , ʪʦ ʟʘ 

ʬʦʨʤʫʣʦʶ (1) .35135|| 222
21 =++=AA  

2) ɿʥʘʡʜʝʤʦ ʢʦʦʨʜʠʥʘʪʠ ʚʝʢʪʦʨʘ31AA  : )3;2;2()14;02);1(1(
31

=----=AA . 

ɼʦʚʞʠʥʘ ʚʝʢʪʦʨʘ31AA : 17322 222

31 =++=AA . ʂʦʩʠʥʫʩ ʢʫʪʘ ʤʽʞ ʚʝʢʪʦʨʘʤʠ 

21AA  ʽ 31AA ʟʥʘʡʜʝʤʦ ʟʘ ʬʦʨʤʫʣʦʶ (3): 

.
595

19

1735

312325

||||

,
),cos(

3121

3121
3121 =

Ö

Ö+Ö+Ö
=

Ö

><
=

Ø

AAAA

AAAA
AAAA   

ʊʦʜʽ .0,6778
595

19
arccos),( 3121 º=

Ø

AAAA  ɺʝʣʠʯʠʥʘ ʢʫʪʘ ʤʽʞ ʚʝʢʪʦʨʘʤʠ 
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21AA  ʽ 31AA  ʜʦʨʽʚʥʶʻ ʚʝʣʠʯʠʥʽ ʢʫʪʘ ʤʽʞ ʨʝʙʨʘʤʠ 21AA  ʽ 31AA . 

3) ʇʣʦʱʘ ʛʨʘʥʽ 321 AAA  ʜʦʨʽʚʥʶʻ ʧʣʦʱʽ ʪʨʠʢʫʪʥʠʢʘ 321 AAA , ʪʦʙʪʦ 

ʧʦʣʦʚʠʥʽ ʧʣʦʱʽ ʧʘʨʘʣʝʣʦʛʨʘʤʘ, ʧʦʙʫʜʦʚʘʥʦʛʦ ʥʘ ʚʝʢʪʦʨʘʭ )1;3;5(21AA  ʽ 

)3;2;2(31AA . ɿ ʦʟʥʘʯʝʥʥʷ ʚʝʢʪʦʨʥʦʛʦ ʜʦʙʫʪʢʫ .||
2

1
3121321

AAAAS AAA ³=D  

ʊʦʜʽ ʟʘ ʬʦʨʤʫʣʦʶ (4)  

).4;13;7(

322

1353121 -==³

kji

AAAA  

ʊʦʤʫ                2634)13(7
2

1 222
321

=+-+=D AAAS  (ʢʚ. ʦʜ.). 

 

4) ʆʙôʻʤ ʧʽʨʘʤʽʜʠ ʜʦʨʽʚʥʶʻ 61  ʤʦʜʫʣʷ ʤʽʰʘʥʦʛʦ ʜʦʙʫʪʢʫ ʚʝʢʪʦʨʽʚ 

21AA , 31AA  ʽ )2;4;1()11;04);1(0(41 -=-----=AA . ʄʽʰʘʥʠʡ ʜʦʙʫʪʦʢ 

ʟʥʘʡʜʝʤʦ ʟʘ ʬʦʨʤʫʣʦʶ (5)          

.53

241

322

135

413121 -=

-

=ÖÖ AAAAAA  

ʆʪʞʝ        
6

5
8|53|

6

1
=-=V  (ʢʫʙ. ʦʜ.). 

 

5) ɼʣʷ ʪʦʛʦ, ʱʦʙ ʚʝʢʪʦʨʠ 21AA , 31AA  ʽ 41AA  ʫʪʚʦʨʶʚʘʣʠ ʙʘʟʠʩ 

ʜʦʩʪʘʪʥʴʦ, ʱʦʙ ʚʠʟʥʘʯʥʠʢ D, ʩʢʣʘʜʝʥʠʡ ʟ ʢʦʦʨʜʠʥʘʪ ʮʠʭ ʚʝʢʪʦʨʽʚ, ʥʝ 

ʜʦʨʽʚʥʶʚʘʚ ʥʫʣʶ( ʪʨʠ ʥʝʢʦʤʧʣʘʥʘʨʥʽ ʚʝʢʪʦʨʠ ʚ ʧʨʦʩʪʦʨʽ ʫʪʚʦʨʶʶʪʴ ʙʘʟʠʩ). ɿ 

ʧʦʧʝʨʝʜʥʴʦʛʦ ʧʫʥʢʪʫ ʤʘʻʤʦ, ʱʦ 053¸-=D . ɿʥʘʡʜʝʤʦ ʢʦʦʨʜʠʥʘʪʠ ʚʝʢʪʦʨʘ 

MA1  ʚ ʮʴʦʤʫ ʙʘʟʠʩʽ. ɼʣʷ ʮʴʦʛʦ ʧʦʜʘʤʦ )1;1;3()12;01);1(2(1 =----=MA  ʷʢ 

ʣʽʥʽʡʥʫ ʢʦʤʙʽʥʘʮʽʶ ʙʘʟʠʩʥʠʭ ʚʝʢʪʦʨʽʚ 

.1413121 MAAAzAAyAAx =Ö+Ö+Ö  

ʆʪʨʠʤʘʻʤʦ ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ 

î
í

î
ì

ë

=-+

=++

=++

.1231

,1423

,325

zyx

zyx

zyx

 

ʈʦʟʚôʷʟʘʚʰʠ ʜʘʥʫ ʩʠʩʪʝʤʫ ʙʫʜʴ-ʷʢʠʤ ʟ ʤʝʪʦʜʽʚ ʟʥʘʡʜʝʤʦ 

.
53

12
,

53

2
,

53

35
-=-== zyx  

ʆʪʞʝ         .
53

12

53

2

53

35
4131211 AAAAAAMA --=  
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2.2. ʇʨʷʤʘ ʥʘ ʧʣʦʱʠʥʽ 
 

ʃʽʪʝʨʘʪʫʨʘ: [1] ï ʩ. 140-144; [2] ï ʩ. 8-13, 37-48; [4] ï ʩ. 58-65; [5] ï ʩ. 23-51.  

1. ʇʨʷʤʘ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʪʦʯʢʫ );( 000 yxM  ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦ ʜʦ 

ʚʝʢʪʦʨʘ );( BAn= , ʷʢʠʡ ʥʘʟʠʚʘʻʪʴʩʷ ʥʦʨʤʘʣʴʥʠʤ ʚʝʢʪʦʨʦʤ ʧʨʷʤʦʾ 

(ʨʠʩ. 2), ʤʘʻ ʨʽʚʥʷʥʥʷ ʚʠʜʫ: 

.0)()( 00 =-+- yyBxxA  

ʇʦʟʥʘʯʠʤʦ 00 ByAxC --= , ʪʦʜʽ ʦʪʨʠʤʘʻʤʦ ʟʘʛʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ: 

.0=++ CByAx  

2. ʇʨʷʤʘ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʪʦʯʢʫ 

);( 000 yxM  ʧʘʨʘʣʝʣʴʥʦ ʜʦ ʚʝʢʪʦʨʘ 

);( 21 aaa , ʷʢʠʡ ʥʘʟʠʚʘʻʪʴʩʷ 

ʥʘʧʨʷʤʥʠʤ ʚʝʢʪʦʨʦʤ ʧʨʷʤʦʾ, ʤʘʻ 

ʨʽʚʥʷʥʥʷ ʚʠʜʫ: 

.
2

0

1

0

a

yy

a

xx -
=

-
             (6) 

ʈʽʚʥʷʥʥʷ (6) ʥʘʟʠʚʘʶʪʴ ʢʘʥʦʥʽʯʥʠʤ 

ʨʽʚʥʷʥʥʷʤ ʧʨʷʤʦʾ. 

3. ʇʨʷʤʘ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʜʚʽ ʪʦʯʢʠ );( 000 yxM  ʽ );( 111 yxM , ʤʘʻ 

ʨʽʚʥʷʥʥʷ ʚʠʜʫ: 

.
01

0

01

0

yy

yy

xx

xx

-

-
=

-

-
                                           (7) 

ɺʽʜʩʪʘʥʴ ʚʽʜ ʪʦʯʢʠ );( 000 yxM  ʜʦ ʧʨʷʤʦʾ 0=++ CByAx  ʟʥʘʭʦʜʷʪʴ ʟʘ 

ʬʦʨʤʫʣʦʶ 

22

00 ||

BA

CByAx
d

+

++
= .                                       (8) 

 

ʇʨʠʢʣʘʜ 2. (ɿʘʜʘʯʘ 2.2.) ɼʘʥʦ ʚʝʨʰʠʥʠ ʪʨʠʢʫʪʥʠʢʘ ABC: )2;1(A , 

)2;2( -B , )1;6(C . ɿʥʘʡʪʠ: 

1) ʨʽʚʥʷʥʥʷ ʩʪʦʨʽʥ AB, AC ʽ BC; 

2) ʨʽʚʥʷʥʥʷ ʤʝʜʽʘʥʠ AM  ʽ ʚʠʩʦʪʠ BH ; 

3) ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʪʦʯʢʫ C  ʧʘʨʘʣʝʣʴʥʦ ʧʨʷʤʽʡ AB, ʽ 

ʦʙʯʠʩʣʠʪʠ ʚʽʜʩʪʘʥʴ ʤʽʞ ʮʠʤʠ ʧʨʷʤʠʤʠ. 

ʈʦʟʚôʷʟʘʥʥʷ.  

1) ɿʘʧʠʰʝʤʦ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʜʚʽ ʪʦʯʢʠ (7) 

.
4

2

1

1

22

2

12

1

-

-
=

-
Ý

--

-
=

-

-
Ý

-

-
=

-

- yxyx

yy

yy

xx

xx

AB

A

AB

A  

ʆʪʨʠʤʘʣʠ ʢʘʥʦʥʽʯʥʝ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ (6), ʟ ʷʢʦʛʦ ʚʩʪʘʥʦʚʠʤʦ, ʱʦ )4;1( -a  ï 

ʥʘʧʨʷʤʥʠʡ ʚʝʢʪʦʨ ʧʨʷʤʦʾ AB. ʇʦʤʥʦʞʠʤʦ ʦʙʠʜʚʽ ʯʘʩʪʠʥʠ ʨʽʚʥʷʥʥʷ ʥʘ ï 4 ʽ 

ʧʝʨʝʥʝʩʝʤʦ ʚʩʽ ʜʦʜʘʥʢʠ ʚ ʦʜʥʫ ʩʪʦʨʦʥʫ. 

ʈʠʩ. 2
 l

 );( BAn

 
);( 21 aaa

 );( 111 yxM

 );( 000 yxM
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,2)1(4 -=-- yx  

.064:)( =-+yxAB  

ʄʘʻʤʦ ʟʘʛʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ, ʟ ʷʢʦʛʦ )1;4(=ABn  ï ʥʦʨʤʘʣʴʥʠʡ ʚʝʢʪʦʨ 

ʧʨʷʤʦʾ AB. 

ɸʥʘʣʦʛʽʯʥʦ ʦʪʨʠʤʘʻʤʦ ʨʽʚʥʷʥʥʷ ʽʥʰʠʭ ʩʪʦʨʽʥ 
.0115:)(,01443:)( =-+=-- yxACyxBC  

2) ɺʠʩʦʪʘ ACBĤ , ʪʦʤʫ 

ʥʦʨʤʘʣʴʥʠʡ ʚʝʢʪʦʨ BHnAC ||)5;1(  

ʻ ʥʘʧʨʷʤʥʠʤ ʜʣʷ ʚʠʩʦʪʠ. 

ʉʢʦʨʠʩʪʘʚʰʠʩʴ ʢʘʥʦʥʽʯʥʠʤ 

ʨʽʚʥʷʥʥʷʤ ʧʨʷʤʦʾ (6), ʟʘʧʠʩʫʻʤʦ 

ʨʽʚʥʷʥʥʷ BH, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ 

ʪʦʯʢʫ )2;2( -B  

.2)2(5
5

)2(

1

2
+=-Ý

--
=

-
yx

yx
 

.0125:)( =--yxBH  

ʄʝʜʽʘʥʘ AM  ʜʽʣʠʪʴ ʪʦʯʢʦʶ 

M  ʥʘʚʧʽʣ ʩʪʦʨʦʥʫ BC. ʂʦʦʨʜʠʥʘʪʠ ʩʝʨʝʜʠʥʠ ʚʽʜʨʽʟʢʘ, ʪʦʙʪʦ ʪʦʯʢʠ M , 

ʦʙʯʠʩʣʠʤʦ ʟʘ ʜʦʧʦʤʦʛʦʶ ʬʦʨʤʫʣ (2) 

.
2

1

2

)2(1

2
,4

2

62

2
-=

-+
=

+
==

+
=

+
= CB

M
CB

M
yy

y
xx

x  

ʉʢʣʘʜʝʤʦ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʜʚʽ ʪʦʯʢʠ )2;1(A  ʽ )21;4( -M : 

).21(3)1(
2

5

221

2

14

1
+=-Ý

--

-
=

-

-
yx

yx
 

.0865:)( =-- yxAM  

 

3) ʇʨʷʤʘ l, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʪʦʯʢʫ C  ʧʘʨʘʣʝʣʴʥʦ AB ʙʫʜʝ ʤʘʪʠ 

ʪʘʢʠʡ ʩʘʤʠʡ ʥʘʧʨʷʤʥʠʡ ʚʝʢʪʦʨ ʷʢ ʽ AB, ʪʦʙʪʦ )4;1( -a . ɿʘʧʠʰʝʤʦ ʢʘʥʦʥʽʯʥʝ 

ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ l : 

.
4

1

1

6

-

-
=

- yx
 

.0254: =-+yxl  

ʆʩʢʽʣʴʢʠ ʧʨʷʤʽ l  ʽ AB ʧʘʨʘʣʝʣʴʥʽ, ʪʦ ʚʽʜʩʪʘʥʴ ʤʽʞ ʮʠʤʠ ʧʨʷʤʠʤʠ ʤʦʞʥʘ 

ʚʠʟʥʘʯʠʪʠ ʷʢ ʚʽʜʩʪʘʥʴ ʚʽʜ ʙʫʜʴ-ʷʢʦʾ ʪʦʯʢʠ ʦʜʥʽʻʾ ʧʨʷʤʦʾ ʜʦ ʽʥʰʦʾ ʧʨʷʤʦʾ. 

ɺʽʜʩʪʘʥʴ ʚʽʜ ʪʦʯʢʠ C  ʧʨʷʤʦʾ l  ʜʦ ʧʨʷʤʦʾ AB ʟʥʘʡʜʝʤʦ ʟʘ ʬʦʨʤʫʣʦʶ (8): 

.
17

19

14

|61164|||

2222

00 =

+

-Ö+Ö
=

+

++
=

BA

CByAx
d  

 

B

x1 2 6

H

M

l

ʈʠʩ. 3

y

 A

 C

 2

 1

 0

 -2
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2.3. ʇʣʦʱʠʥʘ ʚ ʧʨʦʩʪʦʨʽ 
 

ʃʽʪʝʨʘʪʫʨʘ: [1] ï ʩ. 140-144, [2] ï ʩ. 129-148, [4] ï ʩ. 66-78, [5] ï ʩ. 159-188.  

1. ʈʽʚʥʷʥʥʷ ʧʣʦʱʠʥʠ, ʱʦ ʧʨʦʭʦʜʠʪʴ 

ʯʝʨʝʟ ʪʦʯʢʫ ),,( 0000 zyxM  

ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦ ʜʦ ʚʝʢʪʦʨʘ 

kCjBiAN ++= , ʷʢʠʡ ʥʘʟʠʚʘʶʪʴ 

ʥʦʨʤʘʣʴʥʠʤ ʚʝʢʪʦʨʦʤ ʧʣʦʱʠʥʠ 

(ʨʠʩ. 4), ʤʘʻ ʚʠʛʣʷʜ 

.0)()()( 000 =-+-+- zzCyyBxxA  (9) 

ʇʦʟʥʘʯʠʤʦ 000 CzByAxD ---= .  

ʆʪʨʠʤʘʻʤʦ ʟʘʛʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ʧʣʦʱʠʥʠ 
.0=+++ DCzByAx  

2. ʈʽʚʥʷʥʥʷ ʧʣʦʱʠʥʠ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʪʨʠ ʟʘʜʘʥʽ ʪʦʯʢʠ );;( 0000 zyxM , 

);;( 1111 zyxM  ʽ );;( 2222 zyxM  ʤʘʻ ʚʠʛʣʷʜ 

.0

020202

010101

000

=

---

---

---

zzyyxx

zzyyxx

zzyyxx

                                 (10) 

ʂʫʪ ʤʽʞ ʜʚʦʤʘ ʧʣʦʱʠʥʘʤʠ, ʱʦ ʤʘʶʪʴ ʥʦʨʤʘʣʴʥʽ ʚʝʢʪʦʨʠ 

);;( 1111 CBAN =  ʪʘ );;( 2222 CBAN = , ʚʠʟʥʘʯʘʻʪʴʩʷ ʷʢ ʢʫʪ ʤʽʞ 1N  ʽ 2N : 

.
||||

,
cos

21

21

NN

NN

Ö

><
=j                                            (11) 

ɺʽʜʩʪʘʥʴ ʚʽʜ ʪʦʯʢʠ );;( 0000 zyxM  ʜʦ ʧʣʦʱʠʥʠ 0=+++ DCzByAx  

ʚʠʟʥʘʯʘʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ: 

222

000 ||

CBA

DCzByAx
d

++

+++
= .                                    (12) 

 

2.4. ʇʨʷʤʘ ʚ ʧʨʦʩʪʦʨʽ 
 

1. ʇʨʷʤʘ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʪʦʯʢʫ );;( 0000 zyxM  ʧʘʨʘʣʝʣʴʥʦ ʜʦ ʚʝʢʪʦʨʘ 

);( 21 aaa , ʷʢʠʡ ʥʘʟʠʚʘʻʪʴʩʷ ʥʘʧʨʷʤʥʠʤ ʚʝʢʪʦʨʦʤ ʧʨʷʤʦʾ, ʤʘʻ ʨʽʚʥʷʥʥʷ 

ʚʠʜʫ: 

.
3

0

2

0

1

0

a

zz

a

yy

a

xx -
=

-
=

-
                                        (13) 

ʈʽʚʥʷʥʥʷ (13) ʥʘʟʠʚʘʶʪʴ ʢʘʥʦʥʽʯʥʠʤ ʨʽʚʥʷʥʥʷʤ ʧʨʷʤʦʾ. 

2. ʇʨʷʤʘ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʜʚʽ ʪʦʯʢʠ );;( 0000 zyxM  ʽ );;( 1111 zyxM  ʤʘʻ 

ʨʽʚʥʷʥʥʷ ʚʠʜʫ: 

.
01

0

01

0

01

0

zz

zz

yy

yy

xx

xx

-

-
=

-

-
=

-

-
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ʅʝʭʘʡ );;( 321 aaaa=  ï ʥʘʧʨʷʤʥʠʡ ʚʝʢʪʦʨ ʧʨʷʤʦʾ l, ʘ );;( 321 bbbb=  ï 

ʥʘʧʨʷʤʥʠʡ ʚʝʢʪʦʨ ʧʨʷʤʦʾ m, ʪʦʜʽ ʢʦʩʠʥʫʩ ʢʫʪʘ ʤʽʞ ʮʠʤʠ ʧʨʷʤʠʤʠ 

ʚʠʟʥʘʯʘʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ: 

.
||||

,
),cos(

ba

ba
ml

Ö

><
=

Ø
 

 

ʇʨʠʢʣʘʜ 3. (ɿʘʜʘʯʘ 2.3.) ɺ ʫʤʦʚʘʭ ʧʨʠʢʣʘʜʫ 1 ʟʥʘʡʪʠ: 

1) ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ 21AA ; 

2) ʨʽʚʥʷʥʥʷ ʧʣʦʱʠʥʠ 321 AAA ; 

3) ʢʫʪ ʤʽʞ ʛʨʘʥʷʤʠ 321 AAA  ʽ 421 AAA ; 

4) ʚʽʜʩʪʘʥʴ ʚʽʜ ʪʦʯʢʠ M  ʜʦ ʧʣʦʱʠʥʠ 321 AAA . 

ʈʦʟʚôʷʟʘʥʥʷ.  

1) ʉʢʦʨʠʩʪʘʻʤʦʩʷ ʢʘʥʦʥʽʯʥʠʤ ʨʽʚʥʷʥʥʷʤ ʧʨʷʤʦʾ (13). ɿʘ ʥʘʧʨʷʤʥʠʡ 

ʚʝʢʪʦʨ ʜʘʥʦʾ ʧʨʷʤʦʾ ʤʦʞʥʘ ʧʨʠʡʥʷʪʠ ʚʝʢʪʦʨ )1;3;5(21 =AA . ɺʨʘʭʦʚʫʶʯʠ, ʱʦ 

ʧʨʷʤʘ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʪʦʯʢʫ )1;0;1(1 -A , ʜʽʩʪʘʥʝʤʦ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ 21AA  ʫ 

ʚʠʛʣʷʜʽ 

.
1

1

35

1
:)( 21

-
==

+ zyx
AA  

2) ɿʘʧʠʰʝʤʦ ʨʽʚʥʷʥʥʷ ʧʣʦʱʠʥʠ (10), ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʪʨʠ ʟʘʜʘʥʽ 
ʪʦʯʢʠ )1;0;1(1 -A , )2;3;4(2A  ʽ )4;2;1(3A : 

.0)1(413)1(70

322

135

11

=-+-+Ú=

-+

zyx

zyx

 

.034137:)( 321 =++- zyxAAA  

 

3) ʈʽʚʥʷʥʥʷ ʧʣʦʱʠʥʠ 421 AAA  ʟʥʘʭʦʜʠʤʦ ʘʥʘʣʦʛʽʯʥʦ ʟʘʚʜʘʥʥʶ 2): 

.027171110:)( 421 =-++- zyxAAA  ʅʦʨʤʘʣʴʥʽ ʚʝʢʪʦʨʠ ʧʣʦʱʠʥ 321 AAA  ʽ 

421 AAA  ʤʘʶʪʴ ʢʦʦʨʜʠʥʘʪʠ ʚʽʜʧʦʚʽʜʥʦ )4;13;7(1 -=N , )17;11;10(2 -=N . 

ʉʢʦʨʠʩʪʘʚʰʠʩʴ ʬʦʨʤʫʣʦʶ (11), ʟʥʘʭʦʜʠʤʦ ʢʫʪ ʤʽʞ ʮʠʤʠ ʧʣʦʱʠʥʘʤʠ 

2,00456.
69

29
arccos.

69

29

345

145

119340

145

510234

145

1711)10(4)13(7

17411)13()10(7
cos

222222

ºö
÷

õ
æ
ç

å
-=Ý-=-=

=
-

=
-

=
++-+-+

Ö+Ö-+-Ö
=

j

j

 

3) ʇʣʦʱʠʥʘ a, ʧʘʨʘʣʝʣʴʥʘ ʜʦ ʧʣʦʱʠʥʠ 321 AAA , ʦʜʥʦʯʘʩʥʦ 

ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʘ ʜʦ ʚʝʢʪʦʨʘ )4;13;7(3121 -=³ AAAA . ʆʩʢʽʣʴʢʠ ʚʦʥʘ ʪʘʢʦʞ 

ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʪʦʯʢʫ )2;1;2(M , ʪʦ ʟʘ ʬʦʨʤʫʣʦʶ (9) ʤʘʻʤʦ  

,0)2(4)1(13)2(7 =-+--- zyx  
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,094137: =-+- zyxa  

ɺʽʜʩʪʘʥʴ ʚʽʜ ʪʦʯʢʠ M  ʜʦ ʧʣʦʱʠʥʠ 321 AAA  ʦʙʯʠʩʣʠʤʦ ʩʢʦʨʠʩʪʘʚʰʠʩʴ 

ʬʦʨʤʫʣʦʶ (12): 

.
243

12

243

|32411327|
=

+Ö+Ö-Ö
=d  
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ɿʘʜʘʯʽ ʢʦʥʪʨʦʣʴʥʦʾ ʨʦʙʦʪʠ ˉ 2 
 

ɿʘʜʘʯʘ 2.1. ɼʘʥʦ ʢʦʦʨʜʠʥʘʪʠ ʚʝʨʰʠʥ ʧʽʨʘʤʽʜʠ 4321 ,,, AAAA  ʽ ʪʦʯʢʘ M . 

ɿʘʩʦʙʘʤʠ ʚʝʢʪʦʨʥʦʾ ʘʣʛʝʙʨʠ ʟʥʘʡʪʠ: 

1) ʜʦʚʞʠʥʫ ʨʝʙʨʘ 21AA ; 

2) ʢʫʪ ʤʽʞ ʨʝʙʨʘʤʠ 3121 i AAAA ; 

3) ʧʣʦʱʫ ʛʨʘʥʽ 321 AAA ; 

4) ʦʙôʻʤ ʧʽʨʘʤʽʜʠ ;4321 AAAA  

5) ʜʦʚʝʩʪʠ, ʱʦ ʚʝʢʪʦʨʠ 21AA , 31AA , 41AA  ʫʪʚʦʨʶʶʪʴ ʙʘʟʠʩ ʽ 

ʟʥʘʡʪʠ ʢʦʦʨʜʠʥʘʪʠ ʚʝʢʪʦʨʘ MA1  ʚ ʮʴʦʤʫ ʙʘʟʠʩʽ: 

1. ).3;0;1(),2;3;1(),4;2;3(),4;0;0(),2;0;2( 4321 MAAAA -  

2. ).2;1;2(),0;0;4(),5;2;3(),0;0;2(),3;2;1( 4321 MAAAA  

3. ).5;2;3(),5;2;2(),2;3;1(),2;3;1(),6;0;3( 4321 MAAAA -  

4. ( ).5;1;4),7;2;3(),2;4;1(),4;0;0(),1;0;2( 4321 MAAAA --  

5. ( ) ( ) ( ) ( ) ( ).3;2;1,0;0;2,5;2;2,4;0;0,1;2;1 4321 -- MAAAA  

6. ( ) ( ) ( ) ( ) ( ).6;5;4,5;1;6,2;1;4,7;2;3,0;1;2 4321 MAAAA --  

7. ( ) ( ) ( ) ( ) ( ).1;2;3,7;2;3,2;1;4,0;0;2,0;3;1 4321 --- MAAAA  

8. ( ) ( ) ( ) ( ) ( ).1;3;2,5;0;6,0;0;4,0;1;5,5;1;6 4321 MAAAA -  

9. ( ) ( ) ( ) ( ) ( ).2;1;4,5;2;2,2;2;3,0;1;5,6;1;1 4321 MAAAA ----  

10. ( ) ( ) ( ) ( ) ( ).1;2;5,2;1;1,1;1;1,1;1;2,0;0;0 4321 MAAAA --  
 

ɿʘʜʘʯʘ 2.2. ɼʘʥʦ ʚʝʨʰʠʥʠ ʪʨʠʢʫʪʥʠʢʘ ABC. ɿʥʘʡʪʠ: 

1) ʨʽʚʥʷʥʥʷ ʩʪʦʨʽʥ ;,, BCACAB  

2) ʨʽʚʥʷʥʥʷ ʤʝʜʽʘʥʠ AM  ʽ ʚʠʩʦʪʠ ;BH  

3) ʪʦʯʢʫ ʧʝʨʝʪʠʥʫ ʡʦʛʦ ʤʝʜʽʘʥ; 

4) ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʪʦʯʢʫ C  ʧʘʨʘʣʝʣʴʥʦ 

ʧʨʷʤʽʡ ,AB  ʽ ʦʙʯʠʩʣʠʪʠ ʚʽʜʩʪʘʥʴ ʤʽʞ ʮʠʤʠ ʧʨʷʤʠʤʠ. 

1. ( ) ( ) ( ).4;13,2;5,5;9 -CBA   2. ( ) ( ) ( ).3;0,3;8,6;4 -CBA  

3. ( ) ( ) ( ).2;1,4;7,7;3 --CBA  4. ( ) ( ) ( ).3;2,3;6,6;2 --CBA  

5. ( ) ( ) ( ).4;3,2;5,5;1 --CBA  6. ( ) ( ) ( ).3;4,3;4,6;0 --CBA  

7. ( ) ( ) ( ).5;2,1;10,4;6 -CBA  8. ( )( ) ( ).3;12,3;4,6;8 -CBA  

9. ( ) ( ) ( ).4;3,2;11,5;7 -CBA  10. ( ) ( ) ( ).6;7,0;1,3;3 -- CBA  
 

ɿʘʜʘʯʘ 2.3. ɺ ʫʤʦʚʘʭ ʟʘʜʘʯʽ 2.1 ʟʥʘʡʪʠ: 

1) ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ 21AA ; 

2) ʨʽʚʥʷʥʥʷ ʧʣʦʱʠʥʠ 321 AAA ; 

3) ʢʫʪ ʤʽʞ ʛʨʘʥʷʤʠ 321 AAA  ʽ 421 AAA ; 

4) ʨʽʚʥʷʥʥʷ ʧʣʦʱʠʥʠ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʪʦʯʢʫ M  ʧʘʨʘʣʝʣʴʥʦ 

ʧʣʦʱʠʥʽ 321 AAA , ʽ ʦʙʯʠʩʣʠʪʠ ʚʽʜʩʪʘʥʴ ʤʽʞ ʮʠʤʠ ʧʣʦʱʠʥʘʤʠ. 
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Ä3. ɺɺɽɼɽʅʅʗ ɺ ʄɸʊɽʄɸʊʀʏʅʀʁ ɸʅɸʃɯɿ.  

ɼʀʌɽʈɽʅʎɯɸʃʔʅɽ ʏʀʉʃɽʅʅʗ ʌʋʅʂʎɯɰ ʆɼʅɯɭɰ ɿʄɯʅʅʆɰ 

 

3.1. ʆʩʥʦʚʥʽ ʚʽʜʦʤʦʩʪʽ ʧʨʦ ʬʫʥʢʮʽʶ 

 

ʃʽʪʝʨʘʪʫʨʘ: [5] ï ʩ. 217-266, [6] ï ʩ. 16-65, [7] ï ʩ. 131-147, [8] ï ʩ. 137-140. 

ɺʝʣʠʯʠʥʫ y  ʥʘʟʠʚʘʶʪʴ ʬʫʥʢʮʽʻʶ ʟʤʽʥʥʦʾ ʚʝʣʠʯʠʥʠ x  ʚ ʦʙʣʘʩʪʽ 

ʚʠʟʥʘʯʘʥʥʷ D, ʷʢʱʦ ʢʦʞʥʦʤʫ ʟʥʘʯʝʥʥʶ x  ʽʟ ʮʽʻʾ ʦʙʣʘʩʪʽ ʚʽʜʧʦʚʽʜʘʻ ʦʜʥʝ 

ʧʝʚʥʝ ʟʥʘʯʝʥʥʷ ʚʝʣʠʯʠʥʠ y . 

 ʄʥʦʞʠʥʫ ʟʥʘʯʝʥʴ, ʷʢʠʭ ʥʘʙʫʚʘʻ ʚʝʣʠʯʠʥʘ y, ʥʘʟʠʚʘʶʪʴ ʦʙʣʘʩʪʶ 

ʟʥʘʯʝʥʴ ʬʫʥʢʮʽʾ.  

ɻʨʘʬʽʢʦʤ ʬʫʥʢʮʽʾ (ʚ ʩʠʩʪʝʤʽ ʜʝʢʘʨʪʦʚʠʭ ʧʨʷʤʦʢʫʪʥʠʭ ʢʦʦʨʜʠʥʘʪ) 

ʥʘʟʠʚʘʶʪʴ ʤʥʦʞʠʥʫ ʚʩʽʭ ʪʦʯʦʢ ʧʣʦʱʠʥʠ, ʘʙʩʮʠʩʠ ʷʢʠʭ ʻ ʟʥʘʯʝʥʥʷʤʠ ʟʤʽʥʥʦʾ, 

ʘ ʦʨʜʠʥʘʪʠ ï ʚʽʜʧʦʚʽʜʥʠʤʠ ʟʥʘʯʝʥʥʷʤʠ ʬʫʥʢʮʽʾ. 

 ʆʩʥʦʚʥʽ ʝʣʝʤʝʥʪʘʨʥʽ ʬʫʥʢʮʽʾ: 

1) ʩʪʝʧʝʥʝʚʘ axy= , ʜʝ RÍa ; 

2) ʧʦʢʘʟʥʠʢʦʚʘ 1,0, ¸>= aaay x ; 

3) ʣʦʛʘʨʠʬʤʽʯʥʘ 1,0,log ¸>= aaxy a ; 

4) ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʽ ʬʫʥʢʮʽʾ xyxyxyxy ctg,tg,cos,sin ==== ; 

5) ʦʙʝʨʥʝʥʽ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʽ ʬʫʥʢʮʽʾ ,arcsinxy=  ,arccosxy=  ,arctgxy=  

xy arcctg= . 

ɼʣʷ ʧʦʙʫʜʦʚʠ ʛʨʘʬʽʢʽʚ ʬʫʥʢʮʽʡ ʟʘʩʪʦʩʦʚʫʶʪʴ ʪʘʢʽ ʧʨʠʡʦʤʠ: ʧʦʙʫʜʦʚʘ ʧʦ 

ʪʦʯʢʘʭ; ʚʠʢʦʥʘʥʥʷ ʜʽʡ ʥʘʜ ʛʨʘʬʽʢʘʤʠ (ʜʦʜʘʚʘʥʥʷ, ʚʽʜʥʽʤʘʥʥʷ, ʤʥʦʞʝʥʥʷ 

ʛʨʘʬʽʢʽʚ); ʧʝʨʝʪʚʦʨʝʥʥʷ ʛʨʘʬʽʢʽʚ (ʟʩʫʚ, ʨʦʟʪʷʛ). 

ɿʥʘʶʯʠ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ )(xfy= , ʤʦʞʥʘ ʧʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢʠ ʬʫʥʢʮʽʡ: 

1) )( axfy -=  ï ʚʠʭʽʜʥʠʡ ʛʨʘʬʽʢ ʟʩʫʥʫʪʠʡ ʚʟʜʦʚʞ ʦʩʽ Ox ʥʘ ʚʝʣʠʯʠʥʫ a ; 

2) bxfy += )(  ï ʚʠʭʽʜʥʠʡ ʛʨʘʬʽʢ ʟʩʫʥʫʪʠʡ ʚʟʜʦʚʞ ʦʩʽ Oy ʥʘ ʚʝʣʠʯʠʥʫ b ; 

3) )(xfAy=  ï ʚʠʭʽʜʥʠʡ ʛʨʘʬʽʢ ʨʦʟʪʷʛʥʝʥʠʡ ʚ A ʨʘʟ ʚʟʜʦʚʞ ʦʩʽ Oy; 

4) )( xkfy Ö=  ï ʚʠʭʽʜʥʠʡ ʛʨʘʬʽʢ ʨʦʟʪʷʛʥʝʥʠʡ ʚ 
k

1
 ʨʘʟ ʚʟʜʦʚʞ ʦʩʽ Ox. 

ɺʠʢʦʥʫʶʯʠ ʚʢʘʟʘʥʽ ʟʩʫʚʠ ʪʘ ʜʝʬʦʨʤʘʮʽʾ ʛʨʘʬʽʢʘ ʬʫʥʢʮʽʾ )(xfy=  ʫ 

ʚʢʘʟʘʥʦʤʫ ʧʦʨʷʜʢʫ ʦʜʠʥ ʟʘ ʦʜʥʠʤ, ʤʦʞʥʘ ʧʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢ ʜʣʷ ʙʽʣʴʰ 

ʩʢʣʘʜʥʦʾ ʬʫʥʢʮʽʾ 

[ ]baxkfAy +-ÖÖ= )( .     (1) 

 

ʇʨʠʢʣʘʜ 1 . (ɿʘʜʘʯʘ 3.1) ʇʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ )82sin(3 +-= xy  

ʧʝʨʝʪʚʦʨʝʥʥʷʤ ʛʨʘʬʽʢʘ ʬʫʥʢʮʽʾ xy sin= . 

ʈʦʟʚôʷʟʘʥʥʷ:  

ʇʝʨʝʪʚʦʨʠʤʦ ʟʘʜʘʥʫ ʬʫʥʢʮʽʶ: )4(2sin3)82sin(3 +Ö-=+-= xxy . 
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ʇʦʨʽʚʥʷʚʰʠ ʾʾ ʟ ʚʠʨʘʟʦʤ (1), ʚʠʟʥʘʯʠʤʦ ʟʥʘʯʝʥʥʷ ʧʘʨʘʤʝʪʨʽʚ: 

0,4,2,3 =-==-= bakA . 

ʇʦʙʫʜʫʻʤʦ ʛʨʘʬʽʢ ʟʘʜʘʥʦʾ ʬʫʥʢʮʽʾ, ʢʝʨʫʶʯʠʩʴ ʟʘʛʘʣʴʥʠʤʠ ʚʢʘʟʽʚʢʘʤʠ: 

1) ʟʙʽʣʴʰʠʤʦ ʚ 3 ʨʘʟʠ ʦʨʜʠʥʘʪʠ ʪʦʯʦʢ ʛʨʘʬʽʢʘ ʬʫʥʢʮʽʾ xy sin=  ʟʘ 

ʘʙʩʦʣʶʪʥʦʶ ʚʝʣʠʯʠʥʦʶ ʪʘ ʟʤʽʥʠʤʦ ʾʭ ʟʥʘʢʠ ʥʘ ʧʨʦʪʠʣʝʞʥʽ ï ʦʪʨʠʤʘʻʤʦ 

ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ xy sin3-= ; 

2) ʟʤʝʥʰʠʤʦ ʫ 2 ʨʘʟʠ ʘʙʩʮʠʩʠ ʪʦʯʦʢ ʛʨʘʬʽʢʘ ʬʫʥʢʮʽʾ xy sin3-=  ï 

ʦʪʨʠʤʘʻʤʦ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ xy 2sin3-= ; 

3) ʧʝʨʝʥʝʩʝʤʦ ʪʦʯʢʠ ʛʨʘʬʽʢʘ ʬʫʥʢʮʽʾ xy 2sin3-=  ʚʟʜʦʚʞ ʦʩʽ ʘʙʩʮʠʩ ʥʘ 4 

ʦʜʠʥʠʮʽ ʤʘʩʰʪʘʙʫ ʮʽʻʾ ʦʩʽ ʚʣʽʚʦ ï ʦʪʨʠʤʘʻʤʦ ʰʫʢʘʥʠʡ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ 

)4(2sin3 +-= xy . 

4 2 0 2 4 6

4

2

2

4

 y

 x

 xy sin3-=

 xy 2sin3-=

 xy sin=

 )82sin(3 +-= xy
 

 

3.2. ɻʨʘʥʠʮʷ ʬʫʥʢʮʽʾ 

 

ʃʽʪʝʨʘʪʫʨʘ: [5] ï ʩ. 267-343, [6] ï ʩ. 66-109, [7] ï ʩ. 149-190, [8] ï ʩ. 142-149. 

ʅʝʭʘʡ ʬʫʥʢʮʽʷ )(xfy=  ʚʠʟʥʘʯʝʥʘ ʚ ʜʝʷʢʦʤʫ X  ï ʦʢʦʣʽ ʪʦʯʢʠ 0x , 

ʦʢʨʽʤ, ʤʦʞʣʠʚʦ, ʩʘʤʦʾ ʪʦʯʢʠ 0x . 

ʏʠʩʣʦ A ʥʘʟʠʚʘʻʪʴʩʷ ʛʨʘʥʠʮʝʶ ʬʫʥʢʮʽʾ )(xf ʚ ʪʦʯʮʽ 0x , ʷʢʱʦ ʜʣʷ 

ʜʦʚʽʣʴʥʦʛʦ ʯʠʩʣʘ 0>e  ʽʩʥʫʻ ʯʠʩʣʦ 0)( >= edd  ʪʘʢʝ, ʱʦ ʜʣʷ ʚʩʽʭ XxÍ , ʷʢʽ 

ʟʘʜʦʚʦʣʴʥʷʶʪʴ ʥʝʨʽʚʥʽʩʪʴ d<-< 00 xx , ʚʠʢʦʥʫʻʪʴʩʷ ʥʝʨʽʚʥʽʩʪʴ 

e<-Axf )( . 

ɿʘʧʠʩʫʶʪʴ ʮʝ ʪʘʢ: Axf
xx

=


)(lim
0

. 

ʋʤʦʚʥʦ ʟʘʧʠʩʫʶʪʴ ¤=


)(lim xf
ax

, ʷʢʱʦ Mxf >)(  ʧʨʠ d<-< ax0 , ʜʝ 

M  ï ʜʦʚʽʣʴʥʝ ʜʦʜʘʪʥʝ ʯʠʩʣʦ. ʋ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʬʫʥʢʮʽʷ )(xf  ʥʘʟʠʚʘʻʪʴʩʷ 

ʥʝʩʢʽʥʯʝʥʥʦ ʚʝʣʠʢʦʶ ʧʨʠ ax . 
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 ʗʢʱʦ 0)(lim =


x
ax
a , ʪʦ )(xa  ʥʘʟʠʚʘʻʪʴʩʷ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʦʶ ʧʨʠ ax . 

ʊʝʦʨʝʤʠ ʧʨʦ ʛʨʘʥʠʮʽ ʬʫʥʢʮʽʡ. 

ʗʢʱʦ ʬʫʥʢʮʽʾ )(xf  ʽ )(xg  ʤʘʶʪʴ ʩʢʽʥʯʝʥʥʽ ʛʨʘʥʠʮʽ ʧʨʠ 0xx , ʪʦʜʽ 

ʤʘʶʪʴ ʤʽʩʮʝ ʪʘʢʽ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ: 

 )(lim)(lim))()((lim
000

xgxfxgxf
xxxxxx 

°=° ; 

 )(lim)(lim))()((lim
000

xgxfxgxf
xxxxxx 

Ö=Ö ; 

 )(),(lim))((lim
00

constcxfcxcf
xxxx

==


; 

 )(,))(lim())((lim
00

Nnxfxf n

xx

n

xx
Í=


; 

 0)(lim,
)(lim

)(lim

)(

)(
lim

0
0

0

0

¸=







xg

xg

xf

xg

xf

xx
xx

xx

xx
; 

 n
xx

n

xx
xfxf )(lim)(lim

00 
= ;          )(,lim

0

constCCC
xx

==


; 

0)(lim,)(lim)(lim
0

0

00

)(lim
)( >=



 xfxfxf
xx

xg

xx

xg

xx

xx . 

ʇʨʠ ʟʥʘʭʦʜʞʝʥʥʽ ʛʨʘʥʠʮʽ ʬʫʥʢʮʽʾ ʚʠʢʦʥʫʶʪʴʩʷ ʪʘʢʽ ʧʨʘʚʠʣʘ )( constc= : 

 ¤=
 x

c

x 0
lim ; ¤=

¤ c

x

x
lim ; ¤=

¤
cx

x
lim ; 0lim =

¤ x

c

x
;

í
ì
ë

>¤+

<<
=

+¤ ;1,

;10,0
lim

c

c
cx

x
 

 
í
ì
ë

>

<<¤+
=

-¤ ;1,0

;10,
lim

c

c
cx

x
  )1()),(lim(log))((loglim

00

>=


cxfxf
xx

cc
xx

; 

 )1(,loglim
0

>-¤=


cxc
x

;  )1(,loglim >+¤=
+¤

cxc
x

. 

ɺʘʞʣʠʚʽ ʛʨʘʥʠʮʽ.  

ɼʣʷ ʦʙʯʠʩʣʝʥʥʷ ʛʨʘʥʠʮʽ ʚ ʙʘʛʘʪʴʦʭ ʚʠʧʘʜʢʘʭ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴ: 

 1
sin

lim
0

=
 x

x

x
 ï ʧʝʨʰʘ ʚʘʞʣʠʚʘ ʛʨʘʥʠʮʷ; 

 e
y

ex y

y

x

x
=+=+

¤
)

1
1(lim,)1(lim

1

0
 ï ʜʨʫʛʘ ʚʘʞʣʠʚʘ ʛʨʘʥʠʮʷ. 

ʇʦʨʽʚʥʷʥʥʷ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʠʭ ʬʫʥʢʮʽʡ. 

 ʗʢʱʦ 0
)(

)(
lim

0

¸=


c
x

x

xx b

a
, ʪʦʜʽ )(xa  ʽ )(xb  ʻ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʠʤʠ 

ʬʫʥʢʮʽʷʤʠ ʦʜʥʦʛʦ ʧʦʨʷʜʢʫ. ʗʢʱʦ 1=c , ʪʦ )(xa  ʽ )(xb  ï ʝʢʚʽʚʘʣʝʥʪʥʽ 

(ʧʦʟʥʘʯʘʶʪʴ )(xa ~ )(xb ). 
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 ʇʨʠ ʟʥʘʭʦʜʞʝʥʥʽ ʛʨʘʥʠʮʽ ʚʽʜʥʦʰʝʥʥʷ ʜʚʦʭ ʟʘʜʘʥʠʭ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʠʭ 

ʬʫʥʢʮʽʡ ʢʦʞʥʫ ʟ ʥʠʭ (ʘʙʦ ʪʽʣʴʢʠ ʦʜʥʫ) ʤʦʞʥʘ ʟʘʤʽʥʠʪʠ ʽʥʰʦʶ ʥʝʩʢʽʥʯʝʥʥʦ 

ʤʘʣʦʶ, ʷʢʘ ʝʢʚʽʚʘʣʝʥʪʥʘ ʟʘʜʘʥʽʡ. 

 ʊʘʙʣʠʮʷ ʝʢʚʽʚʘʣʝʥʪʥʠʭ ʬʫʥʢʮʽʡ ʧʨʠ 0x : 

 x~ xsin ~ xtg ~ xarcsin ~ xarctg ~ )1ln( x+ ~ 1-xe ;  1-xa ~ axln ; 

 )1(log xa + ~ ex alog ;  1)1( -+ kx ~ )0(, >kkx . 
 

ʇʨʠʢʣʘʜ 2 .  (ɿʘʜʘʯʘ 3.2(ʘ)) ɿʥʘʡʪʠ ʛʨʘʥʠʮʶ ʬʫʥʢʮʽʾ 

53

176
lim

2

2

+

+-

¤ x

xx

x
. 

ʈʦʟʚôʷʟʘʥʥʷ:  

ʇʨʠ ¤x  ʯʠʩʝʣʴʥʠʢ ʽ ʟʥʘʤʝʥʥʠʢ ʻ ʥʝʩʢʽʥʯʝʥʥʦ ʚʝʣʠʢʠʤʠ ʬʫʥʢʮʽʷʤʠ 

(ʥʝʚʠʟʥʘʯʝʥʽʩʪʴ 
¤

¤
). ʇʦʜʽʣʠʤʦ ʯʠʩʝʣʴʥʠʢ ʽ ʟʥʘʤʝʥʥʠʢ ʥʘ ʩʪʘʨʰʠʡ ʩʪʝʧʽʥʴ x  

ʚ ʯʠʩʝʣʴʥʠʢʫ ʽ ʟʥʘʤʝʥʥʠʢʫ (2x ). 

=

+

+-

=

+

+-

=

+

+-

=
+

+-

¤

¤

¤¤¤ )
5

3(lim

)
17

6(lim

5
3

17
6

lim
53

176

lim
53

176
lim

2

2

2

2

22

2

222

2

2

2

x

xx

x

xx

xx

x

xx

x

x

x

x

xx

x

x

xxx
 

23/6 == . 
 

ʇʨʠʢʣʘʜ 3. (ɿʘʜʘʯʘ 3.2(ʙ)) ɿʥʘʡʪʠ ʛʨʘʥʠʮʶ ʬʫʥʢʮʽʾ 
11

lim
30 -+ x

x

x
. 

ʈʦʟʚôʷʟʘʥʥʷ:  

ʇʨʠ 0x  ʤʘʻʤʦ ʥʝʚʠʟʥʘʯʝʥʽʩʪʴ 
0

0
. ɼʣʷ ʫʥʠʢʥʝʥʥʷ ʥʝʚʠʟʥʘʯʝʥʦʩʪʽ 

ʧʝʨʝʪʚʦʨʠʤʦ ʬʫʥʢʮʽʶ: 

.
)11)1((

11

)11)1((

1)1(

)11)1((

)11)1()(11(

)11)1((

11

33 233 2

333

33 2

33 23

33 2

3

x

xxx

x

xxx

x

xxx

xxx

xxx

x

x

++++
=

-+

++++
=

=
-+

++++
=

++++-+

++++
=

-+
 

ʆʩʢʽʣʴʢʠ ʚ ʦʟʥʘʯʝʥʥʽ ʛʨʘʥʠʮʽ x Í x0, ʪʦʙʪʦ ʚ ʜʘʥʽʡ ʟʘʜʘʯʽ x Í 0, ʪʦ ʧʽʜ 

ʟʥʘʢʦʤ ʛʨʘʥʠʮʽ ʤʘʻʤʦ ʧʨʘʚʦ ʩʢʦʨʦʪʠʪʠ ʥʘ x. ʆʪʨʠʤʘʻʤʦ 

=++++=
++++

=
-+ 

)11)1((lim
)11)1((

lim
11

lim 33 2

0

33 2

030
xx

x

xxx

x

x

xxx
 

= 1+1+1 = 3. 
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ʇʨʠʢʣʘʜ 4.(ɿʘʜʘʯʘ 3.2(ʚ)) ɿʥʘʡʪʠ ʛʨʘʥʠʮʶ ʬʫʥʢʮʽʾ
xx

x

x 4sin8sin

sin2
lim

0 -
. 

ʈʦʟʚôʷʟʘʥʥʷ:  

ɺʠʢʦʨʠʩʪʘʻʤʦ ʪʘʙʣʠʮʶ ʝʢʚʽʚʘʣʝʥʪʥʠʭ ʬʫʥʢʮʽʡ: ʧʨʠ 0x  xsin ~x , 

x2sin ~ x2 . 

.
2

1

2
lim1

2sin
lim

6cos

1
lim

2sin6cos2

2
lim

4sin8sin

sin2
lim

00000
=Ö=Ö==

-  x

x

x

x

xxx

x

xx

x

xxxxx
 

ʇʨʠʢʣʘʜ 5. (ɿʘʜʘʯʘ 3.2(ʛ)) ɿʥʘʡʪʠ ʛʨʘʥʠʮʶ ʬʫʥʢʮʽʾ 

x

x x

x
ö
÷

õ
æ
ç

å

-

+

¤ 4

8
lim . 

ʈʦʟʚôʷʟʘʥʥʷ:  

ʇʨʠ ¤x  ʤʘʻʤʦ ʥʝʚʠʟʥʘʯʝʥʽʩʪʴ ¤1 . ʇʨʠ ʟʥʘʭʦʜʞʝʥʥʽ ʛʨʘʥʠʮʽ ʙʫʜʝʤʦ 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʜʨʫʛʫ ʚʘʞʣʠʚʫ ʛʨʘʥʠʮʶ. ɼʣʷ ʮʴʦʛʦ ʧʝʨʝʪʚʦʨʠʤʦ ʬʫʥʢʮʽʶ 

.
4

12
1lim

4

12
1lim

4

12
1lim1

4

8
1lim

4

8
lim

124

12
lim

4

12
lim
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4

4
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4

ee
xx

xx
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x
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x
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x

x
x

x

x
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x

x

x

x

x

x

x
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ö
ö
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÷

õ

æ
æ
æ

ç

å

ö
÷

õ
æ
ç

å

-
+=ö

÷

õ
æ
ç

å

-
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=ö
÷

õ
æ
ç

å

-
+=ö

÷

õ
æ
ç
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-
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+=ö

÷
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æ
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3.3. ɼʠʬʝʨʝʥʮʽʘʣʴʥʝ ʯʠʩʣʝʥʥʷ ʬʫʥʢʮʽʾ ʦʜʥʽʻʾ ʟʤʽʥʥʦʾ 

 

ʃʽʪʝʨʘʪʫʨʘ: [5] ï ʩ. 358-423, [6] ï ʩ. 111-163, [7] ï ʩ. 191-245, [8] ï ʩ. 151. 

ʇʦʭʽʜʥʘ ʬʫʥʢʮʽʾ ʚ ʪʦʯʮʽ. ʇʦʭʽʜʥʦʶ ʬʫʥʢʮʽʾ )(xfy=  ʚ ʪʦʯʮʽ x  

ʥʘʟʠʚʘʻʪʴʩʷ ʛʨʘʥʠʮʷ (ʷʢʱʦ ʚʦʥʘ ʽʩʥʫʻ) ʚʽʜʥʦʰʝʥʥʷ ʧʨʠʨʦʩʪʫ ʬʫʥʢʮʽʾ 

)()( xfxxfy -D+=D  ʜʦ ʧʨʠʨʦʩʪʫ ʘʨʛʫʤʝʥʪʫ xD, ʢʦʣʠ ʧʨʠʨʽʩʪ ʘʨʛʫʤʝʥʪʫ 

ʧʨʷʤʫʻ ʜʦ ʥʫʣʷ, ʪʦʙʪʦ 

.
)()(

limlim'
00 x

xfxxf

x

y

dx

dy
y

xx D

-D+
=

D

D
==

DD
 

ʌʫʥʢʮʽʷ, ʷʢʘ ʤʘʻ ʩʢʽʥʯʝʥʥʫ ʧʦʭʽʜʥʫ ʚ ʪʦʯʮʽ x, ʥʘʟʠʚʘʻʪʴʩʷ ʜʠʬʝʨʝʥʮʽʡʦʚʥʦʶ 

ʚ ʮʽʡ ʪʦʯʮʽ. 

ʆʩʥʦʚʥʽ ʧʨʘʚʠʣʘ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ. 

ʗʢʱʦ ʬʫʥʢʮʽʾ )(xu  ʽ )(xv  ʜʠʬʝʨʝʥʮʽʡʦʚʥʽ ʚ ʪʦʯʮʽ x, ʪʦʜʽ ʚ ʮʽʡ ʪʦʯʮʽ 

ʤʘʶʪʴ ʤʽʩʮʝ ʪʘʢʽ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ: 

1) '')'( vuvu °=° ; 

2) '')'( uvvuvu +=Ö ; 

3) 0)(,
''

2

'

¸
-

=ö
÷

õ
æ
ç

å
xv

v

uvvu

v

u
. 
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 ʇʨʠ ʨʦʟʚôʷʟʘʥʥʽ ʟʘʜʘʯ ʥʘ ʦʙʯʠʩʣʝʥʥʷ ʧʦʭʽʜʥʦʾ ʟʘʩʪʦʩʦʚʫʶʪʴ ʨʷʜ 

ʬʦʨʤʫʣ ʜʣʷ ʧʦʭʽʜʥʠʭ ʦʩʥʦʚʥʠʭ ʝʣʝʤʝʥʪʘʨʥʠʭ ʬʫʥʢʮʽʡ: 

1) constcc == ,0' ; 

2) 1)'( -Ö= aa a xx , (a ï ʜʦʚʽʣʴʥʝ ʯʠʩʣʦ); 

3) aaa xx ln)'( = , ( 1,0 ¸> aa ); 

4) xx ee =)'( ; 

5) )1,0,0(,
ln

1
)'(log ¸>>= aax

ax
xa ; 

6) 
x

x
1

)'(ln = ; 

7) xx cos)'(sin = ; 

8) xx sin)'(cos -= ; 

9) ),
2

(,
cos

1
)'(tg

2
Znnx

x
x Í+¸= p

p
; 

10) ),(,
sin

1
)'(ctg

2
Znnx

x
x Í¸-= p ; 

11) )1(,
1

1
)'(arcsin

2
<

-
= x

x
x ; 

12) )1(,
1

1
)'(arccos

2
<

-
-= x

x
x  

13) 
21

1
)'(arctg

x
x

+
= ; 

14) 
21

1
)'(arcctg

x
x

+
-= ; 

15) xx ch)'(sh = ; 

16) xx sh)'(ch = ; 

17) 
x

x
2ch

1
)'(th = ; 

18) )0(,
sh

1
)'(cth

2
¸-= x

x
x . 

ʇʦʭʽʜʥʘ ʩʢʣʘʜʝʥʦʾ ʬʫʥʢʮʽʾ. ʗʢʱʦ ʬʫʥʢʮʽʷ )(xu j=  ʤʘʻ ʧʦʭʽʜʥʫ 'xu  ʚ 

ʪʦʯʮʽ x, ʘ ʬʫʥʢʮʽʷ )(ufy=  ʤʘʻ ʧʦʭʽʜʥʫ 'uy  ʫ ʚʽʜʧʦʚʽʜʥʽʡ ʪʦʯʮʽ u, ʪʦ 

ʩʢʣʘʜʝʥʘ ʬʫʥʢʮʽʷ ))(( xfy j=  ʤʘʻ ʧʦʭʽʜʥʫ 'xy  ʚ ʪʦʯʮʽ x  ʽ ʩʧʨʘʚʝʜʣʠʚʦʶ ʻ 

ʬʦʨʤʫʣʘ  

''' xux uyy Ö= . 
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ʇʦʭʽʜʥʘ ʬʫʥʢʮʽʾ, ʟʘʜʘʥʦʾ ʧʘʨʘʤʝʪʨʠʯʥʦ. ʇʦʭʽʜʥʘ ʬʫʥʢʮʽʾ, ʷʢʘ ʟʘʜʘʥʘ 

ʧʘʨʘʤʝʪʨʠʯʥʦ ʨʽʚʥʷʥʥʷʤʠ )(),( tyytxx == , ʜʝ )(tx  ʽ )(ty  ʜʠʬʝʨʝʥʮʽʡʦʚʥʽ ʚ 

ʪʦʯʮʽ t, ʧʨʠʯʦʤʫ 0̧
dt

dx
, ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ: 

'

'

t

t

x

y

dt

dx
dt

dy

dx

dy
== . 

ɼʠʬʝʨʝʥʮʽʶʚʘʥʥʷ ʥʝʷʚʥʦʾ ʬʫʥʢʮʽʾ. ʅʝʭʘʡ ʨʽʚʥʷʥʥʷ 0),( =yxF  ʚʠʟʥʘʯʘʻ 

y  ʷʢ ʥʝʷʚʥʫ ʬʫʥʢʮʽʶ ʚʽʜ x. ɹʫʜʝʤʦ ʚʚʘʞʘʪʠ ʜʘʥʫ ʬʫʥʢʮʽʶ 

ʜʠʬʝʨʝʥʮʽʡʦʚʥʦʶ.  

ʇʨʦʜʠʬʝʨʝʥʮʽʶʚʘʚʰʠ ʦʙʠʜʚʽ ʯʘʩʪʠʥʠ ʨʽʚʥʷʥʥʷ 0),( =yxF , ʦʪʨʠʤʘʻʤʦ 

ʨʽʚʥʷʥʥʷ ʧʝʨʰʦʛʦ ʩʪʝʧʝʥʷ ʚʽʜʥʦʩʥʦ 'y. ɿ ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ ʣʝʛʢʦ ʟʥʘʡʪʠ 'y , 

ʪʦʙʪʦ ʧʦʭʽʜʥʫ ʥʝʷʚʥʦʾ ʬʫʥʢʮʽʾ ʜʣʷ ʚʩʽʭ ʟʥʘʯʝʥʴ x  ʽ y, ʧʨʠ ʷʢʠʭ ʤʥʦʞʥʠʢ 'y  ʚ 

ʨʽʚʥʷʥʥʽ ʥʝ ʧʝʨʝʪʚʦʨʶʻʪʴʩʷ ʚ ʥʫʣʴ. 

ɼʠʬʝʨʝʥʮʽʶʚʘʥʥʷ ʧʦʢʘʟʥʠʢʦʚʦ-ʩʪʝʧʝʥʝʚʦʾ ʬʫʥʢʮʽʾ.  

ʇʦʭʽʜʥʫ ʧʦʢʘʟʥʠʢʦʚʦ-ʩʪʝʧʝʥʝʚʦʾ ʬʫʥʢʮʽʾ ʟʥʘʭʦʜʷʪʴ, ʧʨʦʚʽʚʰʠ 

ʧʦʧʝʨʝʜʥʻ ʣʦʛʘʨʠʬʤʫʚʘʥʥʷ. 
vuy=  ï ʧʦʢʘʟʥʠʢʦʚʦ-ʩʪʝʧʝʥʝʚʘ ʬʫʥʢʮʽʷ, 

ʜʝ u  ʽ v  ï ʟʘʜʘʥʽ ʽ ʜʠʬʝʨʝʥʮʽʡʦʚʥʽ ʬʫʥʢʮʽʾ ʚʽʜ x. ʄʘʻʤʦ 

 uvy lnln = ,  )'ln()'(ln uvy = ,  
u

u
vuv

y

y '
ln'

'
+= ;  ö

÷

õ
æ
ç

å
+=

u

u
vuvuy v '

ln'' . 

 

ʇʨʠʢʣʘʜ 6. (ɿʘʜʘʯʘ 3.3) ɿʥʘʡʪʠ ʧʦʭʽʜʥʫ ʬʫʥʢʮʽʾ xey x sin2= . 

ʈʦʟʚôʷʟʘʥʥʷ:  

=+=+== xexxexexexey xxxxx cossin)'2()'(sinsin)'()'sin(' 22222  

).cossin2(cossin2 222 xxexexe xxx +=+=  
 

ʇʨʠʢʣʘʜ 7. (ɿʘʜʘʯʘ 3.3) ɿʥʘʡʪʠ ʧʦʭʽʜʥʫ ʬʫʥʢʮʽʾ 
21 x

x
y

-

= . 

ʈʦʟʚôʷʟʘʥʥʷ: 

.

1)1(

1

1

1

1

1

1

1

1

12

2
1

1

)'1(

12

1
1

)1(

)'1(1'

1

'

222

2

22

2

2

2
2

2

2

2
2

2

2

2

2

22

22
'

2

xxx

x

xx

x

x

x
x

x

x

x
x

x

x

x

xx

x

xxxx

x

x
y

--

=
-

-

+-

=
-

-

+-

=
-

-

+-

=

=
-

-

-

--

=

-

---
=
ö
ö

÷

õ

æ
æ

ç

å

-

=
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ʇʨʠʢʣʘʜ 8 .  (ɿʘʜʘʯʘ 3.3) ɿʥʘʡʪʠ ʧʦʭʽʜʥʫ ʬʫʥʢʮʽʾ, ʱʦ ʟʘʜʘʥʘ 

ʧʘʨʘʤʝʪʨʠʯʥʦ  

îí

î
ì
ë

=

=

.cos/1

),ln(ctg

2 ty

tx
 

ʈʦʟʚôʷʟʘʥʥʷ:  

'

'

t

t

x

y

dx

dy
= . ɿʥʘʡʜʝʤʦ 'ty  ʽ 'tx . 

,
cos

sin2
)sin(cos2)'(coscos2)'(cos

cos

1
'

3

332
'

2 t

t
ttttt

t
yt =-Ö-=Ö-==öö

÷

õ
ææ
ç

å
= ---

 

,
sincos

1

sinctg

1
)'(ctg

ctg

1
))'(ln('

2 tttt
t

t
tctgxt

Ö
-=

Ö
-=Ö==

.tg2
)1(cos

sincossin2

'

' 2

3
t

t

ttt

x

y

dx

dy

t

t -=
-Ö

ÖÖ
==  

 

ʇʨʠʢʣʘʜ 9 . (ɿʘʜʘʯʘ 3.3) ɿʥʘʡʪʠ ʧʦʭʽʜʥʫ ʧʦʢʘʟʥʠʢʦʚʦ-ʩʪʝʧʝʥʝʚʦʾ 

ʬʫʥʢʮʽʾ  
xexy )(ln= . 

ʈʦʟʚôʷʟʘʥʥʷ:  
xexy )(ln= ,  )ln(lnln xey x= ,  ))'(ln(ln)ln(ln)'(

'
xexe

y

y xx += , 

xx
exe

y

y xx 1

ln

1
)ln(ln

'
Ö+= , )

ln

1
)(ln(ln'

xx
xeyy x +Ö= , 

)
ln

1
)(ln(ln)(ln'

xx
xexy xex

+Ö= . 

 

ʇʨʠʢʣʘʜ 1 0 . (ɿʘʜʘʯʘ 3.3) ɿʥʘʡʪʠ ʧʦʭʽʜʥʫ ʬʫʥʢʮʽʾ, ʷʢʫ ʟʘʜʘʥʦ ʥʝʷʚʥʦ  

0422 =++ xyy . 

ʈʦʟʚôʷʟʘʥʥʷ:  

)'0()'42( 2 =++ xyy ,  0)'4('2)'2('2 =+++ xyyxyy ,  0'22'2 =++ xyyyy ,  

02)22(' =++ yxyy ,  
xy

y
y

22

2
'

+
-= ,  

xy

y

xy

y
y

+
-=

+
-=

)(2

2
' . 

ʇʦʭʽʜʥʽ ʚʠʱʠʭ ʧʦʨʷʜʢʽʚ. ʇʦʭʽʜʥʦʶ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ (ʜʨʫʛʦʶ ʧʦʭʽʜʥʦʶ) 

ʬʫʥʢʮʽʾ )(xfy=  ʥʘʟʠʚʘʻʪʴʩʷ ʧʦʭʽʜʥʘ ʚʽʜ ʾʾ ʧʦʭʽʜʥʦʾ. ɼʨʫʛʘ ʧʦʭʽʜʥʘ 

ʧʦʟʥʘʯʘʻʪʴʩʷ ʪʘʢ: ''y  ʘʙʦ 
2

2

dx

yd
, ʘʙʦ )('' xf . ɸʥʘʣʦʛʽʯʥʦ ʧʦʭʽʜʥʦʶ ʪʨʝʪʴʦʛʦ 

ʧʦʨʷʜʢʫ ʬʫʥʢʮʽʾ )(xfy=  ʻ ʧʦʭʽʜʥʘ ʚʽʜ ʧʦʭʽʜʥʦʾ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ: )'''(''' yy = . 

ɺʟʘʛʘʣʽ, ʧʦʭʽʜʥʦʶ n -ʛʦ ʧʦʨʷʜʢʫ ʚʽʜ ʬʫʥʢʮʽʾ )(xfy=  ʥʘʟʠʚʘʻʪʴʩʷ ʧʦʭʽʜʥʘ ʚʽʜ 
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ʧʦʭʽʜʥʦʾ )1( -n -ʛʦ ʧʦʨʷʜʢʫ: )'( )1()( -= nn yy . ʇʦʟʥʘʯʘʶʪʴ n -ʫ ʧʦʭʽʜʥʫ ʪʘʢ: 

)(ny  ʘʙʦ 
n

n

dx

yd
, ʘʙʦ )()( xf n . ʗʢʱʦ ʬʫʥʢʮʽʷ ʟʘʜʘʥʘ ʧʘʨʘʤʝʪʨʠʯʥʦ: 

)(),( tyytxx == , ʪʦ ''xxy  ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ: 
'

')'(
''

t

tx
xx

x

y
y = . 

 

ʇʨʠʢʣʘʜ 11. (ɿʘʜʘʯʘ 3.3) ɿʥʘʡʪʠ 'xy  ʽ ''xxy , ʷʢʱʦ ʬʫʥʢʮʽʷ ʟʘʜʘʥʘ 

ʧʘʨʘʤʝʪʨʠʯʥʦ  

îí

î
ì

ë

=

=

.sin

,cos

3

3

tay

tax
 

ʈʦʟʚôʷʟʘʥʥʷ:  

,tg
sincos3

cossin3

)'cos(

)'sin(

'

'
'

2

2

3

3

t
tta

tta

ta

ta

x

y
y

t

t
x -=

Ö-

Ö
===  

ttatta

t

ta

t

x

y
y

t

t

t

tx
xx

sincos3

1

sincos3

cos

1

')cos(

')tg(

'

')'(
''

42

2

3 Ö
=

Ö-

-

=
-

== . 

 

ɼʠʬʝʨʝʥʮʽʘʣ. 

ʗʢʱʦ ʟʘʜʘʥʦ ʜʠʬʝʨʝʥʮʽʡʦʚʥʫ ʬʫʥʢʮʽʶ )(xfy= , ʪʦ ʾʾ ʧʨʠʨʽʩʪ  

xxxxfy DD+D=D )()(' a , (1) 

ʜʝ 0)( Dxa , ʢʦʣʠ 0Dx . ʇʨʠ 0Dx  ʚʝʣʠʯʠʥʘ xxDD)(a  ʻ ʚʝʣʠʯʠʥʦʶ 

ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʦʶ ʚʠʱʦʛʦ ʧʦʨʷʜʢʫ, ʥʽʞ xD. ʇʝʨʰʠʡ ʜʦʜʘʥʦʢ ʫ ʬʦʨʤʫʣʽ (1) 

xxf D)('  ʻ ʛʦʣʦʚʥʦʶ ʯʘʩʪʠʥʦʶ ʧʨʠʨʦʩʪʫ ʬʫʥʢʮʽʾ ʚ ʪʦʯʮʽ x. ʎʝʡ ʜʦʜʘʥʦʢ ʽ 

ʥʘʟʠʚʘʻʪʴʩʷ ʜʠʬʝʨʝʥʮʽʘʣʦʤ ʬʫʥʢʮʽʾ.  

ɼʠʬʝʨʝʥʮʽʘʣʦʤ ʬʫʥʢʮʽʾ )(xfy=  ʥʘʟʠʚʘʻʪʴʩʷ ʜʦʙʫʪʦʢ ʧʦʭʽʜʥʦʾ ʜʘʥʦʾ 

ʬʫʥʢʮʽʾ ʥʘ ʧʨʠʨʽʩʪ ʥʝʟʘʣʝʞʥʦʾ ʟʤʽʥʥʦʾ. ɼʠʬʝʨʝʥʮʽʘʣ ʬʫʥʢʮʽʾ ʧʦʟʥʘʯʘʻʪʴʩʷ 

ʩʠʤʚʦʣʦʤ xxfdy D= )(' . 

ɼʠʬʝʨʝʥʮʽʘʣʦʤ ʥʝʟʘʣʝʞʥʦʾ ʟʤʽʥʥʦʾ ʥʘʟʠʚʘʻʪʴʩʷ ʾʾ ʧʨʠʨʽʩʪ: xdx D= . 

ʊʦʤʫ dxxfxxfdy )(')(' =D= . 

ʆʩʥʦʚʥʽ ʚʣʘʩʪʠʚʦʩʪʽ ʜʠʬʝʨʝʥʮʽʘʣʘ: 

1) constCdC == ,0 ; 

2) duCuCd Ö=Ö)( ; 

3) dvduvud °=° )( ; 

4) vduudvvud +=Ö)( ; 

5) 
2v

udvvdu

v

u
d

-
=ö
÷

õ
æ
ç

å
; 

6) duufudf )(')( = . 
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ɻʝʦʤʝʪʨʠʯʥʦ ʜʠʬʝʨʝʥʮʽʘʣ ʬʫʥʢʮʽʾ )(xfy=  ʷʚʣʷʻ ʩʦʙʦʶ ʧʨʠʨʽʩʪ 

ʦʨʜʠʥʘʪʠ ʜʦʪʠʯʥʦʾ ʜʦ ʛʨʘʬʽʢʘ ʬʫʥʢʮʽʾ ʚ ʪʦʯʮʽ );( yxM .                                                                

                                                                  y=f(x)             y 

 x 

 M 
 dy 

 ȹy 

 Ŭ 

 Ŭ 

 x  x+ ȹx 

 ȹx 

 O 

 
 

ɿʘʩʪʦʩʫʚʘʥʥʷ ʜʠʬʝʨʝʥʮʽʘʣʘ ʜʣʷ ʥʘʙʣʠʞʝʥʠʭ ʦʙʯʠʩʣʝʥʴ. ʗʢʱʦ ʧʨʠʨʽʩʪ 

xD  ʘʨʛʫʤʝʥʪʫ ʤʘʣʠʡ ʟʘ ʘʙʩʦʣʶʪʥʦʶ ʚʝʣʠʯʠʥʦʶ, ʪʦ dyyºD , ʪʦʤʫ  

xxfxfxxf D+ºD+ )(')()( 000 . 

ɼʠʬʝʨʝʥʮʽʘʣʦʤ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ ʬʫʥʢʮʽʾ )(xfy=  ʥʘʟʠʚʘʻʪʴʩʷ 

ʜʠʬʝʨʝʥʮʽʘʣ ʚʽʜ ʜʠʬʝʨʝʥʮʽʘʣʘ ʧʝʨʰʦʛʦ ʧʦʨʷʜʢʫ: )(2 dydyd = . 

 ɸʥʘʣʦʛʽʯʥʦ )(,),( 123 yddydyddyd nn -== 2 . 

 ʗʢʱʦ )(xfy=  ʽ x  ï ʥʝʟʘʣʝʞʥʘ ʟʤʽʥʥʘ, ʪʦ ʜʠʬʝʨʝʥʮʽʘʣʠ ʚʠʱʠʭ 

ʧʦʨʷʜʢʽʚ ʦʙʯʠʩʣʶʶʪʴʩʷ ʟʘ ʬʦʨʤʫʣʘʤʠ  
nnn dxxfyddxxfyddxxfyd ))((,,))((''',))(('' )(3322 === 2 . 

 

ʇʨʠʢʣʘʜ 12. ɿʥʘʡʪʠ ʜʠʬʝʨʝʥʮʽʘʣ ʬʫʥʢʮʽʾ xy arctg= . 

ʈʦʟʚôʷʟʘʥʥʷ:  

22 11

1
)'(

x

dx
dx

x
dxxarctgdy

+
=

+
=Ö= . 

 

ʇʨʠʢʣʘʜ 1 3 . ɿʥʘʡʪʠ ʜʠʬʝʨʝʥʮʽʘʣʠ ʧʝʨʰʦʛʦ ʽ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʽʚ 

ʬʫʥʢʮʽʾ 
xey 2= . 

ʈʦʟʚôʷʟʘʥʥʷ: 
22222222 422)2()(;2)'( dxedxedxeddydyddxedxedy xxxxx =Ö====Ö= . 

 

ʇʨʠʢʣʘʜ 1 4 . (ɿʘʜʘʯʘ 3.4) ʆʙʯʠʩʣʠʪʠ ʥʘʙʣʠʞʝʥʦ ʟʘ ʜʦʧʦʤʦʛʦʶ 

ʜʠʬʝʨʝʥʮʽʘʣʘ 3 54,27 . 

ʈʦʟʚôʷʟʘʥʥʷ:  

ʇʦʢʣʘʜʝʤʦ ,54,27,3 == xxy .54,0,27,54,027 00 =D=+=D+= xxxxx  

ɿʘʩʪʦʩʫʻʤʦ ʬʦʨʤʫʣʫ xxyxyxxy D+ºD+ )(')()( 000 . 
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.02,354,0
27

1
3)54,27(

,327)27(,
27

1

27

1
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1
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1

3

1
' 3

3 23 2

=+º

===Ö=Ö=

y

yy

x

y

 

 

3.4. ɿʘʩʪʦʩʫʚʘʥʥʷ ʜʠʬʝʨʝʥʮʽʘʣʴʥʦʛʦ ʯʠʩʣʝʥʥʷ ʜʣʷ ʜʦʩʣʽʜʞʝʥʥʷ ʬʫʥʢʮʽʡ 
 

ʃʽʪʝʨʘʪʫʨʘ: [5] ï ʩ. 449-481, [6] ï ʩ. 165-210, [7] ï ʩ. 246-266, [8] ï ʩ. 167-183. 

ʄʦʥʦʪʦʥʥʽʩʪʴ ʬʫʥʢʮʽʾ. ʗʢʱʦ )(xfy=  ʜʠʬʝʨʝʥʮʽʡʦʚʥʘ ʥʘ ʽʥʪʝʨʚʘʣʽ 

);( ba  ʽ )0)('(0)(' <> xfxf  ʚʩʶʜʠ, ʢʨʽʤ, ʤʦʞʣʠʚʦ, ʩʢʽʥʯʝʥʦʛʦ ʯʠʩʣʘ ʪʦʯʦʢ, ʚ 

ʷʢʠʭ 0)(' =xf  ʥʘ );( ba , ʪʦ ʬʫʥʢʮʽʷ )(xfy=  ʟʨʦʩʪʘʻ (ʩʧʘʜʘʻ) ʥʘ );( ba . 

 ɯʥʪʝʨʚʘʣʠ ʤʦʥʦʪʦʥʥʦʩʪʽ ʬʫʥʢʮʽʾ (ʽʥʪʝʨʚʘʣʠ ʩʧʘʜʘʥʥʷ ʯʠ ʟʨʦʩʪʘʥʥʷ) 

ʚʽʜʜʽʣʷʶʪʴʩʷ ʦʜʠʥ ʚʽʜ ʦʜʥʦʛʦ ʪʦʯʢʘʤʠ, ʜʝ ʧʦʭʽʜʥʘ ʬʫʥʢʮʽʾ ʨʽʚʥʘ ʥʫʣʶ ʘʙʦ ʥʝ 

ʽʩʥʫʻ. ɼʘʥʽ ʪʦʯʢʠ ʥʘʟʠʚʘʶʪʴʩʷ ʢʨʠʪʠʯʥʠʤʠ ʪʦʯʢʘʤʠ. 

 ʑʦʙ ʟʥʘʡʪʠ ʽʥʪʝʨʚʘʣʠ ʤʦʥʦʪʦʥʥʦʩʪʽ ʬʫʥʢʮʽʾ )(xfy= , ʥʝʦʙʭʽʜʥʦ: 1) 

ʟʥʘʡʪʠ ʦʙʣʘʩʪʴ ʚʠʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ; 2) ʟʥʘʡʪʠ ʧʦʭʽʜʥʫ ʜʘʥʦʾ ʬʫʥʢʮʽʾ; 3) 

ʟʥʘʡʪʠ ʢʨʠʪʠʯʥʽ ʪʦʯʢʠ ʟ ʨʽʚʥʷʥʥʷ 0)(' =xf  ʪʘ ʟ ʫʤʦʚʠ, ʱʦ )(' xf  ʥʝ ʽʩʥʫʻ; 4) 

ʨʦʟʜʽʣʠʪʠ ʢʨʠʪʠʯʥʠʤʠ ʪʦʯʢʘʤʠ ʦʙʣʘʩʪʴ ʚʠʟʥʘʯʝʥʥʷ ʥʘ ʽʥʪʝʨʚʘʣʠ ʽ ʚ ʢʦʞʥʦʤʫ 

ʟ ʥʠʭ ʚʠʟʥʘʯʠʪʠ ʟʥʘʢ ʧʦʭʽʜʥʦʾ. ʅʘ ʽʥʪʝʨʚʘʣʘʭ, ʜʝ ʧʦʭʽʜʥʘ ʜʦʜʘʪʥʘ, ʬʫʥʢʮʽʷ 

ʟʨʦʩʪʘʻ, ʘ ʜʝ ʚʽʜôʻʤʥʘ ï ʩʧʘʜʘʻ.  

ʃʦʢʘʣʴʥʠʡ ʝʢʩʪʨʝʤʫʤ. ɼʦʩʪʘʪʥʽ ʫʤʦʚʠ ʝʢʩʪʨʝʤʫʤʫ: 

ʇʨʘʚʠʣʦ 1. ʗʢʱʦ 0x  ï ʢʨʠʪʠʯʥʘ ʪʦʯʢʘ ʬʫʥʢʮʽʾ )(xfy=  ʽ ʧʨʠ 

ʜʦʚʽʣʴʥʦʤʫ ʤʘʣʦʤʫ 0>d  ʚʠʢʦʥʫʶʪʴʩʷ ʥʝʨʽʚʥʦʩʪʽ 

0)(',0)(' 00 <+>- dd xfxf , ʪʦ ʬʫʥʢʮʽʷ )(xfy=  ʚ ʪʦʯʮʽ 0x  ʤʘʻ ʤʘʢʩʠʤʫʤ; 

ʷʢʱʦ ʞ 0)(',0)(' 00 >+<- dd xfxf ,ʪʦ )(xfy=  ʚ ʪʦʯʮʽ 0x  ʤʘʻ ʤʽʥʽʤʫʤ; 

ʷʢʱʦ ʞ ʟʥʘʢʠ )(' 0 d-xf  ʽ )(' 0 d+xf  ʦʜʥʘʢʦʚʽ, ʪʦ ʬʫʥʢʮʽʷ )(xfy=  ʚ ʪʦʯʮʽ 

0x  ʝʢʩʪʨʝʤʫʤʫ ʥʝ ʤʘʻ.  

ʇʨʘʚʠʣʦ 2. ʗʢʱʦ ,0)('',0)(' 00 ¸= xfxf  ʪʦ ʬʫʥʢʮʽʷ )(xfy=  ʚ ʪʦʯʮʽ 

ʤʘʻ ʝʢʩʪʨʝʤʫʤ, ʘ ʩʘʤʝ ʤʘʢʩʠʤʫʤ, ʷʢʱʦ 0)('' 0 <xf , ʽ ʤʽʥʽʤʫʤ, ʷʢʱʦ 

0)('' 0 >xf .  

ɼʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʥʘʡʙʽʣʴʰʦʛʦ (ʥʘʡʤʝʥʰʦʛʦ) ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ 

)(xfy=  ʥʘ ʚʽʜʨʽʟʢʫ [ ]ba;  ʥʝʦʙʭʽʜʥʦ ʽʟ ʟʥʘʯʝʥʴ ʬʫʥʢʮʽʾ ʥʘ ʢʽʥʮʷʭ ʚʽʜʨʽʟʢʘ ʽ ʚ 

ʢʨʠʪʠʯʥʠʭ ʪʦʯʢʘʭ, ʷʢʽ ʥʘʣʝʞʘʪʴ ʜʘʥʦʤʫ ʚʽʜʨʽʟʢʫ, ʚʠʙʨʘʪʠ ʥʘʡʙʽʣʴʰʝ 

(ʥʘʡʤʝʥʰʝ). 
 

ʇʨʠʢʣʘʜ 1 5 . (ɿʘʜʘʯʘ 3.5) ɿʥʘʡʪʠ ʥʘʡʙʽʣʴʰʝ ʽ ʥʘʡʤʝʥʰʝ ʟʥʘʯʝʥʥʷ 

ʬʫʥʢʮʽʾ 
33 xxy -=  ʥʘ ʚʽʜʨʽʟʢʫ [ ]3;2- . 

ʈʦʟʚôʷʟʘʥʥʷ:  

ɿʥʘʡʜʝʤʦ ʧʦʭʽʜʥʫ: 
233' xy -= . 

ɿʥʘʡʜʝʤʦ ʢʨʠʪʠʯʥʽ ʪʦʯʢʠ, ʨʦʟʚôʷʟʘʚʰʠ ʨʽʚʥʷʥʥʷ 
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1,033,0' 2 °==-= xxy  ï ʩʪʘʮʽʦʥʘʨʥʽ ʪʦʯʢʠ, ʷʢʽ ʥʘʣʝʞʘʪʴ ʚʢʘʟʘʥʦʤʫ 

ʚʽʜʨʽʟʢʫ [ ]3;2- . 

ɺʠʟʥʘʯʠʤʦ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ʚ ʩʪʘʮʽʦʥʘʨʥʠʭ ʪʦʯʢʘʭ ʽ ʥʘ ʢʽʥʮʷʭ ʚʽʜʨʽʟʢʘ: 
18279)3(,286)2(,213)1(,213)1( -=-==+-=-=-=-=+-=- ffff . 

ɯʟ ʟʥʘʡʜʝʥʠʭ ʟʥʘʯʝʥʴ ʚʠʙʠʨʘʻʤʦ ʥʘʡʙʽʣʴʰʝ ʽ ʥʘʡʤʝʥʰʝ: 2)(max =xf  ʥʘ 

[ ]3;2- , 18)(min -=xf  ʥʘ [ ]3;2- . 
 

ʆʧʫʢʣʽʩʪʴ. ʋʚʽʛʥʫʪʽʩʪʴ. ʊʦʯʢʠ ʧʝʨʝʛʠʥʫ. ɻʨʘʬʽʢ ʬʫʥʢʮʽʾ )(xfy=  

ʥʘʟʠʚʘʻʪʴʩʷ ʦʧʫʢʣʠʤ (ʫʚʽʛʥʫʪʠʤ) ʥʘ ʽʥʪʝʨʚʘʣʽ );( ba , ʷʢʱʦ ʚʽʥ ʨʦʟʪʘʰʦʚʘʥʠʡ 

ʥʠʞʯʝ (ʚʠʱʝ) ʜʦʪʠʯʥʦʾ, ʧʨʦʚʝʜʝʥʦʾ ʚ ʜʦʚʽʣʴʥʽʡ ʪʦʯʮʽ ʛʨʘʬʽʢʘ ʥʘʜ ʜʘʥʠʤ 

ʽʥʪʝʨʚʘʣʦʤ. 

ɼʦʩʪʘʪʥʽ ʫʤʦʚʠ ʦʧʫʢʣʦʩʪʽ (ʫʚʽʛʥʫʪʦʩʪʽ) ʛʨʘʬʽʢʘ ʬʫʥʢʮʽʾ: ʗʢʱʦ 

0)('' 0 <xf  ʥʘ ʽʥʪʝʨʚʘʣʽ );( ba , ʪʦ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ ʦʧʫʢʣʠʡ ʥʘ ʚʢʘʟʘʥʦʤʫ 

ʽʥʪʝʨʚʘʣʽ; ʷʢʱʦ 0)('' 0 >xf , ʪʦ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ ʫʚʽʛʥʫʪʠʡ ʥʘ ʽʥʪʝʨʚʘʣʽ );( ba . 

ʊʦʯʢʘ ))(;( 00 xfx  ʛʨʘʬʽʢʘ ʬʫʥʢʮʽʾ, ʷʢʘ ʚʽʜʜʽʣʷʻ ʡʦʛʦ ʦʧʫʢʣʫ ʯʘʩʪʠʥʫ ʚʽʜ 

ʫʚʽʛʥʫʪʦʾ ʥʘʟʠʚʘʻʪʴʩʷ ʪʦʯʢʦʶ ʧʝʨʝʛʠʥʫ. ɺ ʘʙʩʮʠʩʘʭ ʪʦʯʦʢ ʧʝʨʝʛʠʥʫ ʜʨʫʛʘ 

ʧʦʭʽʜʥʘ ʬʫʥʢʮʽʾ ʜʦʨʽʚʥʶʻ ʥʫʣʶ ʘʙʦ ʥʝ ʽʩʥʫʻ (0)('' 0 =xf  ʘʙʦ )('' 0xf  ï ʥʝ 

ʽʩʥʫʻ). ʊʦʯʢʠ, ʚ ʷʢʠʭ 0)('' 0 =xf  ʘʙʦ ʥʝ ʽʩʥʫʻ, ʥʘʟʠʚʘʶʪʴ ʢʨʠʪʠʯʥʠʤʠ ʪʦʯʢʘʤʠ 

ʜʨʫʛʦʛʦ ʨʦʜʫ. 

ʗʢʱʦ 0x  ï ʢʨʠʪʠʯʥʘ ʪʦʯʢʘ ʜʨʫʛʦʛʦ ʨʦʜʫ ʽ ʧʨʠ ʜʦʚʽʣʴʥʦʤʫ ʜʦʩʪʘʪʥʴʦ 

ʤʘʣʦʤʫ 0>d  ʚʠʢʦʥʫʶʪʴʩʷ ʥʝʨʽʚʥʦʩʪʽ 0)('',0)('' 00 >+<- dd xfxf  ʘʙʦ 

0)('',0)('' 00 <+>- dd xfxf , ʪʦ ʪʦʯʢʘ ʢʨʠʚʦʾ )(xfy=  ʟ ʘʙʩʮʠʩʦʶ 0x  ʻ 

ʪʦʯʢʦʶ ʧʝʨʝʛʠʥʫ. 
 

ʇʨʠʢʣʘʜ 1 6 . ɿʥʘʡʪʠ ʧʨʦʤʽʞʢʠ ʦʧʫʢʣʦʩʪʽ ʪʘ ʚʚʽʛʥʫʪʦʩʪʽ ʛʨʘʬʽʢʘ 

ʬʫʥʢʮʽʾ 655 ++= xxy . 

ʈʦʟʚôʷʟʘʥʥʷ:  

ɿʥʘʡʜʝʤʦ 34 20'',55':'' xyxyy =+= . 0=x  ï ʢʨʠʪʠʯʥʘ ʪʦʯʢʘ ʜʨʫʛʦʛʦ ʨʦʜʫ. 

ʗʢʱʦ 0<x , ʪʦ 0''<f  ï ʢʨʠʚʘ ʦʧʫʢʣʘ. ʗʢʱʦ 0>x , ʪʦ 0''>f  ï ʢʨʠʚʘ ʚʚʽʛʥʫʪʘ. 

ʆʪʞʝ, ʥʘ ʧʨʦʤʽʞʢʫ ]0;(-¤  ï ʢʨʠʚʘ ʚʠʧʫʢʣʘ, ʘ ʥʘ );0[ ¤+  ï ʚʚʽʛʥʫʪʘ. 
 

ɸʩʠʤʧʪʦʪʠ. ʇʨʷʤʘ L  ʥʘʟʠʚʘʻʪʴʩʷ ʘʩʠʤʧʪʦʪʦʶ ʢʨʠʚʦʾ )(xfy= , ʷʢʱʦ 

ʚʽʜʩʪʘʥʴ ʚʽʜ ʪʦʯʢʠ );( yxM  ʢʨʠʚʦʾ ʜʦ ʧʨʷʤʦʾ L  ʧʨʷʤʫʻ ʜʦ ʥʫʣʷ ʧʨʠ 

ʥʝʦʙʤʝʞʝʥʦʤʫ ʚʽʜʜʘʣʝʥʥʽ ʜʘʥʦʾ ʪʦʯʢʠ ʧʦ ʢʨʠʚʽʡ ʚʽʜ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ. 

ʇʨʷʤʘ ax=  ʻ ʚʝʨʪʠʢʘʣʴʥʦʶ ʘʩʠʤʧʪʦʪʦʶ ʢʨʠʚʦʾ )(xfy= , ʷʢʱʦ 

°¤=


)(lim xf
ax

. 

ʇʨʷʤʘ by=  ʻ ʛʦʨʠʟʦʥʪʘʣʴʥʦʶ ʘʩʠʤʧʪʦʪʦʶ ʢʨʠʚʦʾ )(xfy= , ʷʢʱʦ ʽʩʥʫʻ 

ʛʨʘʥʠʮʷ bxf
x

=
+¤

)(lim  ʘʙʦ bxf
x

=
-¤

)(lim . 
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ʇʨʷʤʘ bkxy +=  ʻ ʧʦʭʠʣʦʶ ʘʩʠʤʧʪʦʪʦʶ ʢʨʠʚʦʾ )(xfy= , ʷʢʱʦ ʽʩʥʫʶʪʴ 

ʛʨʘʥʠʮʽ: 

),)((lim,
)(

lim kxxfb
x

xf
k

xx
-==

+¤+¤
 

ʘʙʦ 

).)((lim,
)(

lim kxxfb
x

xf
k

xx
-==

-¤-¤
 

 

ʉʭʝʤʘ ʜʦʩʣʽʜʞʝʥʥʷ ʬʫʥʢʮʽʾ ʪʘ ʧʦʙʫʜʦʚʘ ʛʨʘʬʽʢʘ. 
 

1. ɿʥʘʡʪʠ ʦʙʣʘʩʪʴ ʚʠʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ, ʽʥʪʝʨʚʘʣʠ ʥʝʧʝʨʝʨʚʥʦʩʪʽ, ʪʦʯʢʠ 

ʨʦʟʨʠʚʫ. 

2. ɿʥʘʡʪʠ (ʷʢʱʦ ʮʝ ʤʦʞʣʠʚʦ) ʪʦʯʢʠ ʧʝʨʝʪʠʥʫ ʛʨʘʬʽʢʘ ʟ ʢʦʦʨʜʠʥʘʪʥʠʤʠ 
ʦʩʷʤʠ. 

3. ɼʦʩʣʽʜʠʪʠ ʬʫʥʢʮʽʶ ʥʘ ʧʝʨʽʦʜʠʯʥʽʩʪʴ, ʧʘʨʥʽʩʪʴ ʽ ʥʝʧʘʨʥʽʩʪʴ. 

4. ɿʥʘʡʪʠ ʽʥʪʝʨʚʘʣʠ ʤʦʥʦʪʦʥʥʦʩʪʽ, ʪʦʯʢʠ ʣʦʢʘʣʴʥʠʭ ʝʢʩʪʨʝʤʫʤʽʚ ʪʘ 

ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ʫ ʮʠʭ ʪʦʯʢʘʭ. 

5. ɿʥʘʡʪʠ ʽʥʪʝʨʚʘʣʠ ʦʧʫʢʣʦʩʪʽ, ʚʚʽʛʥʫʪʦʩʪʽ ʪʘ ʧʝʨʝʛʠʥʫ. 

6. ɼʦʩʣʽʜʞʝʥʥʷ ʬʫʥʢʮʽʾ ʥʘ ʤʝʞʽ ʦʙʣʘʩʪʽ ʽʩʥʫʚʘʥʥʷ. ɸʩʠʤʧʪʦʪʠ ʛʨʘʬʽʢʘ. 

7. ʇʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ, ʚʨʘʭʦʚʫʶʯʠ ʜʦʩʣʽʜʞʝʥʥʷ. 
 

ʇʨʠʢʣʘʜ 1 7 . (ɿʘʜʘʯʘ 3.6) ɼʦʩʣʽʜʠʪʠ ʤʝʪʦʜʘʤʠ ʜʠʬʝʨʝʥʮʽʘʣʴʥʦʛʦ 

ʯʠʩʣʝʥʥʷ ʬʫʥʢʮʽʶ  

2

3

1 x

x
y
-

=  

ʪʘ ʧʦʙʫʜʫʚʘʪʠ ʾʾ ʛʨʘʬʽʢ 

ʈʦʟʚôʷʟʘʥʥʷ:  

1. ʆʙʣʘʩʪʴ ʚʠʟʥʘʯʝʥʥʷ: );1()1;1()1;( ¤+Ç-Ç--¤Íx . ʊʦʯʢʠ ʨʦʟʨʠʚʫ: 

1,1 -== xx . 

2. ʗʢʱʦ 0=x , ʪʦ 0=y , ʪʦʤʫ ʛʨʘʬʽʢ ʧʝʨʝʪʠʥʘʻ ʦʩʽ ʢʦʦʨʜʠʥʘʪ ʚ ʪʦʯʮʽ )0;0(O . 

3. ʌʫʥʢʮʽʷ ʥʝ ʧʝʨʽʦʜʠʯʥʘ. ʆʩʢʽʣʴʢʠ )(
)(1

)(
)(

2

3
xf

x

x
xf -=

--

-
=- , ʪʦ ʬʫʥʢʮʽʷ 

ʥʝʧʘʨʥʘ, ʘ ʦʪʞʝ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ ʩʠʤʝʪʨʠʯʥʠʡ ʚʽʜʥʦʩʥʦ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ. 

4. 0
)1(

)3(
'

22

22

=
-

-
=

x

xx
y . ʈʦʟʚôʷʟʢʦʤ ʜʘʥʦʛʦ ʨʽʚʥʷʥʥʷ ʻ 3,0 °== xx . ʇʦʭʽʜʥʘ 

ʥʝ ʽʩʥʫʻ ʚ 1°=x . ɿʥʘʡʜʝʤʦ ʟʥʘʢʠ 'y  ʥʘ ʧʨʦʤʽʞʢʘʭ: 

 3-

(ï) (ï)(+)(+)(+)(+)

 ï1  0  1  3
 

ʆʪʞʝ,  

ʥʘ ]3;( --¤  ï ʬʫʥʢʮʽʷ ʩʧʘʜʘʻ,  
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ʥʘ ]3;1()1;0[]0;1()1;3[ ÇÇ-Ç--  ï ʬʫʥʢʮʽʷ ʟʨʦʩʪʘʻ,  

ʥʘ );3[ ¤+  ï ʬʫʥʢʮʽʷ ʩʧʘʜʘʻ. 

ʋ ʪʦʯʢʘʭ 3,3 =-= xx  ʬʫʥʢʮʽʷ ʤʘʻ ʣʦʢʘʣʴʥʠʡ ʝʢʩʪʨʝʤʫʤ: 

6,2)3(,3 -== yx  ï ʣʦʢʘʣʴʥʠʡ ʤʘʢʩʠʤʫʤ, 6,2)3(,3 =--= yx  ï 

ʣʦʢʘʣʴʥʠʡ ʤʽʥʽʤʫʤ. 

5. ɿʥʘʭʦʜʠʤʦ 
32

2

)1(

)3(2
'':''

x

xx
yy

-

+
= . ʇʦʭʽʜʥʘ 0''=y  ʧʨʠ 0=x  ʽ ʥʝ ʽʩʥʫʻ ʧʨʠ 

1°=x . ɿʥʘʡʜʝʤʦ ʟʥʘʢʠ ''y  ʥʘ ʧʨʦʤʽʞʢʘʭ: 

(+) (ï)(+)(ï)

 ï1  0  1
 

ʆʪʞʝ, ʥʘ )1;0[)1;( Ç--¤  ï ʢʨʠʚʘ ʚʚʽʛʥʫʪʘ, ʘ ʥʘ );1()0;1( ¤+Ç-  ï ʦʧʫʢʣʘ. 

6. 1,1 -== xx  ï ʚʝʨʪʠʢʘʣʴʥʽ ʘʩʠʤʧʪʦʪʠ ʢʨʠʚʦʾ. ɿʥʘʡʜʝʤʦ ʧʦʭʠʣʫ ʘʩʠʤʧʪʦʪʫ 

ʢʨʠʚʦʾ bkxy += .  

,0)1(
1

lim,1
)1(

lim
2

3

2

3
=
ö
ö

÷

õ

æ
æ

ç

å
--

-
=-=

-
=

°¤°¤
x

x

x
b

xx

x
k

xx
 

xy -=  ï ʧʦʭʠʣʘ ʘʩʠʤʧʪʦʪʘ. 

7. ɺʨʘʭʦʚʫʶʯʠ ʧʨʦʚʝʜʝʥʽ ʜʦʩʣʽʜʞʝʥʥʷ ʙʫʜʫʻʤʦ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ. 

4 2 0 2 4

6

4

2

2

4

6

y

x

 ï 3

 3

 2,6

 ï2,6  y = ï x

 1

 ï1
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ɿʘʜʘʯʽ ʢʦʥʪʨʦʣʴʥʦʾ ʨʦʙʦʪʠ ˉ 3 
 

ɿʘʜʘʯʘ 3.1. ʇʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ )sin( baxAy +=  ʧʝʨʝʪʚʦʨʝʥʥʷʤ 

ʛʨʘʬʽʢʘ ʬʫʥʢʮʽʾ xy sin= : 

1. )32sin(
3

2
+= xy . 2. )1

3

2
sin(

6

5
+= xy . 3. )1sin(

6

5
+-= xy . 

4. )24sin(3 -= xy . 5. )1
2

sin( --=
x

y .  

ʇʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ )cos( baxAy +=  ʧʝʨʝʪʚʦʨʝʥʥʷʤ 

ʛʨʘʬʽʢʘ ʬʫʥʢʮʽʾ xy cos= : 

6. ö
÷

õ
æ
ç

å
-= 1

3

2
cos2 xy . 7. ö

÷

õ
æ
ç

å
+= 1

2
cos

2

3 x
y . 8. )13cos(2 +-= xy . 

9. )1cos(2 +-= xy . 10. )23cos(3 +-= xy .  
 

ɿʘʜʘʯʘ 3.2. ɿʥʘʡʪʠ ʛʨʘʥʠʮʽ ʬʫʥʢʮʽʡ, ʥʝ ʢʦʨʠʩʪʫʶʯʠʩʴ ʧʨʘʚʠʣʦʤ ʃʦʧʽʪʘʣʷ. 

1. ʘ) 
35

143
lim

35

25

+-

++

¤ xx

xx

x
; ʙ) 

2

26
lim

22 --

+--

 xx

xx

x
; 

 ʚ) 
2

3

0

2cos1
lim

x

x

x

-


; ʛ) 

x

x x

x
+

¤
ö
÷

õ
æ
ç

å

-

+
4

42

32
lim . 

2. ʘ) 
15

457
lim

23

3

-+

-+

¤ xx

xx

x
; ʙ) 

283

32
lim

27 --

-+

 xx

x

x
; 

 ʚ) 
x

xx

x cos1

3coscos
lim

0 -

-


; ʛ) 1

2

1
)45(lim -


- x

x

x
x . 

3. ʘ) 
15

562
lim

2

3

+-

-+

¤ xx

xx

x
; ʙ) 

20

2131
lim

xx

xx

x +

--+


; 

 ʚ) 
x

x

x 3cos1

2cos1
lim

0 -

-


; ʛ) ]ln)1[ln(lim xxx

x
-+

+¤
. 

4. ʘ) 
522

938
lim

25

25

++

+-

¤ xx

xx

x
; ʙ) 

xx

xx

x --+

+

 11

5
lim

2

0
; 

 ʚ) 
x

x

x 2

2

0 sin

5tg
lim


; ʛ) 

22

5

7
lim

+

¤
ö
÷

õ
æ
ç

å

+

+
x

x x

x
. 

5. ʘ) 
2

52
lim

3

23

-+

-+

¤ xx

xx

x
; ʙ) 

752

108
lim

21 -+

--+

 xx

xx

x
; 

 ʚ) xx
x

3ctg5lim
0
Ö


; 

ʛ) 3

2

3
)83(lim -


- x

x
x . 
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6. ʘ) 
15

71
lim

3

2

+-

-

¤ xx

x

x
; ʙ) 

xx

x

x 2

11
lim

3

2

0 +

--


; 

 ʚ) 
xx

x

x 2tg2

4cos1
lim

0 Ö

-


; ʛ) ( )xxx

x
ln)3ln()5(lim ---

+¤
. 

7. ʘ) ;
65

5113
lim

11

511

xx

xx

x --

--

¤
 ʙ) ;

54

34
lim

25 --

-+

 xx

x

x
 

 ʚ) ;
2sin

coscos
lim

3

0 xx

xx

x Ö

-


 ʛ) ( )

42

2

53lim
2

-

-


x

x

x
x

 . 

8. ʘ) 
97

9

53

9
lim

xx

x

x ++

+

¤
; ʙ) 

xx

xx

x 5

6231
lim

25 -

+-+


; 

 ʚ) 
sin3x

2ctg
lim

2

0

xx

x

Ö


; 

ʛ) ( )xxx
x

ln)3ln()52(lim -++
+¤

. 

9. ʘ) 
435

1
lim

2

3

++

++

¤ xx

xx

x
; ʙ) 

12

9
lim

2

3 +-

-

 x

x

x
; 

 ʚ) 
30

sintg
lim

x

xx

x

-


; ʛ) 33

1
)67(lim -


- x

x

x
x . 

10. ʘ) 
14

35
lim

38

7

+-

++

¤ xx

xx

x
; ʙ) 

20 7

2121
lim

xx

xx

x +

--+


; 

 ʚ) 
2sin3x

2arctg
lim

0

x

x
; ʛ) 

63

2

6
lim

-

¤
ö
÷

õ
æ
ç

å

+

+
x

x x

x
. 

 

ɿʘʜʘʯʘ 3.3. ɿʥʘʡʪʠ ʧʝʨʰʽ ʧʦʭʽʜʥʽ ʜʘʥʠʭ ʬʫʥʢʮʽʡ. ɼʣʷ  ʙ) ʽ ʜ) ʟʥʘʡʪʠ 
2

2

dx

yd
. 

1. ʘ) 2
2

2
arccos 2-+= x

x

x
y ; ʙ) )52(sinln 2 += xy ; 

 ʚ) xxy )(ln= ; ʛ) )(xyctgy= ; 

 ʜ) 
îí

î
ì

ë

-=

=

.sin

,
2

cos

tty

t
x

  

2. ʘ) 
2cos )3( += xey ; ʙ) 

2

3
arctg

x-

-x
y= ; 

 ʚ) 
2

)(cos xxy= ; ʛ) )sin(3 yxy -= ; 

 ʜ) 
îí

î
ì
ë

=

=

.sin2

,cos3

3

2

ty

tx
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3. ʘ) 
x

x
xy
-

+
=

1

1 2

; ʙ) xxy 2tg
2

1
cosln += ; 

 ʚ) xxy 2ln)(= ; ʛ) 0333 =-+ axyyx ; 

 ʜ) 
îí

î
ì
ë

=

=

-21

,arccos

tey

tx
, ]1;1[-Ít .  

4. ʘ) 
2

arctg)4( 2 x
xy += ; ʚ) 

4
3

2

cos 2

-
+=

x

x
y x ; 

 ʚ) xxxy ln2)( += ; ʛ) x

y

exy =2 ; 

 ʜ) 
í
ì
ë

-=

+=

.sinln

,cosln

tty

ttx
  

5. ʘ) )tg(arctg 2xy= ; ʙ) 
22

21

arcsin xe
x

x
y +

-
= ; 

 ʚ) xxy 2)tg(= ; ʛ) yxy sin2= ; 

 ʜ) 
í
ì
ë

=

=

,2cos

,2sin

tby

tax
 );0( ¤Ít .  

6.  ʘ) 
11

11
ln

-+

++
=

x

x
y ; ʙ) x

x
y cosln

1
tg

2

1 2 += ; 

 
ʚ) 2)(arcsin

x

xy= ; ʛ) 0arcctg =+- xeyx y ; 

 ʜ) 
îí

î
ì
ë

-=

-=

).41(cos

),41(sin

2

2

ty

tx
  

7. ʘ) 
2

5

1

ln

xx

xx
y +

-
= ; ʙ) 

2
2 2

arcsin44 ö
÷

õ
æ
ç

å
--=

x
xy ; 

 ʚ) 
xxy )arctg(= ; ʛ) )cos(sin yxxy -== ; 

 ʜ) 
îí

î
ì
ë

+=

=

-

-

.)2(

,3

3t

t

ey

ex
  

8. ʘ) )1ln(
2

1

2

1
arctg ++

+

-
= x

x

x
y ; ʙ) )

1
(2

2

2

42

x
xy x

ctg

+Ö= ; 

 ʚ) 
xxxy= ; ʛ) 05=-+

yx
ey ; 

 ʜ) 

îí

î
ì

ë

+
=

=

.
1

1

,arcsin

2t
y

tx
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9. ʘ) 
x

x

x
y

11
arccos

23
-

+ö
÷

õ
æ
ç

å
= ; ʙ) x

x
y tgln

1ctg

2
+

-
= ; 

 ʚ) xxy )2(sin= ; ʛ) yxeyx +=- ; 

 ʜ) 
îí

î
ì

ë

++=

+=

.22

,)1(arctg

2

2

tty

tx
  

10. ʘ) 
x

x
y

2

2

cos32

sin

+
= ; ʙ) xexy arctg2ln Ö= ; 

 ʚ) xxy 2ctg3 )1( += ; ʛ) 2arcsin += xyy ; 

 ʜ) 
îí

î
ì
ë

=

=

,cos

,

tey

ex

t

t

 );0( pÍt .  

 

ɿʘʜʘʯʘ 3.4. ʆʙʯʠʩʣʠʪʠ ʥʘʙʣʠʞʝʥʦ ʟʘ ʜʦʧʦʤʦʛʦʶ ʜʠʬʝʨʝʥʮʽʘʣʫ. 

1. 08,0arcsin=y . 2. 3 34,27=y . 

3. 012,1,7
3 3 =+= xxxy . 4. 56,2,14 =-= xxy . 

5. 21)998,0(=y . 6. 5 2)03,1(=y . 

7. 5)97,1( 2+=y . 8. 58,1,
12

1
=

+
= x

x
y . 

9. 01,0,cos33 =+= xxxy . 10.  97,0,52
3 3 =++= xxxy . 

 

ɿʘʜʘʯʘ 3.5. ɿʥʘʡʪʠ ʥʘʡʙʽʣʴʰʝ ʪʘ ʥʘʡʤʝʥʰʝ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ )(xfy=  ʥʘ ʚʽʜʨʽʟʢʫ 

];[ ba . 

1. 16
16

)( 2 -+=
x

xxf , 4,1 == ba .  2. 
2)2(

4
3)(

+
--=

x
xxf , 2,1 =-= ba . 

3. xxxf cos
2

3
)( += , 

2
,0
p
== ba . 4. 212)( +--= xxxf , 5,1 == ba . 

5. xxxf sin)( -= ,  pp =-= ba , . 6. 
21

10
)(

x

x
xf

+
= ,  3,0 == ba . 

7. xxxf sin
2

3
)( -= , 

2
,0
p
== ba . 8. 158

4
)(

2
--= x

x
xf ,

2

1
,2 -=-= ba . 

9. )1ln()( xxxf +-= , 1,
2

1
=-= ba . 10. 481)( xxxf -= , 4,1 =-= ba . 
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ɿʘʜʘʯʘ 3.6. ɼʦʩʣʽʜʠʪʠ ʤʝʪʦʜʘʤʠ ʜʠʬʝʨʝʥʮʽʡʥʦʛʦ ʯʠʩʣʝʥʥʷ ʬʫʥʢʮʽʶ )(xfy=  

ʪʘ ʧʦʙʫʜʫʚʘʪʠ ʾʾ ʛʨʘʬʽʢ. 

1. 
2

3
4

x

x
y

+
= . 2. 

1

1
2

-

+-
=

x

xx
y . 

3. 
xx

y
2

2
2
+

= . 4. 
2

2

3

4

x

x
y

+
= . 

5. 
3

3
5427

x

xx
y

+-
= . 6. 

2

2

)1(

96

-

+-
=

x

xx
y . 

7. 
32

4
2

-+
=

xx
y . 8. 

2
)1(

4

+
=

x

x
y . 

9. 
4

8
2
+

-=
x

x
y . 10. 

3

4
13

x

x
y

+
= . 
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Ä4. ɯʅʊɽɻʈɸʃʔʅɽ ʏʀʉʃɽʅʅʗ ʌʋʅʂʎɯɰ ʆɼʅɯɭɰ ɿʄɯʅʅʆɰ 
 

4.1. ʅʝʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ 
 

ʃʽʪʝʨʘʪʫʨʘ: [6] ï ʩ. 240-270, [7] ï ʩ. 321-361, [5] ï ʩ. 575-716, [8] ï ʩ. 208-242. 

ʇʝʨʚʽʩʥʘ ʬʫʥʢʮʽʾ. ʌʫʥʢʮʽʷ )(xF  ʥʘʟʠʚʘʻʪʴʩʷ ʧʝʨʚʽʩʥʦʶ ʬʫʥʢʮʽʾ 

)(xfy=  ʥʘ ʧʨʦʤʽʞʢʫ );( ba , ʷʢʱʦ )(xF  ʜʠʬʝʨʝʥʮʽʡʦʚʘʥʘ ʥʘ );( ba  ʽ 

);(),()(' baxxfxF Í= . 

 ʗʢʱʦ )(xF  ï ʧʝʨʚʽʩʥʘ ʬʫʥʢʮʽʾ )(xfy=  ʥʘ ʧʨʦʤʽʞʢʫ );( ba  ʽ C  ï 

ʜʦʚʽʣʴʥʘ ʩʪʘʣʘ, ʪʦ ʚʠʨʘʟ CxF +)(  ʥʘʟʠʚʘʻʪʴʩʷ ʥʝʚʠʟʥʘʯʝʥʠʤ ʽʥʪʝʛʨʘʣʦʤ 

ʬʫʥʢʮʽʾ )(xfy=  ʥʘ ʮʴʦʤʫ ʧʨʦʤʽʞʢʫ ʽ ʧʦʟʥʘʯʘʶʪʴ ʩʠʤʚʦʣʦʤ ñ )(,)( xfdxxf  

ʥʘʟʠʚʘʶʪʴ ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʶ ʬʫʥʢʮʽʻʶ, dxxf )(  ï ʧʽʜʽʥʪʝʛʨʘʣʴʥʠʡ ʚʠʨʘʟ, x  ï 

ʟʤʽʥʥʘ ʽʥʪʝʛʨʫʚʘʥʥʷ. 

 ñ += CxFdxxf )()( , ʷʢʱʦ );(),()(' baxxfxF Í= . 

 

ɺʣʘʩʪʠʚʦʩʪʽ ʥʝʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ: 

1. ( ) )()(')')((')( xfxFCxFdxxf ==+=ñ . 

2. ñ ññ +=== CxFdxxfdxxFxdF )()()(')( . 

3. ( )( ) dxxfdxdxxfdxxfd )(')()( ==ññ . 

4. ññ = dxxfcdxxcf )()( . 

5. ñññ °=° dxxgdxxfdxxgxf )()())()(( . 

6. ʗʢʱʦ ñ += CxFdxxf )()(  ʽ )(xu j=  ï ʜʦʚʽʣʴʥʘ ʬʫʥʢʮʽʷ, ʱʦ ʤʘʻ 

ʥʝʧʝʨʝʨʚʥʫ ʧʦʭʽʜʥʫ, ʪʦ ñ += CuFduuf )()( . 
 

ʊʘʙʣʠʮʷ ʽʥʪʝʛʨʘʣʽʚ. 

1. .1,
1

1

-̧+
+

=
+

ñ a
a

a
a C

u
duu  

2. ñ += .ln Cu
u

du
 

3. .
ln

C
a

a
dua

u
u +=ñ  

4. .Cedue uu +=ñ  

5. .cossin Cuudu +-=ñ  

6. .sincos Cuudu +=ñ  

7. .coslntg Cuudu +-=ñ  

8. .sinlnctg Cuudu +=ñ  

9. ñ += .tg
cos2

Cu
u

du
 

10. ñ +-= .ctg
sin2

Cu
u

du
 

11. ñ += .
2

tgln
sin

C
u

u

du
 

12. ñ +ö
÷

õ
æ
ç

å
+= .

24
tgln

cos
C

u

u

du p
 

13. ñ +=

-

.arcsin

1 2
Cu

u

du
 

14. ñ +=

-

.arcsin
22

C
a

u

ua

du
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15. ñ +°+=

°

.ln 2

2
CAuu

Au

du
 

16. ñ +=
+

.arctg
1 2

Cu
u

du
 

17. ñ +=
+

.arctg
1

22
C

a

u

aua

du
 

18. ñ +
+

-
=

-
.ln

2

1

22
C

au

au

aau

du
 

19. .chsh Cuudu +=ñ  

20. .shch Cuudu +=ñ  

21. ñ += .th
ch2

Cu
u

du
 

22. ñ +-= .cth
sh2

Cu
u

du
 

 

ʄʝʪʦʜ ʙʝʟʧʦʩʝʨʝʜʥʴʦʛʦ ʽʥʪʝʛʨʫʚʘʥʥʷ. ʆʙʯʠʩʣʝʥʥʷ ʽʥʪʝʛʨʘʣʽʚ ʟʘ 

ʜʦʧʦʤʦʛʦʶ ʦʩʥʦʚʥʠʭ ʚʣʘʩʪʠʚʦʩʪʝʡ ʥʝʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʽ ʪʘʙʣʠʮʽ 

ʽʥʪʝʛʨʘʣʽʚ ʥʘʟʠʚʘʶʪʴ ʙʝʟʧʦʩʝʨʝʜʥʽʤ ʽʥʪʝʛʨʫʚʘʥʥʷʤ. 
 

ʇʨʠʢʣʘʜ 1. (ɿʘʜʘʯʘ 4.1(ʘ)) ɿʥʘʡʪʠ ʥʝʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ  

ñ
-

+

21

)arcsin(

x

dxxx
. 

ʈʦʟʚôʷʟʘʥʥʷ:  

.1
2

arcsin

2

)(arcsin)1(
)(arcsinarcsin)1()1(

1
arcsin

1

2

1

arcsin

11

)arcsin(

2
2

2

2
1

2

2
122

2
1

222
1

222

2
1

2
1

Cx
x

C
xx

xxdxdx

x

dx
xdx

x

x
dx

x

x
dx

x

x

x

dxxx

+--=

=++
-

-=+---=

=
-

+
-

-
-=

-
+

-
=

-

+

ññ

ñññññ

-

 

ɿʘʤʽʥʘ ʟʤʽʥʥʦʾ. ʉʫʪʴ ʜʘʥʦʛʦ ʤʝʪʦʜʫ ʧʦʣʷʛʘʻ ʫ ʚʚʝʜʝʥʥʽ ʥʦʚʦʾ ʟʤʽʥʥʦʾ 

ʽʥʪʝʛʨʫʚʘʥʥʷ. ɺʽʥ ˇʨʫʥʪʫʻʪʴʩʷ ʥʘ ʪʘʢʽʡ ʪʝʦʨʝʤʽ: 

ʅʝʭʘʡ )(xF  ï ʧʝʨʚʽʩʥʘ ʬʫʥʢʮʽʾ )(xf  ʥʘ ʧʨʦʤʽʞʢʫ );( ba , ʪʦʙʪʦ 

);(,)()( baxCxFdxxf Í+=ñ , ʽ ʥʝʭʘʡ ʬʫʥʢʮʽʷ )(tx j=  ʚʠʟʥʘʯʝʥʘ ʽ 

ʜʠʬʝʨʝʥʮʽʡʦʚʥʘ ʥʘ ʧʨʦʤʽʞʢʫ );( ba , ʧʨʠʯʦʤʫ )(),( bjaj == ba . ʊʦʜʽ 

ʩʧʨʘʚʝʜʣʠʚʦʶ ʻ ʬʦʨʤʫʣʘ: 

ñ +=Ö CtFdtttf ))(()('))(( jjj . 
 

ʇʨʠʢʣʘʜ 2. ɿʥʘʡʪʠ ʥʝʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ ñ
++ 512x

dx
. 

ʈʦʟʚôʷʟʘʥʥʷ:  

.512ln5125ln
5

)5(
5

5
5

5

5
1

5

5)5(

5
12,

,
2

1
,12

512

1
2

2

CxxCtt
t

td
t

t

dt
dt

dt
t

dt
t

t

t

tdt

xttdtdx

t
xtxdx

x

+++-+=++-=
+

+
-=

+
-=

=ö
÷

õ
æ
ç

å

+
-=

+

-+
=

+
=

+==

-
==+=

++

ññ ñ

ññññ
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ɯʥʪʝʛʨʫʚʘʥʥʷ ʯʘʩʪʠʥʘʤʠ. ʉʧʨʘʚʝʜʣʠʚʘ ʬʦʨʤʫʣʘ ñ ñ-= vduuvudv , )(xu  ʽ 

)(xv  ʜʠʬʝʨʝʥʮʽʡʦʚʥʽ ʥʘ ʜʝʷʢʦʤʫ ʧʨʦʤʽʞʢʫ ʬʫʥʢʮʽʾ. ɼʘʥʘ ʬʦʨʤʫʣʘ ʜʘʻ ʟʤʦʛʫ 

ʟʚʝʩʪʠ ʦʙʯʠʩʣʝʥʥʷ ʽʥʪʝʛʨʘʣʘ ñudv ʜʦ ʦʙʯʠʩʣʝʥʥʷ ʽʥʪʝʛʨʘʣʘ ñvdu. ɼʣʷ ʮʴʦʛʦ 

ʥʝʦʙʭʽʜʥʦ ʧʨʦʚʝʩʪʠ ʨʦʟʙʠʪʪʷ ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʛʦ ʚʠʨʘʟʫ udv ʥʘ u  ʽ dv ʪʘʢ, ʱʦʙ 

ʦʪʨʠʤʘʥʠʡ ñvdu ʙʫʚ ʧʨʦʩʪʽʰʠʡ ʚʠʭʽʜʥʦʛʦ. ɺʢʘʞʝʤʦ ʜʣʷ ʜʝʷʢʠʭ ʪʠʧʽʚ 

ʽʥʪʝʛʨʘʣʽʚ ʟʨʫʯʥʝ ʨʦʟʙʠʪʪʷ ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʛʦ ʚʠʨʘʟʫ. 

 

   ɯ. 

é
é
é

ê

è

==Ý

ù
ù
ù
ù

ú

ø

ñ

ñ

ñ

dxe

kxdx

kxdx

dvxPu

dxexP

kxdxxP

kxdxxP

kxkx
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sin
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)(

cos)(

sin)(

, )(xP  ï ʤʥʦʛʦʯʣʝʥ, k  ï ʜʽʡʩʥʝ 

ʯʠʩʣʦ. 

 

   ɯɯ. ,)(,
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arccos

arcsin
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arccos)(

arcsin)(

ln)(

dxxPdv
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x

u

xdxxP

xdxxP
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ù
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ø
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ñ

, )(xP  ï ʤʥʦʛʦʯʣʝʥ. 

 

ʇʨʠʢʣʘʜ 3. ɿʥʘʡʪʠ ʥʝʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ ñ+ dxex x)1( . 

ʈʦʟʚôʷʟʘʥʥʷ: 

.

)1()1(
,

,,1
)1(

Cxe

Cexedxexe
evdxedv

dxduxu
dxex

x

xxxx
xx

x
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=+-+=-+=
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=+ ññ

 

 

ʇʨʠʢʣʘʜ 4. ɿʥʘʡʪʠ ʥʝʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ ñ xdxx ln3
. 

ʈʦʟʚôʷʟʘʥʥʷ: 
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1
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ɯʥʪʝʛʨʫʚʘʥʥʷ ʥʘʡʧʨʦʩʪʽʰʠʭ ʜʨʦʙʽʚ. ʈʘʮʽʦʥʘʣʴʥʠʤ ʜʨʦʙʦʤ ʥʘʟʠʚʘʻʪʴʩʷ 

ʚʠʨʘʟ 
)(

)(

xQ

xP
, ʜʝ )(xP  ʽ )(xQ  ï ʤʥʦʛʦʯʣʝʥʠ. ʈʘʮʽʦʥʘʣʴʥʠʡ ʜʨʽʙ ʥʘʟʠʚʘʻʪʴʩʷ 

ʧʨʘʚʠʣʴʥʠʤ, ʷʢʱʦ ʩʪʝʧʽʥʴ ʤʥʦʛʦʯʣʝʥʘ )(xP  ʤʝʥʰʠʡ ʩʪʝʧʝʥʷ ʤʥʦʛʦʯʣʝʥʘ 

)(xQ . ʋ ʧʨʦʪʠʚʥʦʤʫ ʚʠʧʘʜʢʫ ʜʨʽʙ ʥʘʟʠʚʘʻʪʴʩʷ ʥʝʧʨʘʚʠʣʴʥʠʤ.  

ʅʘʡʧʨʦʩʪʽʰʽ (ʝʣʝʤʝʥʪʘʨʥʽ) ʜʨʦʙʠ: 

1) 
ax

A

-
; 

2) 
max

A

)( -
, ʜʝ 1, >Í mZm ; 

3) 
qpxx

BAx

++

+

2
, ʜʝ 0

4

2

<-q
p

, ʪʦʙʪʦ ʢʚʘʜʨʘʪʥʠʡ ʪʨʠʯʣʝʥ qpxx ++2  ʥʝ 

ʤʘʻ ʜʽʡʩʥʠʭ ʢʦʨʝʥʽʚ; 

4) 
nqpxx

BAx

)( 2 ++

+
, ʜʝ 1, >Í nZn , qpxx ++2  ʥʝ ʤʘʻ ʜʽʡʩʥʠʭ ʢʦʨʝʥʽʚ. 

 ɯʥʪʝʛʨʘʣʠ ʚʽʜ ʝʣʝʤʝʥʪʘʨʥʠʭ ʜʨʦʙʽʚ 1-2 ʪʠʧʫ: 

1) CaxAdx
ax

A
+-=

-
ñ ln ; 

2) C
axm

A
dx

ax

A

mm
+

--
-=

- -ñ 1)(

1

1)(
; 

3) ʑʦʙ ʦʙʯʠʩʣʠʪʠ ʽʥʪʝʛʨʘʣ 3-ʛʦ ʪʠʧʫ ʥʝʦʙʭʽʜʥʦ: 

ʘ) ʚʠʜʽʣʠʪʠ ʚ ʯʠʩʝʣʴʥʠʢʫ ʧʦʭʽʜʥʫ ʟʥʘʤʝʥʥʠʢʘ; 

ʙ) ʨʦʟʙʠʪʠ ʽʥʪʝʛʨʘʣ ʥʘ ʜʚʘ; 

ʚ) ʫ ʜʨʫʛʦʤʫ ʽʥʪʝʛʨʘʣʽ ʚʠʜʽʣʠʪʠ ʫ ʟʥʘʤʝʥʥʠʢʫ ʧʦʚʥʠʡ ʢʚʘʜʨʘʪ. 

4) ɯʥʪʝʛʨʫʚʘʥʥʷ ʜʨʦʙʽʚ 4-ʛʦ ʪʠʧʫ ʜʠʚ. [7] ʩʪʦʨ. 353, 341-342. 

 

ʇʨʠʢʣʘʜ 5. ɿʥʘʡʪʠ ʥʝʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ ñ
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+
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ɯʥʪʝʛʨʫʚʘʥʥʷ ʨʘʮʽʦʥʘʣʴʥʠʭ ʜʨʦʙʽʚ ʟʘ ʜʦʧʦʤʦʛʦʶ ʨʦʟʢʣʘʜʫ ʥʘ 

ʝʣʝʤʝʥʪʘʨʥʽ ʜʨʦʙʠ. 

ʇʝʨʝʜ ʽʥʪʝʛʨʫʚʘʥʥʷʤ ʨʘʮʽʦʥʘʣʴʥʦʛʦ ʜʨʦʙʫ 
)(

)(

xQ

xP
 ʥʝʦʙʭʽʜʥʦ ʟʨʦʙʠʪʠ 

ʪʘʢʽ ʘʣʛʝʙʨʘʾʯʥʽ ʧʝʨʝʪʚʦʨʝʥʥʷ ʪʘ ʦʙʯʠʩʣʝʥʥʷ: 

1) ʷʢʱʦ ʟʘʜʘʥʦ ʥʝʧʨʘʚʠʣʴʥʠʡ ʜʨʽʙ, ʪʦ ʚʠʜʽʣʠʪʠ ʟ ʥʴʦʛʦ ʮʽʣʫ ʯʘʩʪʠʥʫ, 
ʪʦʙʪʦ ʧʦʜʘʪʠ ʡʦʛʦ ʫ ʚʠʛʣʷʜʽ 

 
)(

)(
)(

)(

)( 1

xQ

xP
xM

xQ

xP
+= , ʜʝ )(xM  ï ʤʥʦʛʦʯʣʝʥ, 

)(

)(1

xQ

xP
 ï ʧʨʘʚʠʣʴʥʠʡ 

 ʨʘʮʽʦʥʘʣʴʥʠʡ ʜʨʽʙ; 

2) ʨʦʟʢʣʘʩʪʠ ʟʥʘʤʝʥʥʠʢ ʜʨʦʙʫ ʥʘ ʤʥʦʞʥʠʢʠ  

22 nm qpxxaxxQ )()()( 2 ++-= , 

ʜʝ qpxx ++2  ʤʘʻ ʢʦʤʧʣʝʢʩʥʽ ʩʧʨʷʞʝʥʽ ʢʦʨʝʥʽ; 

3) ʧʨʘʚʠʣʴʥʠʡ ʨʘʮʽʦʥʘʣʴʥʠʡ ʜʨʽʙ ʨʦʟʢʣʘʩʪʠ ʥʘ ʩʫʤʫ ʝʣʝʤʝʥʪʘʨʥʠʭ ʜʨʦʙʽʚ: 

;
)()()(

)()()()(
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=

-
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CxB
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CxB
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ax
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ax
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4) ʟʥʘʡʪʠ ʥʝʚʠʟʥʘʯʝʥʽ ʢʦʝʬʽʮʽʻʥʪʠ 

222222 ,,,,,,,,,,,,,, 212121 nnm CCCBBBAAA , 

ʜʣʷ ʯʦʛʦ ʟʚʝʩʪʠ ʦʩʪʘʥʥʶ ʨʽʚʥʽʩʪʴ ʜʦ ʩʧʽʣʴʥʦʛʦ ʟʥʘʤʝʥʥʠʢʘ, ʧʨʠʨʽʚʥʷʪʠ 

ʢʦʝʬʽʮʽʻʥʪʠ ʧʨʠ ʦʜʥʘʢʦʚʠʭ ʩʪʝʧʝʥʷʭ x  ʚ ʣʽʚʽʡ ʽ ʧʨʘʚʽʡ ʯʘʩʪʠʥʘʭ ʦʪʨʠʤʘʥʦʾ 

ʪʦʪʦʞʥʦʩʪʽ ʽ ʨʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ ʨʽʚʥʷʥʴ ʚʽʜʥʦʩʥʦ ʰʫʢʘʥʠʭ 

ʢʦʝʬʽʮʽʻʥʪʽʚ. ʄʦʞʥʘ ʚʠʟʥʘʯʠʪʠ ʢʦʝʬʽʮʽʻʥʪʠ ʽʥʰʠʤ ʩʧʦʩʦʙʦʤ, ʥʘʜʘʶʯʠ ʚ 

ʦʪʨʠʤʘʥʽʡ ʪʦʪʦʞʥʦʩʪʽ ʟʤʽʥʥʽʡ x  ʜʦʚʽʣʴʥʽ ʯʠʩʣʦʚʽ ʟʥʘʯʝʥʥʷ. ʏʘʩʪʦ ʢʦʨʠʩʥʦ 

ʢʦʤʙʽʥʫʚʘʪʠ ʦʙʠʜʚʘ ʩʧʦʩʦʙʠ ʦʙʯʠʩʣʝʥʥʷ ʢʦʝʬʽʮʽʻʥʪʽʚ. 

 

ʇʨʠʢʣʘʜ 6. (ɿʘʜʘʯʘ 4.2(ʙ)) ɿʥʘʡʪʠ ñ
- 25 xx

dx
. 

ʈʦʟʚôʷʟʘʥʥʷ:  

ʈʦʟʢʣʘʜʝʤʦ ʥʘ ʤʥʦʞʥʠʢʠ ʟʥʘʤʝʥʥʠʢ: 

)1)(1()1( 223225 ++-=-=- xxxxxxxx . 
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ʇʨʠʨʽʚʥʷʻʤʦ ʯʠʩʝʣʴʥʠʢʠ ʜʨʦʙʽʚ: 
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).1()()1()1)(1()1)(1(1 222
3

2
2

2
1 -+++++++-+++-= xxCBxxxxAxxxxAxxxA  

ʇʨʠ 0=x  ʙʫʜʝʤʦ ʤʘʪʠ 11 11 -=Ý-= AA . ʇʨʠ 1=x  ʙʫʜʝʤʦ ʤʘʪʠ 

3

1
31 33 =Ý= AA . ɿʘʧʠʰʝʤʦ ʧʦʧʝʨʝʜʥʶ ʨʽʚʥʽʩʪʴ ʫ ʚʠʛʣʷʜʽ  

.)()()1(1 2334234
3

4
2

3
1 CxBxCxBxxxxAxxAxA --+++++-+-=  

ʇʨʠʨʽʚʥʷʻʤʦ ʢʦʝʬʽʮʽʻʥʪʠ ʧʨʠ 234 ,, xxx :  

.0:

,0:

,0:
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=-++

=++
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BCAAx

BAAx

 

ʆʪʨʠʤʘʣʠ ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ ʨʽʚʥʷʥʴ, ʽʟ ʷʢʦʾ ʟʥʘʡʜʝʤʦ ʥʝʚʽʜʦʤʽ CBA ,,2 . 

.0
3

1

3

1

,
3

1

3

1

3

1
1

,
3

1

.0

,0

,0

32

31

3

3

31

32

=+-=--=

-=++-=++=

=Ý=

Ý

î
í

î
ì

ë

=-

=-++

=++

ABA

CAAB

CAC

CA

BCAA

BAA

 

ʊʦʜʽ 
)1(3

1

)1(3

111

2225 ++

-
-

-
+-=

- xx

x

xxxx
, ʘ ʦʪʞʝ 

+
++

+
--+=

++

-+
--+=

=
++

-
-

-
+-=

-

ññ

ññññ

dx
xx

x
x

x
dx

xx

x
x

x

dx
xx

x
dx

x
dx

x
dx

xx

1

)12(

6

1
1ln

3

11

1

312

6

1
1ln

3

11

1

1

3

1

1

1

3

111

22

2225
 

 

.
3

12

3

1
1ln

6

1
1ln

3

11

3

12

3

2

2

1
1ln

6

1
1ln

3

11

4

3
)

2

1
(

2

1

2

2

2

C
x

arctgxxx
x

C
x

arctgxxx
x

x

dx

+
+

+++--+=

=+
+

Ö+++--+=

++

+ ñ

 

 

ɯʥʪʝʛʨʫʚʘʥʥʷ ʽʨʨʘʮʽʦʥʘʣʴʥʠʭ ʬʫʥʢʮʽʡ .  

ɯ. ɯʥʪʝʛʨʘʣʠ ʚʠʜʫ ñ
ö
ö
ö

÷

õ

æ
æ
æ

ç

å

,,,,, 4

4

3

3

2

2

1

1

dxxxxxR
s

n

s

n

s

n

s

n

2   

ʜʝ ),2,1(, 2=isn ii  ï ʮʽʣʽ ʯʠʩʣʘ, ʦʙʯʠʩʣʶʶʪʴʩʷ ʟʘ ʜʦʧʦʤʦʛʦʶ ʧʽʜʩʪʘʥʦʚʢʠ 

ktx= , ʜʝ ),,,( 321 2sssHCKk=  ï ʥʘʡʤʝʥʰʝ ʩʧʽʣʴʥʝ ʢʨʘʪʥʝ ʯʠʩʝʣ 

2,,, 321 sss . 
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ɯɯ. ɯʥʪʝʛʨʘʣʠ ʚʠʜʫ  ,,...,, 2

2

1

1

dx
dcx

bax

dcx

bax
xR

s

n

s

n

ñ
ö
ö
ö

÷

õ

æ
æ
æ

ç

å

ö
÷

õ
æ
ç

å

+

+
ö
÷

õ
æ
ç

å

+

+
 

ʜʝ ),2,1(, 2=isn ii  ï ʮʽʣʽ ʯʠʩʣʘ, 
d

b

c

a
¸ , ʦʙʯʠʩʣʶʶʪʴʩʷ ʟʘ ʜʦʧʦʤʦʛʦʶ 

ʧʽʜʩʪʘʥʦʚʢʠ kt
dcx

bax
=

+

+
, ʜʝ ),,( 21 2ssHCKk= . 

ʗʢʱʦ ʚ ʽʥʪʝʛʨʘʣʽ ʪʠʧʫ (ɯɯ) 1,0 == dc , ʪʦ ʚʽʥ ʥʘʙʫʚʘʻ ʚʠʜʫ 

( ) ( )( )dxbaxbaxxR snsn
ñ ++ ,...,, 2211 // . ɼʘʥʠʡ ʽʥʪʝʛʨʘʣ ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ 

ʜʦʧʦʤʦʛʦʶ ʧʽʜʩʪʘʥʦʚʢʠ ktbax =+ , ʜʝ ),,( 21 2ssHCKk= . 

ɯɯɯ. ɯʥʪʝʛʨʘʣʠ, ʷʢʽ ʤʽʩʪʷʪʴ ʽʨʨʘʮʽʦʥʘʣʴʥʠʡ ʚʠʨʘʟ cbxax ++2 . 

ʘ) ñ
++ cbxax

dx

2
. ʑʦʙ ʦʙʯʠʩʣʠʪʠ ʜʘʥʠʡ ʽʥʪʝʛʨʘʣ ʥʝʦʙʭʽʜʥʦ:  

1) ʚʠʥʝʩʪʠ ʟʘ ʟʥʘʢ ʽʥʪʝʛʨʘʣʘ 
||

1

a
; 

2) ʚʠʜʽʣʠʪʠ ʧʦʚʥʠʡ ʢʚʘʜʨʘʪ ʫ ʧʽʜʢʦʨʝʥʝʚʦʤʫ ʚʠʨʘʟʽ. 

ʊʦʜʽ ʜʘʥʠʡ ʽʥʪʝʛʨʘʣ ʟʚʝʜʝʪʴʩʷ ʜʦ ʪʘʙʣʠʯʥʦʛʦ  

CAuu
Au

dx
+°+=

°
ñ

2

2
ln , ʷʢʱʦ 0>a , ʘʙʦ C

A

u

uA

dx
+=

-
ñ arcsin

22
, 

ʷʢʱʦ 04,0 2 >-< acba . 

ʙ) ñ
++

+
dx

cbxax

BAx

2
. ʑʦʙ ʦʙʯʠʩʣʠʪʠ ʜʘʥʠʡ ʽʥʪʝʛʨʘʣ ʥʝʦʙʭʽʜʥʦ:  

1) ʚʠʜʽʣʠʪʠ ʧʦʭʽʜʥʫ ʧʽʜʢʦʨʝʥʝʚʦʛʦ ʚʠʨʘʟʫ ʫ ʯʠʩʝʣʴʥʠʢʫ; 

2) ʨʦʟʙʠʪʠ ʽʥʪʝʛʨʘʣ ʥʘ ʜʚʘ; 

3) ʧʝʨʰʠʡ ʽʥʪʝʛʨʘʣ ʦʙʯʠʩʣʠʪʠ ʟʘ ʧʨʘʚʠʣʦʤ ʽʥʪʝʛʨʫʚʘʥʥʷ 

ʩʪʝʧʝʥʝʚʦʾ ʬʫʥʢʮʽʾ, ʜʨʫʛʠʡ ʷʢ ʽʥʪʝʛʨʘʣ ʪʠʧʫ ʘ). 

ɯV. ɯʥʪʝʛʨʘʣʠ ʚʠʜʫ  

,),( 22 dxxaxRñ -   ,),( 22 dxaxxRñ -   dxxaxRñ + ),( 22  

ʟʚʦʜʷʪʴʩʷ ʜʦ ʽʥʪʝʛʨʘʣʽʚ ʚʽʜ ʨʘʮʽʦʥʘʣʴʥʠʭ ʬʫʥʢʮʽʡ ʚʽʜʥʦʩʥʦ tsin  ʯʠ tcos  ʟʘ 

ʜʦʧʦʤʦʛʦʶ ʧʽʜʩʪʘʥʦʚʦʢ: 

ʘ) )cos(sin),( 22 taxtaxdxxaxR ==-ñ ; 

ʙ) )
cos

(
sin

),( 22

t

a
x

t

a
xdxaxxR ==-ñ ; 

ʚ) )(),( 22 tctgaxttgaxdxaxxR ==+ñ . 
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ʇʨʠʢʣʘʜ 7. (ɿʘʜʘʯʘ 4.1) ɿʥʘʡʪʠ ʥʝʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ  

ñ
++

-
dx

xx

x

185

73

2
. 

ʈʦʟʚôʷʟʘʥʥʷ:  

-

++

+
=

++

--Ö+

=

++

-
ñññ dx

xx

x
dx

xx

x

dx

xx

x

185

)810(

10

3

185

7
10
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10

3
)810(

185

73

222
 

=
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-
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- ñññ

5

1

5

8510

94
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)185(
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3

18510

94
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2

2
xx

dx
dx

xx

xxd

xx

dx
 

-++=ñ
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-++=

ö
÷

õ
æ
ç

å

1825
5

3

5

1

100

64
2

10

8
510

94
1825

5

3
xx

x

dx
xx  

.
5

1

5

82
10

8
ln

55

47
1825

5

3

50

22
2

10

8
510

94
Cxxxxx

x

dx
+++++-++=ñ

-+

-

ö
÷

õ
æ
ç
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ʇʨʠʢʣʘʜ 8.  (ɿʘʜʘʯʘ 4.1) ɿʥʘʡʪʠ ʥʝʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ ñ - dxxx 22 4 . 

ʈʦʟʚôʷʟʘʥʥʷ:  

.)
2

arcsin4sin(
2

1

2
arcsin2

2
arcsin,

2
sin

,sin2

4sin
2

1
4cos22

2

4cos1
42sin4

)cossin2
2

1
(16cossin16cossin12sin8

cos2sin44sin4
cos2

,sin2
4

2

22222

2222

C
xx

x
t

x
t

tx

Ctttdtdtdt
t

tdt

dttttdtttdttt

tdttt
tdtdx

tx
dxxx

+-=
==

=

=

=+-=-=
-

==

===-Ö=

=Ö-=
=

=
=-

ñ ñ ññ

ñññ

ññ

 

 

ɯʥʪʝʛʨʫʚʘʥʥʷ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʠʭ ʬʫʥʢʮʽʡ .  

ɯʥʪʝʛʨʘʣʠ ʚʠʜʫ dxxxRñ )cos,(sin  ʟʚʦʜʷʪʴʩʷ ʜʦ ʽʥʪʝʛʨʘʣʽʚ ʚʽʜ 

ʨʘʮʽʦʥʘʣʴʥʠʭ ʬʫʥʢʮʽʡ ʟʘ ʜʦʧʦʤʦʛʦʶ ʫʥʽʚʝʨʩʘʣʴʥʦʾ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʦʾ 

ʧʽʜʩʪʘʥʦʚʢʠ: 

22

2

2 1

2
,

1

1
cos,

1

2
sin,

2
tg

t

dt
dx

t

t
x

t

t
xt

x

+
=

+

-
=

+
== . 



50 

ʇʨʦʪʝ ʚ ʜʝʷʢʠʭ ʚʠʧʘʜʢʘʭ ʦʙʯʠʩʣʝʥʥʷ dxxxRñ )cos,(sin  ʤʦʞʝ ʙʫʪʠ 

ʩʧʨʦʱʝʥʠʤ ʚʠʢʦʨʠʩʪʘʥʥʷʤ ʽʥʰʠʭ ʧʽʜʩʪʘʥʦʚʦʢ: 

1) ʗʢʱʦ )cos,(sin xxR  ʥʝʧʘʨʥʘ ʚʽʜʥʦʩʥʦ xsin  

( )cos,(sin)cos,sin( xxRxxR -=- ), ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʧʽʜʩʪʘʥʦʚʢʘ 

xdxdttx sin,cos -== .  

2) ʗʢʱʦ )cos,(sin xxR  ʥʝʧʘʨʥʘ ʚʽʜʥʦʩʥʦ xcos  

( )cos,(sin)cos,(sin xxRxxR -=- ), ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʧʽʜʩʪʘʥʦʚʢʘ 

xdxdttx cos,sin == .  

3) ʗʢʱʦ )cos,(sin xxR  ʧʘʨʥʘ ʚʽʜʥʦʩʥʦ ʽ xsin , ʽ xcos  

( )cos,(sin)cos,sin( xxRxxR =-- ), ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʧʽʜʩʪʘʥʦʚʢʘ 

222 1
,

1

1
cos,

1
sin,

t

dt
dx

t
x

t

t
xtxtg

+
=

+
=

+
== .  

 

ɯʥʪʝʛʨʘʣʠ ʪʠʧʫ dxxx mn
ñ Öcossin , ʜʝ n  ʽ m ï ʧʘʨʥʽ ʜʦʜʘʪʥʽ ʯʠʩʣʘ, 

ʦʙʯʠʩʣʶʶʪʴʩʷ ʟ ʜʦʧʦʤʦʛʦʶ ʧʝʨʝʪʚʦʨʝʥʴ ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʾ ʬʫʥʢʮʽʾ ʟʘ 

ʬʦʨʤʫʣʘʤʠ: 

2

2cos1
cos,

2

2cos1
sin 22 x

x
x

x
+

=
-

= . 

 

ʇʨʠʢʣʘʜ 9. (ɿʘʜʘʯʘ 4.1) ɿʥʘʡʪʠ ʥʝʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ  

ñ
+

-
dx

x

x

cos1

sin2
. 

ʈʦʟʚôʷʟʘʥʥʷ:  

ʇʽʜʽʥʪʝʛʨʘʣʴʥʘ ʬʫʥʢʮʽʷ 
x

x

cos1

sin2

+

-
 ʥʝ ʻ ʥʽ ʥʝʧʘʨʥʦʶ ʚʽʜʥʦʩʥʦ xsin , ʥʽ 

ʥʝʧʘʨʥʦʶ ʚʽʜʥʦʩʥʦ xcos , ʥʽ ʧʘʨʥʦʶ ʚʽʜʥʦʩʥʦ ʽ xsin , ʽ xcos . ʊʦʤʫ ʙʫʜʝʤʦ 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʫʥʽʚʝʨʩʘʣʴʥʫ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʫ ʧʽʜʩʪʘʥʦʚʢʫ. 
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t
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ʇʨʠʢʣʘʜ 10. ɿʥʘʡʪʠ ʥʝʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ ñ Ö xdxx 32 sincos . 

ʈʦʟʚôʷʟʘʥʥʷ:  

ʇʽʜʽʥʪʝʛʨʘʣʴʥʘ ʬʫʥʢʮʽʷ ʥʝʧʘʨʥʘ ʧʦ xsin , ʪʦʤʫ ʚʠʢʦʨʠʩʪʦʚʫʻʤʦ ʟʘʤʽʥʫ 

tx=cos .  

.
5

cos

3

cos

53
)(

)1(sin)cos1(cos
sin

,cos
sincos

5353
42

222232

C
xx

C
tt

dttt

dtttxdxxx
dttdt

tx
xdxx

++-=++-=--=

=--=-Ö=
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=Ö

ñ

ñññ
 

 

ʇʨʠʢʣʘʜ 11. ɿʥʘʡʪʠ ʥʝʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ  

ñ
-+ xxxx

dx

22 coscossin2sin
. 

ʈʦʟʚôʷʟʘʥʥʷ:  

ʇʽʜʽʥʪʝʛʨʘʣʴʥʘ ʬʫʥʢʮʽʷ ʧʘʨʥʘ ʚʽʜʥʦʩʥʦ ʽ xsin , ʽ xcos , ʪʦʤʫ 

ʚʠʢʦʨʠʩʪʦʚʫʻʤʦ ʧʽʜʩʪʘʥʦʚʢʫ txtg = . 

ñ
-+ xxxx

dx

2coscossin22sin
=

+
=

+

=

+

==

=

21
,

21

1
cos

,
21

sin,

t

dt
dx

t

x

t

t
xtxtg
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21
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21
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1

)2()1(

)1(

2)1(12
)

1

1

1

2

1
)(1(
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2
2

C
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xtg
C

t

t

t
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t
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t
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t

dt

+
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=
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4.2. ɺʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ 
 

ʃʽʪʝʨʘʪʫʨʘ: [6] ï ʩ. 270-308, [7] ï ʩ. 365-408, [5] ï ʩ. 716-792, [8] ï ʩ. 243-266. 

ɯʥʪʝʛʨʘʣʴʥʘ ʩʫʤʘ. ʅʝʭʘʡ ʥʘ ʚʽʜʨʽʟʢʫ )(],;[ baba <  ʦʩʽ Ox ʟʘʜʘʥʘ 

ʥʝʧʝʨʝʨʚʥʘ ʬʫʥʢʮʽʷ )(xf . ʋʪʚʦʨʠʤʦ ʨʦʟʙʠʪʪʷ ʚʽʜʨʽʟʢʘ ];[ ba  ʜʦʚʽʣʴʥʠʤʠ 

ʪʦʯʢʘʤʠ bxxxxxxa nkk =<<<<<<<= - 22 1210 . ɼʦʚʞʠʥʫ ʯʘʩʪʠʥʥʦʛʦ 

ʚʽʜʨʽʟʢʘ ];[ 1 kk xx -  ʟʥʘʯʠʤʦ 1--=D kkk xxx . ʅʘ ʢʦʞʥʦʤʫ ʯʘʩʪʠʥʥʦʤʫ ʚʽʜʨʽʟʢʫ 

ʚʠʙʝʨʝʤʦ ʜʦʚʽʣʴʥʫ ʪʦʯʢʫ, ʘʙʩʮʠʩʫ ʷʢʦʾ ʧʦʟʥʘʯʠʤʦ ʯʝʨʝʟ ),,2,1( nkk 2=x  ʽ 

ʟʥʘʡʜʝʤʦ )( kf x  ï ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ʚ ʜʘʥʽʡ ʪʦʯʮʽ ʪʘ ʜʦʙʫʪʦʢ kk xf D)(x . 

ʉʢʣʘʜʝʤʦ ʩʫʤʫ ä
=

D
n

k
kk xf

1

)(x , ʷʢʘ ʥʘʟʠʚʘʻʪʴʩʷ ʽʥʪʝʛʨʘʣʴʥʦʶ ʩʫʤʦʶ ʜʣʷ 

ʬʫʥʢʮʽʾ )(xf  ʥʘ ʚʽʜʨʽʟʢʫ ];[ ba . 

ɺʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ. ʇʦʟʥʘʯʠʤʦ ʯʝʨʝʟ l ʜʦʚʞʠʥʫ ʥʘʡʙʽʣʴʰʦʛʦ ʽʟ 

ʯʘʩʪʠʥʥʠʭ ʚʽʜʨʽʟʢʽʚ ];[ 1 kk xx - , ),2,1( 2=k  ʜʘʥʦʛʦ ʨʦʟʙʠʪʪʷ kxD=maxl .  
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ɻʨʘʥʠʮʷ ʽʥʪʝʛʨʘʣʴʥʦʾ ʩʫʤʠ ä
=

D
n

k
kk xf

10
)(lim x

l
 ʟʘ ʫʤʦʚʠ, ʱʦ 0l , ʷʢʱʦ 

ʚʦʥʘ ʽʩʥʫʻ ʽ ʥʝ ʟʘʣʝʞʠʪʴ ʥʽ ʚʽʜ ʩʧʦʩʦʙʫ ʨʦʟʙʠʪʪʷ ʚʽʜʨʽʟʢʘ ʥʘ ʯʘʩʪʠʥʠ, ʥʽ ʚʽʜ 

ʪʦʛʦ, ʷʢʘ ʪʦʯʢʘ kx  ʚʠʙʨʘʥʘ ʥʘ ʢʦʞʥʦʤʫ ʯʘʩʪʠʥʥʦʤʫ ʚʽʜʨʽʟʢʫ, ʥʘʟʠʚʘʻʪʴʩʷ 

ʚʠʟʥʘʯʝʥʠʤ ʽʥʪʝʛʨʘʣʦʤ ʬʫʥʢʮʽʾ )(xf  ʥʘ ʚʽʜʨʽʟʢʫ ];[ ba  ʽ ʧʦʟʥʘʯʘʻʪʴʩʷ 

ʩʠʤʚʦʣʦʤ ñ
b

a

dxxf )( , ʪʦʙʪʦ  

ñä =

=

b

a

n

k
kk dxxfxf )()(lim

10
Dx

l
. 

ʌʦʨʤʫʣʘ ʅʴʶʪʦʥʘ-ʃʝʡʙʥʽʮʘ. ʄʘʻ ʤʽʩʮʝ ʬʦʨʤʫʣʘ  

)()()()( aFbFxFdxxf
b

a

b

a

-==ñ , 

ʜʝ ʬʫʥʢʮʽʷ )(xF  ʻ ʜʦʚʽʣʴʥʘ ʧʝʨʚʽʩʥʘ ʜʣʷ ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʾ ʬʫʥʢʮʽʾ )(xf . 

 

ʆʩʥʦʚʥʽ ʚʣʘʩʪʠʚʦʩʪʽ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

1. abdx
b

a

-=ñ . 

2. ññ =
b

a

b

a

dxxfcdxxcf )()( . 

3. ñ ñññ °°°=°°°
b

a

b

a

n

b

a

b

a

n dxxfdxxfdxxfdxxfxfxf )()()())()()(( 2121 22 . 

4. ññ -=
a

b

b

a

dxxfdxxf )()( . 

5. 0)( =ñ
a

a

dxxf . 

6. ññññ ===
b

a

b

a

b

a

b

a

dfdttfdyyfdxxf aa)()()()(  (ʟʤʽʥʥʫ ʽʥʪʝʛʨʫʚʘʥʥʷ ʤʦʞʥʘ 

ʧʦʟʥʘʯʘʪʠ ʜʦʚʽʣʴʥʦʶ ʙʫʢʚʦʶ). 

7. ñññ +=
b

c

c

a

b

a

dxxfdxxfdxxf )()()( . 

 

ɿʘʤʽʥʘ ʟʤʽʥʥʦʾ ʫ ʚʠʟʥʘʯʥʦʤʫ ʽʥʪʝʛʨʘʣʽ. ʏʘʩʪʦ ʜʣʷ ʩʧʨʦʱʝʥʥʷ 

ʦʙʯʠʩʣʝʥʥʷ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʜʦʚʦʜʠʪʴʩʷ ʟʘʤʽʥʷʪʠ ʥʝʟʘʣʝʞʥʫ ʟʤʽʥʥʫ x , 
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ʧʦʢʣʘʜʘʶʯʠ, ʱʦ )(tx j= . ʎʝ ʧʨʠʚʦʜʠʪʴ ʜʦ ʬʦʨʤʫʣʠ ʧʝʨʝʪʚʦʨʝʥʥʷ 

ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʧʨʠ ʚʚʝʜʝʥʥʽ ʥʦʚʦʾ ʟʤʽʥʥʦʾ  

ññ Ö=

b

a

jj dtttfdxxf
b

a

)('))(()( .  

ʇʨʠ ʮʴʦʤʫ ʚʚʘʞʘʻʪʴʩʷ, ʱʦ: 

1) )(xf  ï ʥʝʧʝʨʝʨʚʥʘ ʥʘ ];[ ba ; 

2) )(tj  ʽ )(' tj  ʥʝʧʝʨʝʨʚʥʽ ʥʘ ];[ ba ; 

3) )(),( bjaj == ba ; 

4) )(tx j=  ï ʤʦʥʦʪʦʥʥʘ ʥʘ ];[ ba . 
 

ɯʥʪʝʛʨʫʚʘʥʥʷ ʯʘʩʪʠʥʘʤʠ. ʌʦʨʤʫʣʘ ʽʥʪʝʛʨʫʚʘʥʥʷ ʯʘʩʪʠʥʘʤʠ ʜʣʷ 

ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʤʘʻ ʚʠʛʣʷʜ 

ññ -=
b

a

b

a

b

a

vduuvudv , 

ʜʝ u  ʽ v  ʬʫʥʢʮʽʾ ʚʽʜ ʟʤʽʥʥʦʾ x, ʷʢʽ ʤʘʶʪʴ ʥʝʧʝʨʝʨʚʥʽ ʧʦʭʽʜʥʽ ʥʘ ʚʽʜʨʽʟʢʫ 

ʥ̔ʪʝʛʨʫʚʘʥʥʷ. 
 

ʇʨʠʢʣʘʜ 12. (ɿʘʜʘʯʘ 4.3) ʆʙʯʠʩʣʠʪʠ ʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ  

ñ
+

2

0
32 )4(x

xdx
. 

ʈʦʟʚôʷʟʘʥʥʷ: 

.
256

3

16

1

64

1

4

1

)4(4

1

2

)4(

2

1
)4()4(

2

1

)4(

2

2

1

)4(

2

0
22

2

0

222

0

232
2

0
32

2

0
32

=ö
÷

õ
æ
ç

å
--=

+
-=

=
-

+
Ö=++=

+
=

+

-
-

ñññ

x

x
xdx

x

xdx

x

xdx

 

 

ʇʨʠʢʣʘʜ 13. (ɿʘʜʘʯʘ 4.3 ʙ)) ʆʙʯʠʩʣʠʪʠ ʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ  

ñ
+-

10

3
6)1( xx

dx
. 

ʈʦʟʚôʷʟʘʥʥʷ: 

.
9

7516
ln

7

1

75

75
ln

7

1

)73)(74(

)73)(74(
ln

7

1

73

73
ln

74

74
ln

7

1

7

7
ln

72

1
2

7
2

)16(

2

43,2
,103,6

,6,6

6)1(

4

3

4

3
2

4

3
2

22
10

3

+
=

-

+
=

-+

+-
=
ö
ö

÷

õ

æ
æ

ç

å

+

-
-

+

-
=

=
+

-
Ö=

-
=

--
=

¢¢=
¢¢+=

-==+

=
+-

ñññ
t

t

t

dt

tt

tdt

ttdtdx
xxt

txtx

xx

dx
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ʇʨʠʢʣʘʜ 14. (ɿʘʜʘʯʘ 4.3 ʚ)) ʆʙʯʠʩʣʠʪʠ ʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ  

dxxxñ-
p

0

4cos)81( . 

ʈʦʟʚôʷʟʘʥʥʷ: 

.0)11(
2

1
)4cos(

4

1
24sin20

4

)8(4sin

4

4sin)81(

4sin
4

1
,4cos

,8,81

4cos)81(

0
0

000

=--=-=+=

=
-

-
-

=
==

-=-=

=-

ñ

ññ

p
p

ppp

xdxx

dx
xxx

xvxdv

dxduxu

dxxx

 

 

4.3. ɿʘʩʪʦʩʫʚʘʥʥʷ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 
 

1. ʇʣʦʱʘ ʧʣʦʩʢʦʾ ʬʽʛʫʨʠ.  

ʇʣʦʱʘ ʢʨʠʚʦʣʽʥʽʡʥʦʾ ʪʨʘʧʝʮʽʾ. ʇʣʦʱʫ ʧʣʦʩʢʦʾ ʬʽʛʫʨʠ, ʦʙʤʝʞʝʥʦʶ 

ʥʝʧʝʨʝʨʚʥʦʶ ʢʨʠʚʦʶ )(xf , ʚʽʩʩʶ Ox ʽ ʜʚʦʤʘ ʧʨʷʤʠʤʠ )(, babxax <== , 

ʟʥʘʭʦʜʷʪʴ ʟʘ ʬʦʨʤʫʣʦʶ 

S

 x

 y

 b a O

 ñ=
b

a

dxxfS )(  ʘʙʦ ñ=
b

a

ydxS .

 )(xfy=

 
 

ʗʢʱʦ ʬʽʛʫʨʘ ʦʙʤʝʞʝʥʘ ʜʚʦʤʘ ʥʝʧʝʨʝʨʚʥʠʤʠ ʢʨʠʚʠʤʠ, ʨʽʚʥʷʥʥʷ ʷʢʠʭ 

)(1 xfy=  ʽ )(2 xfy= , ʜʦ ʪʦʛʦ ʞ ʚʩʶʜʠ ʥʘ ];[ ba  )()( 12 xfxf ² , ʽ ʜʚʦʤʘ 

ʧʨʷʤʠʤʠ bxax == , , ʪʦ ʧʣʦʱʘ ʚʠʟʥʘʯʘʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ  

S

 x

 y

 b a O

 .))()(( 12ñ -=
b

a

dxxfxfS

 )(2 xfy=

 )(1 xfy=

 
 

ʗʢʱʦ ʧʣʦʩʢʘ ʬʽʛʫʨʘ, ʦʙʤʝʞʝʥʘ ʢʨʠʚʦʶ, ʷʢʘ ʟʘʜʘʥʘ ʚ ʧʘʨʘʤʝʪʨʠʯʥʽʡ 

ʬʦʨʤʽ ʨʽʚʥʷʥʥʷʤʠ  

,
),(

),(
21 ttt

ty

tx
¢¢

í
ì
ë

=

=

y

j
 

ʪʦ ʧʣʦʱʘ ʮʽʻʾ ʬʽʛʫʨʠ ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ  
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ññ ==
2

1

2

1

)(')()(')(

t

t

t

t

dtttdttxtyS jy . 

 

2. ɼʦʚʞʠʥʘ ʜʫʛʠ ʧʣʦʩʢʦʾ ʢʨʠʚʦʾ. 

ʗʢʱʦ ʢʨʠʚʘ ʟʘʜʘʥʘ ʷʚʥʦ ʚ ʜʝʢʘʨʪʦʚʽʡ ʩʠʩʪʝʤʽ ʢʦʦʨʜʠʥʘʪ )(xfy= , ʪʦ 

ʜʦʚʞʠʥʘ ʜʫʛʠ 

ñ +=
b

a

dxyL 2)'(1 , 

ʜʝ a  ʽ b ʚʽʜʧʦʚʽʜʥʦ ʘʙʩʮʠʩʠ ʧʦʯʘʪʢʫ ʽ ʢʽʥʮʷ ʜʫʛʠ. 

ʗʢʱʦ ʢʨʠʚʘ ʟʘʜʘʥʘ ʧʘʨʘʤʝʪʨʠʯʥʦ  

,
),(

),(
21 ttt

ty

tx
¢¢

í
ì
ë

=

=

y

j
 

ʘ )(tj  ʽ )(ty  ʤʘʶʪʴ ʥʝʧʝʨʝʨʚʥʽ ʧʦʭʽʜʥʽ, ʪʦ ʜʦʚʞʠʥʘ ʜʫʛʠ  

ñ +=
2

1

22 )'()'(

t

t

dtyxL . 

 

ʗʢʱʦ ʢʨʠʚʘ ʟʘʜʘʥʘ ʨʽʚʥʷʥʥʷʤ ʚ ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ 

bjajrr ¢¢= ),( , ʪʦ  

ñ +=

b

a

jrr dL 22 )'( . 

 

3. ʆʙôʻʤ ʪʽʣʘ.  

ʗʢʱʦ ʧʣʦʱʘ ʧʝʨʝʨʽʟʫ ʪʽʣʘ ʧʣʦʱʠʥʦʶ, ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʶ ʜʦ ʦʩʽ Ox, 

ʤʦʞʝ ʙʫʪʠ ʚʠʨʘʞʝʥʘ ʷʢ ʬʫʥʢʮʽʷ ʚʽʜ x, ʪʦʙʪʦ ʫ ʚʠʛʣʷʜʽ )()( bxaxSS ¢¢= , ʪʦ 

ʦʙôʻʤ ʯʘʩʪʠʥʠ ʪʽʣʘ, ʦʙʤʝʞʝʥʦʾ ʧʣʦʱʠʥʘʤʠ bxax == ,  ʟʥʘʭʦʜʠʪʴʩʷ ʟʘ 

ʬʦʨʤʫʣʦʶ 

ñ=
b

a

dxxSV )( . 

 

ʆʙôʻʤ ʪʽʣʘ ʦʙʝʨʪʘʥʥʷ. ʗʢʱʦ ʢʨʠʚʦʣʽʥʽʡʥʘ ʪʨʘʧʝʮʽʷ ʦʙʤʝʞʝʥʘ ʢʨʠʚʦʶ 

)(xfy= , ʧʨʷʤʠʤʠ )(,,0 babxaxy <===  ʦʙʝʨʪʘʻʪʴʩʷ ʥʘʚʢʦʣʦ ʦʩʽ Ox, ʪʦ 

ʦʙôʻʤ ʪʽʣʘ ʦʙʝʨʪʘʥʥʷ ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ 

ñ=
b

a

x dxyV 2p . 
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ʗʢʱʦ ʬʽʛʫʨʘ ʦʙʤʝʞʝʥʘ ʢʨʠʚʠʤʠ )(11 xfy =  ʽ )(22 xfy =  

( )()(0 21 xfxf ¢¢ ) ʽ ʧʨʷʤʠʤʠ bxax == , , ʦʙʝʨʪʘʻʪʴʩʷ ʥʘʚʢʦʣʦ ʦʩʽ Ox, ʪʦ 

ʦʙôʻʤ ʪʽʣʘ ʦʙʝʨʪʘʥʥʷ  

ñ -=
b

a

x dxyyV )( 2
1

2
2p . 

 

ʗʢʱʦ ʢʨʠʚʦʣʽʥʽʡʥʘ ʪʨʘʧʝʮʽʷ ʦʙʤʝʞʝʥʘ ʢʨʠʚʦʶ )(yx j= , ʧʨʷʤʠʤʠ 

)(0,, dcxdycy <=== , ʦʙʝʨʪʘʻʪʴʩʷ ʥʘʚʢʦʣʦ ʦʩʽ Oy, ʪʦ ʦʙôʻʤ ʪʽʣʘ 

ʦʙʝʨʪʘʥʥʷ ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ 

ñ=
d

c

y dyxV 2p . 

 

ʇʨʠʢʣʘʜ 15. (ɿʘʜʘʯʘ 4.5) ɿʥʘʡʪʠ ʧʣʦʱʫ ʬʽʛʫʨʠ, ʦʙʤʝʞʝʥʦʾ ʧʨʷʤʦʶ 

xy=  ʽ ʧʘʨʘʙʦʣʦʶ 22 xy -= . 

ʈʦʟʚôʷʟʘʥʥʷ:  

ɿʥʘʡʜʝʤʦ ʘʙʩʮʠʩʠ ʪʦʯʦʢ ʧʝʨʝʪʠʥʫ ʜʘʥʠʭ ʣʽʥʽʡ, ʨʦʟʚôʷʟʘʚʰʠ ʩʠʩʪʝʤʫ 

ʨʽʚʥʷʥʴ .1,2
,2

,

212
=-=Ý

îí

î
ì
ë

-=

=
xx

xy

xy
 ʎʝ ʽ ʻ ʤʝʞʽ ʽʥʪʝʛʨʫʚʘʥʥʷ.  

ɿʨʦʙʠʤʦ ʩʭʝʤʘʪʠʯʥʠʡ ʨʠʩʫʥʦʢ ʬʽʛʫʨʠ. 

2 1 0 1 2

2

1

1

2

 x

 y

 y = x

 S

 y = 2 ï x
2

 
 

ʊʦʜʽ 
2

9
)

23
2())2((

1

2

231

2

2 =--=--=

--

ñ
xx

xdxxxS  (ʢʚ. ʦʜ.). 
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ʇʨʠʢʣʘʜ 16. (ɿʘʜʘʯʘ 4.5) ɿʥʘʡʪʠ ʜʦʚʞʠʥʫ ʢʘʨʜʽʦʾʜʠ )cos1( jr +=a . 

ʈʦʟʚôʷʟʘʥʥʷ:  

ɿʦʙʨʘʟʠʤʦ ʢʘʨʜʽʦʾʜʫ )cos1( jr +=a . 

2a a0.5a 0

 y

 x

 
ɿʤʽʥʶʶʯʠ ʧʦʣʷʨʥʠʡ ʢʫʪ ʚʽʜ 0 ʜʦ p, ʦʜʝʨʞʠʤʦ ʧʦʣʦʚʠʥʫ ʰʫʢʘʥʦʾ ʜʦʚʞʠʥʠ. 
ʊʦʤʫ ʤʘʻʤʦ  

.8
2

sin8
2

cos4
2

cos42

cos222sin)cos1(2)'(2

000

2
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2222

0

22

aadada
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ʇʨʠʢʣʘʜ 17. (ɿʘʜʘʯʘ 4.5) ʆʙʯʠʩʣʠʪʠ ʦʙôʻʤ ʪʽʣʘ, ʫʪʚʦʨʝʥʦʛʦ 

ʦʙʝʨʪʘʥʥʷʤ ʥʘʚʢʦʣʦ ʦʩʽ Ox ʬʽʛʫʨ, ʷʢʽ ʦʙʤʝʞʝʥʽ ʣʽʥʽʷʤʠ: 
22 , xyxy == . 

ʈʦʟʚôʷʟʘʥʥʷ:   

1 0 1 
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 y
2
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 y = x
2 

 

ñ -=
b

a

x dxyyV )( 2
1

2
2p . ʋ ʥʘʰʦʤʫ ʚʠʧʘʜʢʫ 2

12 ,,1,0 xyxyba ==== , 

ʪʦʤʫ 
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1
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÷
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ö
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xx
dxxxVx  (ʢʫʙ. ʦʜ). 
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4.4. ʅʝʚʣʘʩʥ ̔ʽʥʪʝʛʨʘʣʠ 
 

ʃʽʪʝʨʘʪʫʨʘ: [6] ï ʩ. 308-320, [7] ï ʩ. 385-394, [5] ï ʩ. 756-770, [8] ï ʩ. 247-251. 

ʅʝʚʣʘʩʥʠʤʠ ʽʥʪʝʛʨʘʣʘʤʠ ʥʘʟʠʚʘʶʪʴ: 1) ʽʥʪʝʛʨʘʣʠ ʟ ʥʝʩʢʽʥʯʝʥʥʠʤʠ 

ʤʝʞʘʤʠ; 2) ʽʥʪʝʛʨʘʣʠ ʚʽʜ ʥʝʦʙʤʝʞʝʥʠʭ ʬʫʥʢʮʽʡ. 

 ʅʝʚʣʘʩʥʠʡ ʽʥʪʝʛʨʘʣ ʚʽʜ )(xf  ʚ ʤʝʞʘʭ ʚʽʜ a  ʜʦ ¤+  ʚʠʟʥʘʯʘʻʪʴʩʷ  

ñ ñ
¤+

¤
=

a

b

a
b

dxxfdxxf )(lim)( . 

 ʗʢʱʦ ʜʘʥʘ ʛʨʘʥʠʮʷ ʽʩʥʫʻ, ʪʦ ʥʝʚʣʘʩʥʠʡ ʽʥʪʝʛʨʘʣ ʥʘʟʠʚʘʶʪʴ ʟʙʽʞʥʠʤ, 

ʷʢʱʦ ʛʨʘʥʠʮʽ ʥʝ ʽʩʥʫʻ ʘʙʦ ʚʦʥʘ ʨʽʚʥʘ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ, ʪʦ ʥʝʚʣʘʩʥʠʡ ʽʥʪʝʛʨʘʣ 

ʥʘʟʠʚʘʶʪʴ ʨʦʟʙʽʞʥʠʤ. 

 ɸʥʘʣʦʛʽʯʥʦ ñ ññ ñ
¤+

¤-
+¤
-¤

¤-
-¤

==
b

a
b
a

b b

a
a

dxxfdxxfdxxfdxxf )(lim)(,)(lim)( . 

 ʗʢʱʦ )(xf  ʤʘʻ ʥʝʩʢʽʥʯʝʥʥʠʡ ʨʦʟʨʠʚ ʚ ʪʦʯʮʽ ];[ baCÍ  ʽ )(xf  

ʥʝʧʝʨʝʨʚʥʘ ʥʘ ʧʨʦʤʽʞʢʘʭ );[ ca  ʽ ];( bc , ʪʦ  

ññ ñ
+



-


+=

b

c

b

a

c

a

dxxfdxxfdxxf

bb

a

a
)(lim)(lim)(

00
. 

 ɼʣʷ ʜʦʩʣʽʜʞʝʥʥʷ ʟʙʽʞʥʦʩʪʽ ʥʝʚʣʘʩʥʠʭ ʽʥʪʝʛʨʘʣʽʚ ʯʘʩʪʦ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴ 

ʬʦʨʤʫʣʫ ʅʴʶʪʦʥʘ-ʃʝʡʙʥʽʮʘ, ʘ ʩʘʤʝ: 

.)()()()()(lim)(lim)(lim)(
¤+

¤¤

¤+

¤
=-+¤=-===ñ ñ a

b

b

a
b

a

b

a
b

xFaFFaFbFxFdxxfdxxf

 

ʇʨʠʢʣʘʜ 18. (ɿʘʜʘʯʘ 4.4) ʆʙʯʠʩʣʠʪʠ ʥʝʚʣʘʩʥʠʡ ʽʥʪʝʛʨʘʣ ñ
-

¤-

1

2x

dx
. 

ʈʦʟʚôʷʟʘʥʥʷ:  

1
1

1lim
1

limlim

11 1

22
=ö
÷

õ
æ
ç

å
+=ö

÷

õ
æ
ç

å
-==

-¤

-
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-¤
ñ ñ

axx
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x
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a

a
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ʇʨʠʢʣʘʜ 19. (ɿʘʜʘʯʘ 4.4) ʆʙʯʠʩʣʠʪʠ ʽʥʪʝʛʨʘʣ ñ
-

2

0
2 x

dx
. 

ʈʦʟʚôʷʟʘʥʥʷ:  

2[
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2
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==
-
ñ x

x

dx
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ɿʘʜʘʯʽ ʢʦʥʪʨʦʣʴʥʦʾ ʨʦʙʦʪʠ ˉ 4 

 

ɿʘʜʘʯʘ 4.1. ɿʥʘʡʪʠ ʥʝʚʠʟʥʘʯʝʥʽ ʽʥʪʝʛʨʘʣʠ. ɺ ʧʧ. ʘ), ʙ) ʨʝʟʫʣʴʪʘʪʠ ʧʝʨʝʚʽʨʠʪʠ 

ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷʤ. 

1. 

ʘ) ñ xdxe x 2sin
2sin ; ʙ) ñ

-
dx

x

x 2ln
; ʚ) dxex x

ñ
-- 3)34( ; 

ʛ) ñ
++

+
dx

xx

x

136

92
2

; ʜ) ñ + xx

dx

tgsin
.  

2. 

ʘ) ñ
+ 62 )4(x

xdx
; ʙ) ñ

-

+
dx

x

x

21

4arccos
; ʚ) dxxñ + )4ln( 2 ; 

ʛ) ñ
+- 522 xx

dx
; ʜ) ñ - dxxx 22 4 .  

3. 

ʘ) ñ
- 8

3

1 x

dxx
; ʙ) ñ dx

x

x
2

3

sin

ctg
; 

ʚ) dxxñ -16arctg ; 

ʛ) ñ
++

+
dx

xx

x

102

9
2

; ʜ) ñ+
-

dx
x

x

cos2

sin2
. 

 

4. 

ʘ) ñ
+)1tg3(cos

2
xx

dx
; ʙ) ñ

+

-
dx

x

x

9

13
2

; ʚ) dxex-
x

ñ
3

)25( ; 

ʛ) ñ
++

-
dx

xx

x

134

118

2
; 

ʜ) ñ
-

dx
x

x
4

2
4

. 

 

5. 

ʘ) ñ+
dx

x

x

3sin4

3cos
; ʙ) ñ

-

+
dx

x

x

2

2

1

1)(arcsin
; 

ʚ) dxxñ +)14ln(
2

; 

ʛ) dx

xx

x
ñ

+-

-

204

43

2
; ʜ)ñ

+- xx

dx
22

sin5cos34
. 

 

6. 

ʘ) ñ dx

x

x

3 2
cos

sin
; ʙ) ñ

-

dx
x

x

41

2
; ʚ) dxxñ -13arctg ; 

ʛ) dx

xx

x
ñ

++

+

102

52

2
; ʜ) ñ

-9
22

xx

dx
.  
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7. 

ʘ) ñ
+

+
dx

x

xx
2

1

)arctg(
; ʙ) ñ xdx

5
sin ; ʚ) dxex

x

ñ-
2

)61( ; 

ʛ) ñ
+-

-

294

)13(
2

xx

dxx
; ʜ) ñ +- xx

dx

cos3sin45
.  

8. 

ʘ) ñ xdx
5

cos ; ʙ) ñ
+-

-

83

)32(
2

xx

dxx
; ʚ) dxxñ -15arctg ; 

ʛ) ñ
++ 294

2
xx

xdx
; ʜ) dx

x

x
ñ
+

2

2

4

1
.  

9. 

ʘ) ñ
+3 cos23

sin

x

xdx
; ʙ) ñ + dxx )12(ctg ; ʚ) dxxe

x
)34(

2
-

-

ñ ; 

ʛ) ñ
++

+
dx

xx

x

178

274
2

; ʜ) ñ- x

dx

cos35
.  

10. 

ʘ) dx
x

x
ñ
+3 ln4

; ʙ) ñ
-

dx
x

tgx
2cos

1
; ʚ) ñ -dxx 12arctg ; 

ʛ) ñ
++ 1782 xx

xdx
; ʜ) ñ

-
dx

x

x
6

32)9(
.  

 

ɿʘʜʘʯʘ 4.2. ɿʥʘʡʪʠ ʥʝʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ. 

1. ʘ) ñ
-- )376( 2 xxx

dx
;   ʙ) ñ

++ ))(1( 22 xxx

dx
; ʚ) ñ +

-
dx

x

x

74

35
. 

2. ʘ) ñ
-- 232 2 xx

xdx
;   ʙ) ñ

+)1( 2xx

dx
;  ʚ) ñ -

+
dx

x

x

2

2
. 

3. ʘ) ñ -+-

-+
dx

xxx

xx

)4)(3)(1(

91412 2

;  ʙ) ñ
-13x

xdx
;    ʚ) ñ -

+
Ö

-

+
dx

x

x

x

x

3

3

3

3
. 

4. ʘ) ñ
-

-+
dx

xx

xx

4

8
3

45

;   ʙ) ñ
- 4

2

1 x

dxx
;   ʚ) ñ -

-
dx

x

x

6

2
. 

5. ʘ) ñ
+- )2)(1( 2

4

xx

dxx
;   ʙ) ñ

+ )2( 2xx

dx
;  ʚ) ñ -

-
dx

x

x
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23
. 

6. ʘ) ñ --+

+-
dx

xxx

xx

)3)(2)(1(

42

;  ʙ) ñ
-

+
dx

x

x

1

1
4

4

;  ʚ) ñ -

-
dx

x

x

12

4
. 

7. ʘ) ñ
-

+
dx

xx

x

4

2
3

3

;   ʙ) ñ
++ )1()1( 22 xx

dx
; ʚ) ñ -

-
dx

x

x

14

6
. 
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8. ʘ) ñ
-

++
dx

xx

xx
2

2

)1(

44
;   ʙ) ñ

++ ))(1( 22 xxx

xdx
: ʚ) ñ -

-
dx

x

x

212

29
. 

9. ʘ) ñ ++ )12)(1( xx

xdx
;   ʙ) ñ

+ 31 x

dx
;   ʚ) ñ -

-
dx

x

x

18

6
. 

10. ʘ) ñ
-

-
dx

xx

x
3

3

4

1
;   ʙ) ñ

++ )4)(1( 22 xx

dx
 ʚ) ñ -

-
dx

x

x
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43
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ɿʘʜʘʯʘ 4.3. ʆʙʯʠʩʣʠʪʠ ʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ. 

1. ʘ) ñ
+

+
p
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2

2 sin2

cos
dx

xx
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; ʙ) ñ

-

9

4
1x

dxx
; ʚ) ñ

-
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0

2

2 2cos)65( xdxxx . 
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e

xx
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1
2)(ln1
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8

3
1 x

xdx
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2 3sin)12( xdxxx . 
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-
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3
3 2

3 2
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x
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2 2cos)742( xdxxx . 
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xx
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ʙ) ñ
+
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3
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2

1

1
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x

xx
; ʚ) ñ +-

p

0

2 sin)23( xdxxx . 

5. ʘ) ñ
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1

0
24 1xx

xdx
; ʙ) ñ

++

+
4

0
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dx

x

x
; ʚ)ñ ++

p

0

2 4cos)17168( xdxxx . 
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-
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0
3)cos3sin2(
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++

-
5

0
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x

x
; ʚ) ñ -

3

0

2 3sin)3( xdxxx . 

7. ʘ) ñ
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-
3

0
2

4

1
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x

x
; ʙ) ñ

++

-
7

3
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x
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-
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0

4

2 cos)127( xdxxx . 

8. ʘ) ñ
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0
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2
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ʚ) ñ +-

2

0
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xdxxx . 

9. ʘ) ñ
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-
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0
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0
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1
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p

xdxx . 



62 

ɿʘʜʘʯʘ 4.4. ʆʙʯʠʩʣʠʪʠ ʥʝʚʣʘʩʥʠʡ ʽʥʪʝʛʨʘʣ. 
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2

dxxe
x
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¤- +

3

22
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xdx
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- ++1
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1 x

xdx
; 5. ñ

-

2

1

2
)1(x

dx
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ln xx
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3 2
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; 

10. ñ
¤

e xx
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ɿʘʜʘʯʘ 4.5. 

1. ʆʙʯʠʩʣʠʪʠ ʧʣʦʱʫ ʬʽʛʫʨʠ, ʦʙʤʝʞʝʥʦʾ ʧʘʨʘʙʦʣʦʶ 13
2
+= xy  ʽ ʧʨʷʤʦʶ 

73 += xy . 

2. ʆʙʯʠʩʣʠʪʠ ʧʣʦʱʫ ʬʽʛʫʨʠ, ʦʙʤʝʞʝʥʦʾ ʦʜʥʽʻʶ ʘʨʢʦʶ ʮʠʢʣʦʾʜʠ 

í
ì
ë

-=

-=

);cos1(

),sin(

tay

ttax
 )20( p¢¢t  ʪʘ ʚʽʩʩʶ Ox. 

3. ʆʙʯʠʩʣʠʪʠ ʧʣʦʱʫ ʬʽʛʫʨʠ, ʦʙʤʝʞʝʥʦʾ ʢʘʨʜʽʦʾʜʦʶ )cos1(3 jr += . 

4. ʆʙʯʠʩʣʠʪʠ ʧʣʦʱʫ ʬʽʛʫʨʠ, ʦʙʤʝʞʝʥʦʾ ʯʦʪʠʨʴʦʭ ʧʝʣʶʩʪʢʦʚʦʶ ʨʦʟʦʶ 
jr 2sin4= . 

5. ʆʙʯʠʩʣʠʪʠ ʦʙôʻʤ ʪʽʣʘ, ʫʪʚʦʨʝʥʦʛʦ ʦʙʝʨʪʘʥʥʷʤ ʥʘʚʢʦʣʦ ʚʽʩʽ Ox ʬʽʛʫʨʠ, 

ʦʙʤʝʞʝʥʦʾ ʧʘʨʘʙʦʣʘʤʠ 
2

xy=  ʽ xy= . 

6. ʆʙʯʠʩʣʠʪʠ ʦʙôʻʤ ʪʽʣʘ, ʫʪʚʦʨʝʥʦʛʦ ʦʙʝʨʪʘʥʥʷʤ ʥʘʚʢʦʣʦ ʚʽʩʽ Ox ʬʽʛʫʨʠ, 

ʦʙʤʝʞʝʥʦʾ ʥʘʧʽʚʝʣʽʧʩʦʤ 
2

13 xy -= , ʧʘʨʘʙʦʣʦʶ yx -= 1  ʪʘ ʚʽʩʩʶ Oy. 

7. ʆʙʯʠʩʣʠʪʠ ʦʙôʻʤ ʪʽʣʘ, ʫʪʚʦʨʝʥʦʛʦ ʦʙʝʨʪʘʥʥʷʤ ʥʘʚʢʦʣʦ ʚʽʩʽ Oy ʬʽʛʫʨʠ, 

ʦʙʤʝʞʝʥʦʾ ʢʨʠʚʠʤʠ 
2

1

2

x
y

+
=  ʽ 

2
xy= . 

8. ʆʙʯʠʩʣʠʪʠ ʜʦʚʞʠʥʫ ʜʫʛʠ ʥʘʧʽʚʢʫʙʽʯʥʦʾ ʧʘʨʘʙʦʣʠ 
3

)2( -= xy  ʚʽʜ ʪʦʯʢʠ 

)0;2(A  ʜʦ ʪʦʯʢʠ )8;6(B . 

9. ʆʙʯʠʩʣʠʪʠ ʜʦʚʞʠʥʫ ʦʜʥʽʻʾ ʘʨʢʠ ʮʠʢʣʦʾʜʠ 
í
ì
ë

-=

-=

);cos1(3

),sin(3

ty

ttx
 )20( p¢¢t . 

10. ʆʙʯʠʩʣʠʪʠ ʜʦʚʞʠʥʫ ʢʘʨʜʽʦʾʜʠ )cos1(3 jr -= . 
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Ä5. ɼʀʌɽʈɽʅʎɯɸʃʔʅɽ ʏʀʉʃɽʅʅʗ ʌʋʅʂʎɯɰ ɹɸɻɸʊʔʆʍ ɿʄɯʅʅʀʍ 

 

ʃʽʪʝʨʘʪʫʨʘ  [5] ï ʩ. 499-574, [6] ï ʩ. 341-407, [7] ï ʩ. 284-329. 

ʗʢʱʦ ʢʦʞʥʽʡ ʪʦʯʮʽ),...,,( 21 nxxxP  ʤʥʦʞʠʥʠ D  n -ʚʠʤʽʨʥʦʛʦ ʧʨʦʩʪʦʨʫ 

nR  ʟʘ ʜʝʷʢʠʤ ʟʘʢʦʥʦʤ  ʧʦʩʪʘʚʣʝʥʦ ʫ ʚʽʜʧʦʚʽʜʥʽʩʪʴ ʦʜʥʝ ʽ ʪʽʣʴʢʠ ʦʜʥʝ ʜʽʡʩʥʝ 

ʯʠʩʣʦ REz ËÍ , ʪʦ ʛʦʚʦʨʷʪʴ, ʱʦ ʚ ʦʙʣʘʩʪʽ nRDË ʟʘʜʘʥʦ ʬʫʥʢʮʽʶ n  

ʥʝʟʘʣʝʞʥʠʭ ʟʤʽʥʥʠʭ 

),...,,( 21 nxxxfz= , 

ʜʝ D  ï ʦʙʣʘʩʪʴ ʚʠʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ, E  ï ʦʙʣʘʩʪʴ ʟʥʘʯʝʥʴ ʬʫʥʢʮʽʾ. 

ɿʦʢʨʝʤʘ, ʢʦʣʠ 2=n , ʤʘʻʤʦ ʬʫʥʢʮʽʶ ʜʚʦʭ ʟʤʽʥʥʠʭ ),( yxfz= , ʷʢʱʦ 

ʢʦʞʥʽʡ ʧʘʨʽ Dyx Í),(  ʥʘ ʧʣʦʱʠʥʽ ʧʦʩʪʘʚʣʝʥʦ ʫ ʚʽʜʧʦʚʽʜʥʽʩʪʴ ʦʜʥʝ ʽ ʪʽʣʴʢʠ 

ʦʜʥʝ ʯʠʩʣʦ z. 

ʇʦʟʥʘʯʠʤʦ ʯʘʩʪʠʥʥʽ ʧʨʠʨʦʩʪʠ ʬʫʥʢʮʽʾ z:  

),(),( yxfyxxfzx -D+=D , ),(),( yxfyyxfzy -D+=D . 

ʗʢʱʦ ʽʩʥʫʶʪʴ ʩʢʽʥʯʝʥʥʽ ʛʨʘʥʠʮʽ 

,lim;lim
00 y

z

x

z y

y

x

x D

D

D

D

DD
 

ʪʦ ʾʭ ʥʘʟʠʚʘʶʪʴ ʯʘʩʪʠʥʥʠʤʠ ʧʦʭʽʜʥʠʤʠ ʬʫʥʢʮʽʾ ),( yxfz=  ʫ ʪʦʯʮʽ ),( yx  

ʚʽʜʧʦʚʽʜʥʦ ʟʘ ʟʤʽʥʥʠʤʠ x  ʪʘ y . 
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ʬʦʨʤʫʣʘʤʠ ʽ ʧʨʘʚʠʣʘʤʠ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ ʬʫʥʢʮʽʾ ʦʜʥʽʻʾ ʟʤʽʥʥʦʾ, ʚʚʘʞʘʶʯʠ 

ʚʩʽ ʟʤʽʥʥʽ, ʢʨʽʤ x  )(y , ʩʪʘʣʠʤʠ. 

 

ʇʨʠʢʣʘʜ 1. ɿʥʘʡʪʠ ʯʘʩʪʠʥʥʽ ʧʦʭʽʜʥʽ ʬʫʥʢʮʽʾ 

).2ln( 23 yxyxz +++=  

ʈʦʟʚôʷʟʘʥʥʷ. 

ʌʫʥʢʮʽʷ ʚʠʟʥʘʯʝʥʘ ʚ ʦʙʣʘʩʪʽ xy 22 -> . ɺʚʘʞʘʶʯʠ, ʱʦ y  ʩʪʘʣʝ, 
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ʏʘʩʪʠʥʥʫ ʧʦʭʽʜʥʫ ʬʫʥʢʮʽʾ 
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 ʟʘ ʟʤʽʥʥʦʶ x  )(y  ʥʘʟʠʚʘʶʪʴ 

ʯʘʩʪʠʥʥʦʶ ʧʦʭʽʜʥʦʶ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ. 
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 ï ʯʘʩʪʠʥʥʘ ʧʦʭʽʜʥʘ ʟʘ ʟʤʽʥʥʦʶ y  ʚʽʜ 
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ʆʩʪʘʥʥʽ ʜʚʽ ʧʦʭʽʜʥʽ ʥʘʟʠʚʘʶʪʴ ʤʽʰʘʥʠʤʠ ʧʦʭʽʜʥʠʤʠ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ. 
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ʥʝʧʝʨʝʨʚʥʽ ʫ ʪʦʯʮʽ ),( yx  ʽ ʚ ʜʝʷʢʦʤʫ ʾʾ ʦʢʦʣʽ, ʪʦ ʚ ʮʽʡ ʪʦʯʮʽ 
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ʇʨʠʢʣʘʜ 2. (ɿʘʜʘʯʘ 5.1.) ɼʦʚʝʩʪʠ, ʱʦ 
yxy

z

yx

z

x

z

-
=

µ

µ
+

µµ

µ
+

µ

µ 2
2

2

22

2

2

, 

ʷʢʱʦ 
yx

xy
z

-
= . 

ʈʦʟʚôʷʟʘʥʥʷ. 

ʉʧʦʯʘʪʢʫ ʟʥʘʭʦʜʠʤʦ ʯʘʩʪʠʥʥʽ ʧʦʭʽʜʥʽ ʧʝʨʰʦʛʦ ʧʦʨʷʜʢʫ 

.
)()()(

)()(

2

2

22

''

yx

y

yx

xyx
y

yx

yxxyxx
y

yx

x
y

yx

xy

x

z xx

xx -
-=

-

--
=

-

¡---¡
=öö

÷

õ
ææ
ç

å

-
=öö

÷

õ
ææ
ç

å

-
=

µ

µ
 

.
)()()(

)()(

2

2

22

''

yx

x

yx

yyx
x

yx

yxyyxy
x

yx

y
x

yx

xy

y

z yy

yy -
=

-

+-
=

-

¡---¡
=öö

÷

õ
ææ
ç

å

-
=öö

÷

õ
ææ
ç

å

-
=

µ

µ
 

ɿʥʘʭʦʜʠʤʦ ʯʘʩʪʠʥʥʽ ʧʦʭʽʜʥʽ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ 

.
)(

2
))(2(

)(

1

)( 3

2
32

'

2

2

'

2

2

2

2

yx

y
yxy

yx
y

yx

y

x

z

xx
-

=---=
ö
ö

÷

õ

æ
æ

ç

å

-
-=

ö
ö

÷

õ

æ
æ

ç

å

-
-=

µ

µ -  



65 

.
)(

2
)1())(2(

)(

1

)( 3

2
32

'

2

2

'

2

2

2

2

yx

x
yxx

yx
x

yx

x

y

z

yy
-

=---=
ö
ö

÷

õ

æ
æ

ç

å

-
=

ö
ö

÷

õ

æ
æ

ç

å

-
=

µ

µ -  

.
)(

2

)(

)1()(2)(2

)( 34

22
'

2

22

yx

xy

yx

yxyyxy

yx

y

yx

z

y
-

-=
-

-Ö---
-=

ö
ö

÷

õ

æ
æ

ç

å

-
-=

µµ

µ
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ʆʜʝʨʞʘʣʠ ʚʠʨʘʟ, ʱʦ ʟʥʘʭʦʜʠʪʴʩʷ ʚ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʟʘʜʘʥʦʾ ʨʽʚʥʦʩʪʽ. 

ʊʘʢʠʤ ʯʠʥʦʤ ʨʽʚʥʽʩʪʴ ʜʦʚʝʜʝʥʘ. 

 

ʌʫʥʢʮʽʷ ),( yxfz=  ʥʘʟʠʚʘʻʪʴʩʷ ʜʠʬʝʨʝʥʮʽʡʦʚʥʦʶ ʚ ʪʦʯʮʽ ),( 00 yx , 

ʷʢʱʦ ʾʾ ʧʦʚʥʠʡ ʧʨʠʨʽʩʪ zD  ʤʦʞʥʘ ʧʦʜʘʪʠ ʫ ʚʠʛʣʷʜʽ 
,yxyBxAz D+D+D+D=D ba  

ʜʝ ,A  RBÍ ; ba,  ï ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʽ ʧʨʠ .0, DD yx  

ʇʦʚʥʠʤ ʜʠʬʝʨʝʥʮʽʘʣʦʤ ʧʝʨʰʦʛʦ ʧʦʨʷʜʢʫ  dz ʬʫʥʢʮʽʾ ),( yxfz=  ʚ ʪʦʯʮʽ 

),( 00 yx  ʥʘʟʠʚʘʻʪʴʩʷ ʛʦʣʦʚʥʘ ʣʽʥʽʡʥʘ ʚʽʜʥʦʩʥʦ xD  ʪʘ yD  ʯʘʩʪʠʥʘ ʧʦʚʥʦʛʦ 

ʧʨʠʨʦʩʪʫ ʬʫʥʢʮʽʾ: 
.yBxAdz D+D=  

ʊʘʢ ʷʢ x  ʪʘ y  ï ʥʝʟʘʣʝʞʥʽ ʟʤʽʥʥʽ, ʪʦ dxx=D , dyy=D . 

ʊʝʦʨʝʤʘ. ʗʢʱʦ ʬʫʥʢʮʽʷ ),( yxfz=  ʜʠʬʝʨʝʥʮʽʡʦʚʥʘ ʚ ʪʦʯʮʽ ),( 00 yx  ʽ 

yBxAdz D+D= , ʪʦ ʚ ʪʦʯʮʽ ),( 00 yx  ʽʩʥʫʶʪʴ ʯʘʩʪʠʥʥʽ ʧʦʭʽʜʥʽ, ʧʨʠʯʦʤʫ 
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ʇʨʠ ʜʦʩʠʪʴ ʤʘʣʠʭ xD  ʪʘ yD  ʜʣʷ ʜʠʬʝʨʝʥʮʽʡʦʚʥʦʾ ʬʫʥʢʮʽʾ z ʚ ʪʦʯʮʽ 

),( 00 yx  ʤʘʻ ʤʽʩʮʝ ʥʘʙʣʠʞʝʥʘ ʬʦʨʤʫʣʘ  ),(),( 0000 yxdfyxf ºD , ʟʚʽʜʢʠ 
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ʗʢʱʦ ),( yxfz=  ï ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ, ),( yxfzº  ï ʥʘʙʣʠʞʝʥʝ ʟʥʘʯʝʥʥʷ 

ʬʫʥʢʮʽʾ, ʪʦ ʯʠʩʣʦ || zz-  ʥʘʟʠʚʘʶʪʴ ʘʙʩʦʣʶʪʥʦʶ ʧʦʭʠʙʢʦʶ ʥʘʙʣʠʞʝʥʥʷ, ʘ 

ʯʠʩʣʦ 
z

zz-
 ï ʚʽʜʥʦʩʥʦʶ ʧʦʭʠʙʢʦʶ. 

ʄʘʢʩʠʤʘʣʴʥʘ ʘʙʩʦʣʶʪʥʘ ʧʦʭʠʙʢʘ || * zD  ʦʙʯʠʩʣʝʥʥʷ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ z: 

|,||||| *** y
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f
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f
z D

µ

µ
+D

µ

µ
=D  

ʜʝ || * xD , || * yD ï ʤʘʢʩʠʤʘʣʴʥʘ ʘʙʩʦʣʶʪʥʘ ʧʦʭʠʙʢʘ ʚʽʜʧʦʚʽʜʥʦ ʟʤʽʥʥʠʭ x  ʪʘ y . 

ʄʘʢʩʠʤʘʣʴʥʘ ʚʽʜʥʦʩʥʘ ʧʦʭʠʙʢʘ || * zd  ʦʙʯʠʩʣʝʥʥʷ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ z: 

|,||)|(ln|||)|(ln|| *** yf
y

xf
x

z D
µ

µ
+D

µ

µ
=d  

ʘʙʦ 

,||ln|| ** fz D=d  

ʪʦʙʪʦ ʤʘʢʩʠʤʘʣʴʥʘ ʚʽʜʥʦʩʥʘ ʧʦʭʠʙʢʘ ʬʫʥʢʮʽʾ ʜʦʨʽʚʥʶʻ ʤʘʢʩʠʤʘʣʴʥʽʡ 

ʘʙʩʦʣʶʪʥʽʡ ʧʦʭʠʙʮʽ ʾʾ ʣʦʛʘʨʠʬʤʘ. 

ʈʽʚʥʷʥʥʷ ʜʦʪʠʯʥʦʾ ʧʣʦʱʠʥʠ ʜʦ ʧʦʚʝʨʭʥʽ ),( yxfz=  ʚ ʪʦʯʮʽ ),,( 000 zyx , 

ʜʝ ),( 000 yxfz = , ʤʘʻ ʚʠʛʣʷʜ 

).)(,())(,( 0000000 yyyxfxxyxfzz yx -¡+-¡=-  

 

ʇʨʠʢʣʘʜ 3 . (ɿʘʜʘʯʘ 5.2.) ɿʘʜʘʥʘ ʬʫʥʢʮʽʷ yxyxz 32 2 +-=  ʽ ʪʦʯʢʠ 

),1;2(A  )02,1;97,1(B . 

1) ʆʙʯʠʩʣʠʪʠ ʟʥʘʯʝʥʥʷ );;()( 111 yxfBfz ==  

2) ʆʙʯʠʩʣʠʪʠ ʥʘʙʣʠʞʝʥʝ ʟʥʘʯʝʥʥʷ 1z  ʟʘ ʜʦʧʦʤʦʛʦʶ ʧʦʚʥʦʛʦ 

ʜʠʬʝʨʝʥʮʽʘʣʘ; 

3) ɿʥʘʡʪʠ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ (ʫ ʚʽʜʩʦʪʢʘʭ) ʧʨʠ ʟʘʤʽʥʽ ʧʨʠʨʦʩʪʫ zD  

ʜʠʬʝʨʝʥʮʽʘʣʦʤ; 

4) ʅʘʧʠʩʘʪʠ ʨʽʚʥʷʥʥʷ ʜʦʪʠʯʥʦʾ ʧʣʦʱʠʥʠ ʜʦ ʧʦʚʝʨʭʥʽ ),( yxfz=  ʚ 

ʪʦʯʮʽ )).1;2(;1;2( fC  

ʈʦʟʚôʷʟʘʥʥʷ. 

1) ʆʙʯʠʩʣʠʤʦ ʟʥʘʯʝʥʥʷ ).02,1;97,1()(1 fBfz ==  

.8124,802,1302,197,1)97,1(2 2
1 =Ö+Ö-Ö=z  

2) ʆʙʯʠʩʣʠʤʦ ʥʘʙʣʠʞʝʥʝ ʟʥʘʯʝʥʥʷ 1z  ʟʘ ʜʦʧʦʤʦʛʦʶ ʧʦʚʥʦʛʦ 

ʜʠʬʝʨʝʥʮʽʘʣʘ.  

ʅʝʭʘʡ ,20=x  ,10=y  ,03,0297,1 -=-=Dx  .02,0102,1 =-=Dy  
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.9131222)1;2( 2 =Ö+Ö-Ö=f  

ʇʽʜʩʪʘʚʠʤʦ ʟʥʘʡʜʝʥʽ ʟʥʘʯʝʥʥʷ ʫ ʬʦʨʤʫʣʫ (1): 

.81,802,01)03,0(7911 =Ö+-Ö+=ºzz  

3) ɿʥʘʡʜʝʤʦ ʚʽʜʥʦʩʥʫ ʧʦʭʠʙʢʫ ʧʨʠ ʟʘʤʽʥʽ ʧʨʠʨʦʩʪʫ zD  ʜʠʬʝʨʝʥʮʽʘʣʦʤ 

dz. 

0,027%.100%0,00027||
1

11 =Ö=
-

=
z

zz
zd  

4) ɿʥʘʡʜʝʤʦ ʨʽʚʥʷʥʥʷ ʜʦʪʠʯʥʦʾ ʧʣʦʱʠʥʠ ʜʦ ʧʦʚʝʨʭʥʽ yxyxz 32 2 +-=  

ʚ ʪʦʯʮʽ ).9;1;2())1;2(;1;2( CfC =  ɿʘ ʧʦʧʝʨʝʜʥʽʤʠ ʦʙʯʠʩʣʝʥʥʷʤʠ ;7)1;2( =¡xf  

.1)1;2( =¡yf  ʊʦʜʽ ʨʽʚʥʷʥʥʷ ʜʦʪʠʯʥʦʾ ʧʣʦʱʠʥʠ ʤʘʻ ʚʠʛʣʷʜ 

.067)1(1)2(79 =--+Ý-Ö+-Ö=- zyxyxz  
 

ʅʝʭʘʡ ʬʫʥʢʮʽʷ ),,( zyxfu=  ʚʠʟʥʘʯʝʥʘ ʚ ʜʝʷʢʦʤʫ ʦʢʦʣʽ ʪʦʯʢʠ 

);;( 0000 zyxM , l  ï ʚʝʢʪʦʨ ʟ ʧʦʯʘʪʢʦʤ ʫ ʪʦʯʮʽ );;( 0000 zyxM , );;( zyxM  ï 

ʪʦʯʢʘ ʦʢʦʣʫ, ʱʦ ʣʝʞʠʪʴ ʥʘ ʚʝʢʪʦʨʽ l ; lD ï ʜʦʚʞʠʥʘ ʚʽʜʨʽʟʢʘ .0MM  ʗʢʱʦ 

ʽʩʥʫʻ 

,
);;();;(
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zyxfzyxf

l D
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D
 

ʪʦ ʮʷ ʛʨʘʥʠʮʷ ʥʘʟʠʚʘʻʪʴʩʷ ʧʦʭʽʜʥʦʶ ʬʫʥʢʮʽʾ ),,( zyxfu=  ʟʘ ʥʘʧʨʷʤʦʤ 

ʚʝʢʪʦʨʘ l  ʫ ʪʦʯʮʽ );;( 0000 zyxM , ʪʦʙʪʦ 

.
);;();;(
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ʇʦʭʽʜʥʘ ʟʘ ʥʘʧʨʷʤʦʤ 
l
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µ

µ
 ʭʘʨʘʢʪʝʨʠʟʫʻ ʰʚʠʜʢʽʩʪʴ ʟʤʽʥʠ ʬʫʥʢʮʽʾ 

),,( zyxfu=  ʫ ʪʦʯʮʽ );;( 0000 zyxM  ʟʘ ʥʘʧʨʷʤʦʤ l . 

ʗʢʱʦ ʬʫʥʢʮʽʷ ),,( zyxfu=  ʤʘʻ ʚ ʪʦʯʮʽ );;( 0000 zyxM  ʥʝʧʝʨʝʨʚʥʽ 

ʯʘʩʪʠʥʥʽ ʧʦʭʽʜʥʽ, ʪʦ ʚ ʮʽʡ ʪʦʯʮʽ ʽʩʥʫʻ ʧʦʭʽʜʥʘ 
l

u

µ

µ
 ʟʘ ʙʫʜʴ-ʷʢʠʤ ʥʘʧʨʷʤʦʤ 

);;( cbal , ʧʨʠʯʦʤʫ 
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ʇʨʠʢʣʘʜ 4 . (ɿʘʜʘʯʘ 5.3.) ɿʥʘʡʪʠ ʧʦʭʽʜʥʫ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ),,( zyxu  ʚ 

ʪʦʯʮʽ M  ʟʘ ʥʘʧʨʷʤʦʤ ʪʦʾ ʥʦʨʤʘʣʽ ʜʦ ʧʦʚʝʨʭʥʽ s, ʷʢʘ ʫʪʚʦʨʶʻ ʛʦʩʪʨʠʡ ʢʫʪ ʟ 

ʜʦʜʘʪʥʽʤ ʥʘʧʨʷʤʢʦʤ ʦʩʽ Oz. yxzxu -+= )2ln( 2 , ,112: 222 =++ zyxs  

)3;4;1(M . 

ʈʦʟʚôʷʟʘʥʥʷ. 

ɿʥʘʡʜʝʤʦ ʥʦʨʤʘʣʴʥʠʡ ʚʝʢʪʦʨ ))();();(( MFMFMFn zyx ¡¡¡ . 

,112);;( 222 -++= zyxzyxF  ,4xFx=¡  ,2yFy=¡  ,2zFz=¡  

,414)( =Ö=¡MFx  ,842)( =Ö=¡MFy  .632)( =Ö=¡MFz  

ʆʪʞʝ ʥʦʨʤʘʣʴʥʠʡ ʚʝʢʪʦʨ ʜʦ ʧʦʚʝʨʭʥʽ s ʚ ʪʦʯʮʽ M  ʪʘʢʠʡ: ).6;8;4(n  

ʂʦʦʨʜʠʥʘʪʘ z ʚʝʢʪʦʨʘ n  ʜʦʜʘʪʥʘ (z=6), ʪʦʤʫ ʥʦʨʤʘʣʴ ʜʦ ʧʦʚʝʨʭʥʽ s ʫʪʚʦʨʶʻ 

ʛʦʩʪʨʠʡ ʢʫʪ ʟ ʜʦʜʘʪʥʽʤ ʥʘʧʨʷʤʦʤ ʦʩʽ .Oz  

ʉʢʦʨʠʩʪʘʻʤʦʩʴ ʬʦʨʤʫʣʦʶ (2) ʜʣʷ  ʦʙʯʠʩʣʝʥʥʷ ʧʦʭʽʜʥʦʾ ʟʘ ʥʘʧʨʷʤʦʤ. 

ɿʥʘʡʜʝʤʦ ʥʘʧʨʷʤʥʽ ʢʦʩʠʥʫʩʠ ʚʝʢʪʦʨʘ n : 
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ɺʝʢʪʦʨ, ʢʦʦʨʜʠʥʘʪʘʤʠ ʷʢʦʛʦ ʻ ʟʥʘʯʝʥʥʷ ʯʘʩʪʠʥʥʠʭ ʧʦʭʽʜʥʠʭ ʬʫʥʢʮʽʾ 

),,( zyxu  ʚ ʪʦʯʮʽ ),,( zyxM , ʥʘʟʠʚʘʶʪʴ ʛʨʘʜʽʻʥʪʦʤ ʬʫʥʢʮʽʾ ʚ ʮʽʡ ʪʦʯʮʽ ʽ 

ʧʦʟʥʘʯʘʶʪʴ ugrad : 

.grad k
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u
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µ
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µ

µ
+

µ

µ
=  

ɺʝʢʪʦʨ ʛʨʘʜʽʻʥʪʘ ʚʢʘʟʫʻ ʥʘʧʨʷʤʦʢ ʥʘʡʰʚʠʜʰʦʛʦ ʟʨʦʩʪʘʥʥʷ ʬʫʥʢʮʽʾ. 
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ʇʨʠʢʣʘʜ 5 .  (ɿʘʜʘʯʘ 5.4.) ɿʥʘʡʪʠ ʢʫʪ ʤʽʞ ʛʨʘʜʽʻʥʪʘʤʠ ʩʢʘʣʷʨʥʠʭ ʧʦʣʽʚ 

),,( zyxu  ʽ ),,( zyxv  ʚ ʪʦʯʮʽ M . ,2222 xyzzyxu -++=  ,3xyzv=  ).2;1;1( -M  

ʈʦʟʚôʷʟʘʥʥʷ. 

ɿʥʘʡʜʝʤʦ ʛʨʘʜʽʻʥʪʠ ʩʢʘʣʷʨʥʠʭ ʧʦʣʽʚ ʫ ʪʦʯʮʽ M : 
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ʗʢ ʚʽʜʦʤʦ ʢʫʪ ʤʽʞ ʚʝʢʪʦʨʘʤʠ );;( 321 aaaa  ʽ );;( 321 bbbb  ʟʥʘʭʦʜʠʪʴʩʷ ʟʘ 

ʬʦʨʤʫʣʦʶ: 
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ʋ ʜʘʥʦʤʫ ʚʠʧʘʜʢʫ: 

,366)6(6|)(grad| 222 =+-+=Mu   

.174)12(8)8(|)(grad| 222 =-++-=Mv  

ʊʘʢʠʤ ʯʠʥʦʤ, ʧʦʟʥʘʯʠʚʰʠ )grad,(grad vu
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ɺʽʜʦʤʦ, ʱʦ ʬʫʥʢʮʽʷ ),( yxfz=  ʟʘʜʘʥʘ ʽ ʥʝʧʝʨʝʨʚʥʘ ʚ ʟʘʤʢʥʝʥʽʡ ʪʘ 

ʦʙʤʝʞʝʥʽʡ ʦʙʣʘʩʪʽ D, ʜʦʩʷʛʘʻ ʚ ʮʽʡ ʦʙʣʘʩʪʽ ʥʘʡʙʽʣʴʰʦʛʦ z
Dyx Í),(

max  ʽ 

ʥʘʡʤʝʥʰʦʛʦ z
Dyx Í),(

min  ʟʥʘʯʝʥʴ. 

ɼʣʷ ʚʽʜʰʫʢʘʥʥʷ ʮʠʭ ʟʥʘʯʝʥʴ ʢʦʨʠʩʪʫʶʪʴʩʷ ʧʨʘʚʠʣʦʤ: 

1) ʟʥʘʡʪʠ ʩʪʘʮʽʦʥʘʨʥʽ ʪʦʯʢʠ ʚʩʝʨʝʜʠʥʽ ʟʘʜʘʥʦʾ ʦʙʣʘʩʪʽ ʽ ʦʙʯʠʩʣʠʪʠ 

ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ʚ ʮʠʭ ʪʦʯʢʘʭ; 

2) ʟʥʘʡʪʠ ʥʘʡʙʽʣʴʰʝ ʽ ʥʘʡʤʝʥʰʝ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ʥʘ ʤʝʞʽ ʦʙʣʘʩʪʽ; 

3) ʩʝʨʝʜ ʟʥʘʡʜʝʥʠʭ ʟʥʘʯʝʥʴ ʚʠʙʨʘʪʠ ʥʘʡʙʽʣʴʰʝ ʽ ʥʘʡʤʝʥʰʝ. 
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ʇʨʠʢʣʘʜ 6 . (ɿʘʜʘʯʘ 5.5.) ɿʥʘʡʪʠ ʥʘʡʙʽʣʴʰʝ ʽ ʥʘʡʤʝʥʰʝ ʟʥʘʯʝʥʥʷ 

ʬʫʥʢʮʽʾ ),( yxfz=  ʚ ʟʘʤʢʥʝʥʽʡ ʦʙʣʘʩʪʽ D, ʷʢʫ ʟʘʜʘʥʦ ʩʠʩʪʝʤʦʶ ʥʝʨʽʚʥʦʩʪʝʡ. 

ɿʨʦʙʠʪʠ ʩʭʝʤʘʪʠʯʥʠʡ ʨʠʩʫʥʦʢ ʦʙʣʘʩʪʽ. 

;22233 22 +--+= yxyxz  .1,0,0 ¢+²² yxyx  

ʈʦʟʚôʷʟʘʥʥʷ. 

1) ɿʨʦʙʠʤʦ ʨʠʩʫʥʦʢ ʦʙʣʘʩʪʽ D . 

ɹʫʜʫʻʤʦ ʣʽʥʽʾ, ʨʽʚʥʷʥʥʷ ʷʢʠʭ ʜʽʩʪʘʻʤʦ ʟʘʤʽʥʦʶ ʟʥʘʢʽʚ ʥʝʨʽʚʥʦʩʪʝʡ ʥʘ 

ʟʥʘʢʠ ʨʽʚʥʦʩʪʝʡ: 
.1,0,0 =+== yxyx  

ɺʠʟʥʘʯʘʻʤʦ ʯʘʩʪʠʥʫ ʧʣʦʱʠʥʠ, ʷʢʘ ʚʽʜʧʦʚʽʜʘʻ ʢʦʞʥʽʡ ʥʝʨʽʚʥʦʩʪʽ. 

ʘ) ɼʣʷ 0²x  ʙʝʨʝʤʦ ʪʦʯʢʫ, ʷʢʘ ʥʝ ʥʘʣʝʞʠʪʴ ʧʨʷʤʽʡ 0=x , ʥʘʧʨʠʢʣʘʜ, . 

ʇʽʜʩʪʘʚʣʷʻʤʦ ʾʾ ʢʦʦʨʜʠʥʘʪʠ ʚ ʥʝʨʽʚʥʽʩʪʴ , ʪʦʙʪʦ . ʊʘʢ ʷʢ 

ʥʝʨʽʚʥʽʩʪʴ ʚʽʨʥʘ, ʪʦ ʯʘʩʪʠʥʘ ʧʣʦʱʠʥʠ, ʷʢʽʡ ʥʘʣʝʞʠʪʴ ʪʦʯʢʘ , ʽ ʻ 

ʨʦʟʚôʷʟʢʦʤ ʥʝʨʽʚʥʦʩʪʽ. ɿʘʰʪʨʠʭʫʻʤʦ ʮʶ ʯʘʩʪʠʥʫ ʧʣʦʱʠʥʠ. 

ʙ) ɼʣʷ  ʙʝʨʝʤʦ ʪʦʯʢʫ . ʇʽʜʩʪʘʚʣʷʻʤʦ ʾʾ ʢʦʦʨʜʠʥʘʪʠ ʫ ʥʝʨʽʚʥʽʩʪʴ, 

ʪʦʙʪʦ . ʅʝʨʽʚʥʽʩʪʴ ʚʽʨʥʘ, ʟʥʘʯʠʪʴ ʟʘʰʪʨʠʭʦʚʫʻʤʦ ʧʽʚʧʣʦʱʠʥʫ ʥʘʜ 

ʚʽʩʩʶ . 

ʚ) ɼʣʷ  ʙʝʨʝʤʦ ʪʦʯʢʫ . ʇʽʜʩʪʘʚʣʷʻʤʦ ʾʾ ʢʦʦʨʜʠʥʘʪʠ ʫ ʥʝʨʽʚʥʽʩʪʴ, 

ʦʜʝʨʞʫʻʤʦ . ʅʝʨʽʚʥʽʩʪʴ ʚʽʨʥʘ, ʟʥʘʯʠʪʴ ʟʘʰʪʨʠʭʦʚʫʻʤʦ 

ʧʽʚʧʣʦʱʠʥʫ ʧʽʜ ʧʨʷʤʦʶ . 

ɺʠʟʥʘʯʘʻʤʦ ʯʘʩʪʠʥʫ 

ʧʣʦʱʠʥʠ, ʜʝ ʦʜʥʦʯʘʩʥʦ 

ʧʝʨʝʪʠʥʘʶʪʴʩʷ ʚʩʽ 

ʟʘʰʪʨʠʭʦʚʘʥʽ ʧʽʚʧʣʦʱʠʥʠ, 

ʮʝ ʡ ʙʫʜʝ ʰʫʢʘʥʘ ʦʙʣʘʩʪʴ 

D . 

ɿʥʘʡʜʝʤʦ ʩʪʘʮʽʦʥʘʨʥʽ 

ʪʦʯʢʠ ʬʫʥʢʮʽʾ , ʷʢʽ 

ʤʽʩʪʷʪʴʩʷ ʚʩʝʨʝʜʠʥʽ ʟʘʜʘʥʦʾ 

ʦʙʣʘʩʪʽ. 

 

ʇʨʠʨʽʚʥʷʻʤʦ ʯʘʩʪʠʥʥʽ ʧʦʭʽʜʥʽ ʜʦ ʥʫʣʷ ʽ ʨʦʟʚôʷʞʝʤʦ ʩʠʩʪʝʤʫ, ʱʦ 

ʫʪʚʦʨʠʣʘʩʷ: 

 

ʄʘʻʤʦ ʩʪʘʮʽʦʥʘʨʥʫ ʪʦʯʢʫ , ʷʢʘ ʻ ʚʥʫʪʨʽʰʥʴʦʶ ʪʦʯʢʦʶ ʦʙʣʘʩʪʽ 

. ɿʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ʚ ʮʽʡ ʪʦʯʮʽ  

 

 


