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ʋɼʂ  

ɹɹʂ  

 ʅ 

 

ʋʢʣʘʜʘʯʽ: ɼʽʜʢʦʚʩʴʢʠʡ ʈʫʩʣʘʥ ʄʠʭʘʡʣʦʚʠʯ, ʜ.ʪ.ʥ., ʜʦʮʝʥʪ, 

ʆʣʝʢʩʽʻʥʢʦ ʅʘʪʘʣʽʷ ɺʦʣʦʜʠʤʠʨʽʚʥʘ, ʢ.ʪ.ʥ., ʜʦʮʝʥʪ, 

ʂʦʥʜʨʘʪʴʻʚʘ ʆʢʩʘʥʘ ʄʘʨʢʽʚʥʘ, ʢ.ʧʝʜ.ʥ, ʜʦʮʝʥʪ. 

  

 

ʈʝʮʝʥʟʝʥʪ: ʂʦʚʪʫʥʝʥʢʦ ɺʽʢʪʦʨ ʉʪʝʧʘʥʦʚʠʯ, ʢ.ʬ.-ʤ.ʥ., ʜʦʮʝʥʪ. 

 

 

ʅ 

ʂʦʥʩʧʝʢʪ ʣʝʢʮʽʡ. ʂʨʠʚʦʣʽʥʽʡʥʽ, ʢʨʘʪʥʽ, ʧʦʚʝʨʭʥʝʚʽ ʽʥʪʝʛʨʘʣʠ. ʊʝʦʨʽʷ ʧʦʣʷ 

/ ʋʢʣ.: ʆʣʝʢʩʽʻʥʢʦ ʅ.ɺ., ɼʽʜʢʦʚʴʢʠʡ ʈ.ʄ., ʂʦʥʜʨʘʪʴʻʚʘ ʆ.ʄ.; ʄ-ʚʦ ʦʩʚʽʪʠ ʽ 

ʥʘʫʢʠ ʋʢʨʘʾʥʠ, ʏʝʨʢʘʩ. ʜʝʨʞ. ʪʝʭʥʦʣ. ʫʥ-ʪ. ï ʏʝʨʢʘʩʠ: ʏɼʊʋ, 2016. ï

66ʩ. 
 

ʂʦʥʩʧʝʢʪ ʣʝʢʮʽʡ ʦʭʦʧʣʶʻ ʤʘʪʝʨʽʘʣ ʧʨʦʛʨʘʤʠ ʪʨʝʪʴʦʛʦ ʩʝʤʝʩʪʨʫ ʜʠʩʮʠʧʣʽʥʠ çɺʠʱʘ 

ʤʘʪʝʤʘʪʠʢʘè ʜʣʷ ʩʪʫʜʝʥʪʽʚ ʪʝʭʥʽʯʥʠʭ ʩʧʝʮʽʘʣʴʥʦʩʪʝʡ ʚʩʽʭ ʬʦʨʤ ʥʘʚʯʘʥʥʷ. 
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ɺʉʊʋʇ 

ɼʘʥʠʡ "ʂʦʥʩʧʝʢʪ ʣʝʢʮʽʡ" ʚʽʜʧʦʚʽʜʘʻ ʧʨʦʛʨʘʤʽ ʜʠʩʮʠʧʣʽʥʠ "ɺʠʱʘ 

ʤʘʪʝʤʘʪʠʢʘ" ʜʣʷ ʩʪʫʜʝʥʪʽʚ ʽʥʞʝʥʝʨʥʦ-ʪʝʭʥʽʯʥʠʭ ʩʧʝʮʽʘʣʴʥʦʩʪʝʡ ʪʨʝʪʴʦʛʦ 

ʩʝʤʝʩʪʨʫ ʜʝʥʥʦʾ ʬʦʨʤʠ ʥʘʚʯʘʥʥʷ ʽ ʤʽʩʪʠʪʴ ʤʘʪʝʨʽʘʣ ʟ ʨʦʟʜʽʣʫ çʂʨʠʚʦʣʽʥʽʡʥʽ, 

ʢʨʘʪʥʽ, ʧʦʚʝʨʭʥʝʚʽ ʽʥʪʝʛʨʘʣʠ. ʊʝʦʨʽʷ ʧʦʣʷè. ʄʝʪʘ ʜʘʥʦʛʦ ʚʠʜʘʥʥʷ ï ʩʧʨʠʷʥʥʷ: 

ʟʘʩʚʦʻʥʥʶ ʩʪʫʜʝʥʪʘʤʠ ʟʥʘʥʴ ʟ ʚʽʜʧʦʚʽʜʥʠʭ ʨʦʟʜʽʣʽʚ ʤʘʪʝʤʘʪʠʯʥʦʛʦ ʘʥʘʣʽʟʫ; 

ʬʦʨʤʫʚʘʥʥʷ ʫ ʩʪʫʜʝʥʪʽʚ ʥʘʚʠʯʦʢ ʪʘ ʫʤʽʥʴ ʦʙʯʠʩʣʶʚʘʪʠ ʢʨʘʪʥʽ, ʢʨʠʚʦʣʽʥʽʡʥʽ 

ʪʘ ʧʦʚʝʨʭʥʝʚʽ ʽʥʪʝʛʨʘʣʠ, ʟʥʘʭʦʜʠʪʠ ʜʠʬʝʨʝʥʮʽʘʣʴʥʽ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ 

ʩʢʘʣʷʨʥʦʛʦ ʪʘ ʚʝʢʪʦʨʥʦʛʦ ʧʦʣʷ: ʜʠʚʝʨʛʝʥʮʽʶ, ʛʨʘʜʽʻʥʪ, ʨʦʪʦʨ ʪʘ 

ʟʘʩʪʦʩʦʚʫʚʘʪʠ ʾʭ ʫ ʧʨʠʢʣʘʜʥʠʭ ʟʘʜʘʯʘʭ ʬʽʟʠʢʠ, ʛʝʦʤʝʪʨʽʾ ʪʘ ʟʘʜʘʯʘʭ ʬʘʭʦʚʠʭ 

ʜʠʩʮʠʧʣʽʥ. ɼʣʷ ʢʨʘʱʦʛʦ ʟʘʩʚʦʻʥʥʷ ʪʝʦʨʝʪʠʯʥʠʭ ʧʦʣʦʞʝʥʴ ʫ ʢʦʥʩʧʝʢʪʽ 

ʥʘʚʝʜʝʥʦ ʧʨʠʢʣʘʜʠ ʨʦʟʚôʷʟʘʥʥʷ ʪʠʧʦʚʠʭ ʟʘʜʘʯ. 

ʂʦʥʩʧʝʢʪ ʤʦʞʝ ʙʫʪʠ ʢʦʨʠʩʥʠʤ ʜʣʷ ʩʪʫʜʝʥʪʽʚ ʫʩʽʭ ʽʥʞʝʥʝʨʥʦ-ʪʝʭʥʽʯʥʠʭ 

ʩʧʝʮʽʘʣʴʥʦʩʪʝʡ. 
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ʃʝʢʮʽʷ ˉ1. 

ʊʝʤʘ: ʂʨʠʚʦʣʽʥʽʡʥʽ ʽʥʪʝʛʨʘʣʠ ʧʝʨʰʦʛʦ ʨʦʜʫ (ʧʦ ʜʦʚʞʠʥʽ ʜʫʛʠ) 

 

ʇʣʘʥ ʣʝʢʮʽʾ: 

1. ɿʘʜʘʯʽ, ʷʢʽ ʧʨʠʚʦʜʷʪʴ ʜʦ ʧʦʥʷʪʪʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʫ ʧʝʨʰʦʛʦ 

ʨʦʜʫ. ʆʟʥʘʯʝʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʫ ʧʝʨʰʦʛʦ ʨʦʜʫ.  

2. ɿʚʝʜʝʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʧʝʨʰʦʛʦ ʨʦʜʫ ʜʦ ʚʠʟʥʘʯʝʥʦʛʦ 

ʽʥʪʝʛʨʘʣʘ. ɺʣʘʩʪʠʚʦʩʪʽ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʧʝʨʰʦʛʦ ʨʦʜʫ. 

3. ʆʙʯʠʩʣʝʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʧʝʨʰʦʛʦ ʨʦʜʫ. 

4. ɿʘʩʪʦʩʫʚʘʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʧʝʨʰʦʛʦ ʨʦʜʫ. 
 

1. ɿʘʜʘʯʽ, ʷʢʽ ʧʨʠʚʦʜʷʪʴ ʜʦ ʧʦʥʷʪʪʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʫ ʧʝʨʰʦʛʦ 

ʨʦʜʫ. ʆʟʥʘʯʝʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʫ ʧʝʨʰʦʛʦ ʨʦʜʫ.  
 

ʈʦʟʛʣʷʥʝʤʦ ʧʣʦʩʢʫ ʤʘʪʝʨʽʘʣʴʥʫ ʢʨʠʚʫ AB ʨʦʟʪʘʰʦʚʘʥʫ ʚ ʧʣʦʱʠʥʽ Oxy. 

ʇʨʠʧʫʩʪʠʤʦ, ʱʦ ʚʟʜʦʚʞ ʮʽʻʾ ʢʨʠʚʦʾ ʨʦʟʧʦʜʽʣʝʥʦ ʤʘʩʫ ʟ ʣʽʥʽʡʥʦʶ ʛʫʩʪʠʥʦʶ 

( )yx,r . ʅʝʦʙʭʽʜʥʦ ʚʠʟʥʘʯʠʪʠ ʤʘʩʫ ʢʨʠʚʦʾ AB. ʈʦʟʽʙôʻʤʦ ʢʨʠʚʫ AB ʪʦʯʢʘʤʠ 

BAAAAA nni == -,,...,, 10  ʥʘ n  ʜʦʚʽʣʴʥʠʭ ʯʘʩʪʠʥ (ʨʠʩ.1).  

 
ʅʝʭʘʡ imD  ï ʤʘʩʘ ʜʫʛʠ ii AA 1- , ʜʦʚʞʠʥʫ ʷʢʦʾ ʧʦʟʥʘʯʠʤʦ ilD . ʊʦʜʽ ʤʘʩʘ 

ʢʨʠʚʦʾ AB: ä
=

=
n

i
imm

1

D . ʆʙʯʠʩʣʠʤʦ ʥʘʙʣʠʞʝʥʝ ʟʥʘʯʝʥʥʷ ʤʘʩʠ ʜʫʛʠ ii AA 1- . 

ʅʝʭʘʡ ( )iiiM hx,  ʜʦʚʽʣʴʥʘ ʪʦʯʢʘ ʜʫʛʠ ii AA 1- . ɹʫʜʝʤʦ ʚʚʘʞʘʪʠ, ʱʦ ʛʫʩʪʠʥʘ ʚ 

ʢʦʞʥʽʡ ʪʦʯʮʽ ʜʫʛʠ ii AA 1-  ʪʘʢʘ ʞ, ʷʢ ʽ ʚ ʪʦʯʮʽ iM . ʊʦʜʽ ʦʪʨʠʤʘʻʤʦ: 

( ) ( ) iiiiii llMm DhxrDrD Ö=Öº , . ɿʚʽʜʩʠ ʥʘʙʣʠʞʝʥʝ ʟʥʘʯʝʥʥʷ ʤʘʩʠ ʢʨʠʚʦʾ AB 

ʜʦʨʽʚʥʶʻ: ( ) ( )ää
==

Ö=Öº
n

i
iii

n

i
ii llMm

11

, DhxrDr . ʊʦʯʥʠʤ ʟʥʘʯʝʥʥʷʤ ʤʘʩʠ ʢʨʠʚʦʾ 

AB ʙʫʜʝ ʛʨʘʥʠʮʷ ʜʘʥʦʾ ʩʫʤʠ ʟʘ ʫʤʦʚʠ, ʱʦ 0max ilD . ʆʪʞʝ, 

 ( ) ( )ää
==

Ö=Ö=
n

i
iii

l

n

i
ii

l
llMm

ii 10max10max
,limlim DhxrDr

DD
. (1) 

ɼʦ ʪʘʢʦʛʦ ʪʠʧʫ ʩʫʤ  ̔ʾʭ ʛʨʘʥʠʮʴ ʧʨʠʚʦʜʷʪʴ ʪʘʢʦʞ ʽʥʰʽ ʟʘʜʘʯʽ.  

A  

B  

x  

y  

0A  

1A  

1-iA  
iA  1-nA  

nA  
( )iiiM hx,  

O  
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ɸʙʩʪʨʘʛʫʶʯʠʩʴ ʚʽʜ ʬʽʟʠʯʥʦʛʦ ʟʤʽʩʪʫ ʢʦʥʢʨʝʪʥʦʾ ʟʘʜʘʯʽ ʜʘʤʦ ʦʟʥʘʯʝʥʥʷ 

ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʫ ʧʝʨʰʦʛʦ ʨʦʜʫ. 

ʆʟʥʘʯʝʥʥʷ. ʅʝʧʝʨʝʨʚʥʘ ʢʨʠʚʘ )(txx= , )(tyy=  ʥʘʟʠʚʘʻʪʴʩʷ ʛʣʘʜʢʦʶ ʥʘ 

ʚʽʜʨʟ̔ʢʫ ,ba ¢¢t  ʷʢʱʦ ʬʫʥʢʮʽʾ )(tx , )(ty  ʤʘʶʪʴ ʥʘ ʮʴʦʤʫ ʚʽʜʨʽʟʢʫ 

ʥʝʧʝʨʝʨʚʥʽ ʧʦʭʽʜʥʽ )(tx¡ , )(ty¡ , ʷʢʽ ʦʜʥʦʯʘʩʥʦ ʥʝ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ. 

ʗʢʱʦ ʥʝʧʝʨʝʨʚʥʘ ʢʨʠʚʘ ʩʢʣʘʜʘʻʪʴʩʷ ʽʟ ʩʢʽʥʯʝʥʦʛʦ ʯʠʩʣʘ ʛʣʘʜʢʠʭ 

ʢʨʠʚʠʭ, ʾʾ ʥʘʟʠʚʘʶʪʴ ʢʫʩʢʦʚʦ-ʛʣʘʜʢʦʶ.  

ʅʝʭʘʡ ʚ ʪʦʯʢʘʭ ʢʫʩʢʦʚʦ-ʛʣʘʜʢʦʾ ʢʨʠʚʦʾ AB ʚʠʟʥʘʯʝʥʘ ʥʝʧʝʨʝʨʚʥʘ 

ʬʫʥʢʮʽʷ ( )yxf , . ʉʢʣʘʜʝʥʘ ʜʣʷ ʥʝʾ ʩʫʤʘ  

 ( )ä
=

Ö
n

i
iii lf

1

, Dhx  (2) 

ʥʘʟʠʚʘʻʪʴʩʷ ʽʥʪʝʛʨʘʣʴʥʦʁ . ʇʦʟʥʘʯʠʤʦ ʥʘʡʙʽʣʴʰʫ ʟ ʜʦʚʞʠʥ ʦʢʨʝʤʠʭ ʜʫʛ 

ii AA 1-  ʯʝʨʝʟ i
ni

lDl
¢¢

=
1
max . 

ʆʟʥʘʯʝʥʥʷ. ʗʢʱʦ ʧʨʠ 0l  ʽʥʪʝʛʨʘʣʴʥʘ ʩʫʤʘ (2) ʤʘʻ ʩʢʽʥʯʝʥʥʫ 

ʛʨʘʥʠʮʶ, ʷʢʘ ʥʝ ʟʘʣʝʞʠʪʴ ʥʽ ʚʽʜ ʩʧʦʩʦʙʫ ʨʦʟʙʠʪʪʷ ʢʨʠʚʦʾ AB ʥʘ ʯʘʩʪʠʥʠ, ʥʽ 

ʚʽʜ ʚʠʙʦʨʫ ʚ ʥʠʭ ʪʦʯʦʢ iM , ʪʦ ʮʶ ʛʨʘʥʠʮʶ ʥʘʟʠʚʘʶʪʴ ʢʨʠʚʦʣʽʥʽʡʥʠʤ 

ʽʥʪʝʛʨʘʣʦʤ ʧʝʨʰʦʛʦ ʨʦʜʫ (ʘʙʦ ʢʨʠʚʦʣʽʥʽʡʥʠʤ ʽʥʪʝʛʨʘʣʦʤ ʧʦ ʜʦʚʞʠʥʽ ʜʫʛʠ) 

ʚʽʜ ʬʫʥʢʮʽʾ ),( yxf  ʧʦ ʢʨʠʚʽʡ AB ʽ ʧʦʟʥʘʯʘʶʪʴ 

( )äñ
=

Ö=
n

i
iii

l
AB

lfdlyxf
i 10max

,lim),( Dhx
D

.     (3) 

ʌʫʥʢʮʽʷ ),( yxf  ʥʘʟʠʚʘʻʪʴʩʷ ʽʥʪʝʛʨʦʚʥʦʶ ʧʦ ʢʨʠʚʽʡ AB, ʘ ʩʘʤʘ ʢʨʠʚʘ AB ï 

ʢʨʠʚʦʶ ʽʥʪʝʛʨʫʚʘʥʥʷ, A ï ʧʦʯʘʪʢʦʚʦʶ, B  ï ʢʽʥʮʝʚʦʶ ʪʦʯʢʘʤʠ ʽʥʪʝʛʨʫʚʘʥʥʷ. 

ʇʨʠʨʽʚʥʶʶʯʠ (1) ʽ (3) ʨʦʙʠʤʦ ʚʠʩʥʦʚʦʢ, ʱʦ ñ=
AB

dlyxm ),(r . ʆʪʞʝ, 

ʢ̫ʱʦ ʚʟʜʦʚʞ ʥʝʦʜʥʦʨʽʜʥʦʾ ʤʘʪʝʨʽʘʣʴʥʦʾ ʢʨʠʚʦʾ AB ʨʦʟʧʦʜʽʣʝʥʦ ʤʘʩʫ ʟ 

ʣʽʥʽʡʥʦʾ ʛʫʩʪʠʥʦʶ ),( yxr , ʪʦ ʤʘʩʘ ʮʽʻʾ ʢʨʠʚʦʾ ʨʽʚʥʘ ʢʨʠʚʦʣʽʥʽʡʥʦʤʫ ʽʥʪʝʛʨʘʣʫ 

ɯ-ʛʦ ʨʦʜʫ ʚʽʜ ʬʫʥʢʮʽʾ ʛʫʩʪʠʥʠ (ʬʽʟʠʯʥʠʡ ʟʤʽʩʪ ʢʨʠʚʦʣʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ 

ʧʝʨʰʦʛʦ ʨʦʜʫ). 

ʊʝʦʨʝʤʘ (ʜʦʩʪʘʪʥʷ ʫʤʦʚʘ ʽʥʪʝʛʨʦʚʥʦʩʪʽ ʬʫʥʢʮʽʾ). ʗʢʱʦ ʬʫʥʢʮʽʷ 

),( yxfz=  ʥʝʧʝʨʝʨʚʥʘ ʥʘ ʢʫʩʢʦʚʦ-ʛʣʘʜʢʽʡ ʢʨʠʚʽʡ L, ʪʦ ʚʦʥʘ ʽʥʪʝʛʨʦʚʥʘ ʧʦ 

ʮʽʡ ʢʨʠʚʽʡ. 

2. ɿʚʝʜʝʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʧʝʨʰʦʛʦ ʨʦʜʫ ʜʦ ʚʠʟʥʘʯʝʥʦʛʦ 

ʽʥʪʝʛʨʘʣʘ. 

ʅʘ ʢʨʠʚʽʡ AB ʧʨʠʡʤʝʤʦ ʟʘ ʧʘʨʘʤʝʪʨ ʜʦʚʞʠʥʫ ʜʫʛʠ l, ʷʢʘ 

ʚʽʜʨʘʭʦʚʫʻʪʴʩʷ ʚʽʜ ʪʦʯʢʠ A ʜʦ ʜʦʚʽʣʴʥʦʾ ʪʦʯʢʠ ʢʨʠʚʦʾ AB. ʇʨʠ ʮʴʦʤʫ 

( )yxf , , ʷʢʘ ʚʠʟʥʘʯʝʥʘ ʥʘ ʢʨʠʚʽʡ AB, ʧʝʨʝʪʚʦʨʠʪʴʩʷ ʫ ʩʢʣʘʜʝʥʫ ʬʫʥʢʮʽʶ 

ʧʘʨʘʤʝʪʨʘ l : ( ) ()()( ) Lllylxfyxf ¢¢= 0,,, , ʜʝ L  ï ʜʦʚʞʠʥʘ ʢʨʠʚʦʾ AB. 
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ʇʦʟʥʘʯʠʤʦ il  ï ʟʥʘʯʝʥʥʷ ʧʘʨʘʤʝʪʨʘ l, ʷʢʝ ʚʽʜʧʦʚʽʜʘʻ ʪʦʯʮʽ iA, ʘ it ï 

ʟʥʘʯʝʥʥʷ ʧʘʨʘʤʝʪʨʘ l, ʷʢʝ ʚʽʜʧʦʚʽʜʘʻ ʪʦʯʮʽ iM . ʊʦʜʽ ʽʥʪʝʛʨʘʣʴʥʘ ʩʫʤʘ 

ʟʘʧʠʰʝʪʴʩʷ ʫ ʚʠʛʣʷʜʽ: 

 ( ) ()()( )ää
==

Ö=Ö
n

i
iii

n

i
iii lyxflf

11

,, DttDhx , ʜʝ iiiiii lllll ¢¢-= -- tD 11, . (4) 

ʆʪʨʠʤʘʥʘ ʩʫʤʘ ʻ ʽʥʪʝʛʨʘʣʴʥʦʶ ʩʫʤʦʶ ʜʣʷ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʚʽʜ 

ʬʫʥʢʮʽʾ ()()( )lylxf ,  ʥʘ ʚʽʜʨʽʟʢʫ [ ]L,0 . ʆʪʞʝ, 

 ()()( )ññ =
L

AB

dllylxfdlyxf
0

,),( . (5) 

ɯʟ ʬʦʨʤʫʣʠ (5) ʚʠʧʣʠʚʘʻ, ʱʦ ʚʩʽ ʚʣʘʩʪʠʚʦʩʪʽ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ 

ʧʝʨʰʦʛʦ ʨʦʜʫ ʘʥʘʣʦʛʽʯʥʽ ʚʣʘʩʪʠʚʦʩʪʷʤ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. ɿʘʫʚʘʞʠʤʦ 

ʣʠʰʝ, ʱʦ ʜʣʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʫ ɯ-ʛʦ ʨʦʜʫ ilD  - ʜʦʚʞʠʥʘ ʜʫʛʠ ( )0>ilD . 

ʊʦʤʫ: 

( ) ( )ññ -=
a

b

b

a

dxyxfdxyxf ,, , ʘʣʝ ( ) ( )ññ =
BAAB

dlyxfdlyxf ,, . 

 

3. ʆʙʯʠʩʣʝʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʧʝʨʰʦʛʦ ʨʦʜʫ. 
 

ʈʦʟʛʣʷʥʝʤʦ ʬʦʨʤʫʣʠ ʜʣʷ ʦʙʯʠʩʣʝʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ 

ʧʝʨʰʦʛʦ ʨʦʜʫ ʫ ʥʘʩʪʫʧʥʠʭ ʚʠʧʘʜʢʘʭ: 

ʘ) ʅʝʭʘʡ ʢʨʠʚʘ L  ʟʘʜʘʥʘ ʧʘʨʘʤʝʪʨʠʯʥʦ ʨʽʚʥʷʥʥʷʤʠ:  

í
ì
ë

=

=

),(

),(

tyy

txx
 ba ¢¢t , 

ʧʨʠʯʦʤʫ ʬʫʥʢʮʽʾ )(tx , )(ty  ʥʝʧʝʨʝʨʚʥʽ ʨʘʟʦʤ ʽʟ ʩʚʦʾʤʠ ʧʦʭʽʜʥʠʤʠ )(tx¡ , )(ty¡  

ʥʘ ʚʽʜʨʽʟʢʫ [ ]ba, , ʘ ʬʫʥʢʮʽʷ ( )yxf ,  ʥʝʧʝʨʝʨʚʥʘ ʥʘ ʢʨʠʚʽʡ L, ʪʦʜʽ 

 ( ) ()( ) ()( )ññ ¡+¡Ö=
b

a

dttytxtytxfdlyxf
L

22
))(),((, . (6) 

ʙ) ʗʢʱʦ ʢʨʠʚʘ L  ʚ ʜʝʢʘʨʪʦʚʠʭ ʢʦʦʨʜʠʥʘʪʘʭ ʟʘʜʘʥʘ ʨʽʚʥʷʥʥʷʤ 

bxaxyy ¢¢= ),( , ʽ ʬʫʥʢʮʽʷ ()xy  ʥʝʧʝʨʝʨʚʥʘ ʨʘʟʦʤ ʽʟ ʩʚʦʻʶ ʧʦʭʽʜʥʦʶ ()xy'  

ʥʘ ʚʽʜʨʽʟʢʫ [ ]ba; , ʪʦ 

 ( ) ()( )ññ ¡+Ö=
b

aL

dxxyxyxfdlyxf
2

1))(,(, . (7) 

ʚ) ʗʢʱʦ L  ʟʘʜʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷʤ ( )dycyxx ¢¢= ),(  ʽ ʬʫʥʢʮʽʾ 

() ()yxyx ',  ʥʝʧʝʨʝʨʚʥʽ ʥʘ ʚʽʜʨʽʟʢʫ [ ]dc; , ʪʦ 

 ( ) () ()( )ññ ¡+Ö=
d

cL

dyyxyyxfdlyxf
2

1),(, . (8) 
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ʛ) ʗʢʱʦ ʢʨʠʚʘ L  ʟʘʜʘʥʘ ʚ ʧʦʣʷʨʥʽʡ ʩʠʩʪʝʤʽ ʢʦʦʨʜʠʥʘʪ ʨʽʚʥʷʥʥʷʤ 

bjajrr ¢¢= ),( , ʽ ʬʫʥʢʮʽʷ ()jr  ʥʝʧʝʨʝʨʚʥʘ ʨʘʟʦʤ ʽʟ ʩʚʦʻʶ ʧʦʭʽʜʥʦʶ 

()jr¡  ʥʘ ʚʽʜʨʽʟʢʫ [ ]ba; , ʪʦ 

 ( ) ( )ññ ¡+Ö=
b

a

jjrjrjjrjjr dfdlyxf
L

22 )())(()sin)(,cos)((, . (9) 

ʜ) ʗʢʱʦ ʬʫʥʢʮʽʷ ( )zyxf ,,  ʚʠʟʥʘʯʝʥʘ ʽ ʥʝʧʝʨʝʨʚʥʘ ʥʘ ʧʨʦʩʪʦʨʦʚʽʡ 

ʢʨʠʚʽʡ L, ʷʢʫ ʟʘʜʘʥʦ ʨʽʚʥʷʥʥʷʤʠ  

îí

î
ì

ë

=
=
=

),(
),(
),(

tzz
tyy
txx

 ba ¢¢t , 

ʜʝ ʬʫʥʢʮʽʾ ()tztytx ),(),(  ʪʘ ()tztytx '),('),('  ʥʝʧʝʨʝʨʚʥʽ ʥʘ ʚʽʜʨʽʟʢʫ [ ]ba, , ʪʦ 

ʽʩʥʫʻ ʢʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ( )dlzyxf
L

ñ ,,  ʽ ʩʧʨʘʚʝʜʣʠʚʦʶ ʻ ʬʦʨʤʫʣʘ: 

 ( ) () ()( ) ()( ) ()( )ññ +¡+¡Ö=
b

a

dttztytxtztytxfdlzyxf
L

222
')),(),((,, . (10) 

ʇʨʠʢʣʘʜ 1. ʆʙʯʠʩʣʠʪʠ ʢʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ñ
++L yx

dl

422
, 

ʜʝ -L ʚʽʜʨʽʟʦʢ ʧʨʷʤʦʾxy 2= , ʱʦ ʟôʻʜʥʫʻ ʪʦʯʢʠ (0;0) ʽ (1;2). 

ʈʦʟʚôʷʟʘʥʥʷ. ʂʨʠʚʘ ʽʥʪʝʛʨʫʚʘʥʥʷ ʟʘʜʘʥʘ ʬʫʥʢʮʽʻʶ ʚ ʜʝʢʘʨʪʦʚʠʭ 

ʢʦʦʨʜʠʥʘʪʘʭ xy 2= , ʧʨʠ ʧʝʨʝʭʦʜʽ ʚʽʜ ʪʦʯʢʠ (0;0) ʜʦ ʪʦʯʢʠ (1;2) ʟʤʽʥʥʘ 

xʥʘʙʫʚʘʻ ʟʥʘʯʝʥʴ, ʱʦ ʥʘʣʝʞʘʪʴ ʚʽʜʨʽʟʢʫ [ ]1,0 . ɹʫʜʝʤʦ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ 

ʬʦʨʤʫʣʫ (7): ( ) ()( )ññ ¡+Ö=
b

aL

dxxyxyxfdlyxf
2

1))(,(, . 

ɿʥʘʡʜʝʤʦ ()( ) dxdxdxxydl 5211 22
=+=¡+= . 

ʊʦʜʽ: 

( )
ñ ñ ññ =

+
=

++
=

++
=

++L x

dx

xx

dx

xx

dx

yx

dl 1

0

1

0
2

1

0
222222 45

5
44

5
42

5

4
 

=

ö
÷

õ
æ
ç

å
+

= ñ
1

0 2

5

4
5

5

x

dx
-++=++=

+

ñ
5

4
11ln

5

4
ln

5

4

1

0 0

1

2

2

xx

x

dx

=-+=++-
5

2
ln

5

3
1ln

5

4
00ln

( )
2

35
ln

2

35
ln

25

535
ln

+
=

+
=

Ö

+
. 
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ʇʨʠʢʣʘʜ 2. ʆʙʯʠʩʣʠʪʠ ʢʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ( )ñ ++

L

dlzyx ,222  ʜʝ 

-L ʜʫʛʘ ʛʚʠʥʪʦʚʦʾ ʣʽʥʽʾ ( ).20,sin,cos p¢¢=== tbtztaytax  

ʈʦʟʚôʷʟʘʥʥʷ. ɼʣʷ ʦʙʯʠʩʣʝʥʥʷ ʜʘʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʚʠʢʦʨʠʩʪʘʻʤʦ ʬʦʨʤʫʣʫ 

(10) : 

( ) () ()( ) ()( ) ()( )ññ +¡+¡Ö=

b

a

dttztytxtztytxfdlzyxf

L

222 ')),(),((,,  

ɿʥʘʡʜʝʤʦ ()( ) ()( ) ()( ) ( ) ( ) =++-=¡+¡+¡= dtbtatadttztytxdl 222222 cossin  

( ) dtbadtbttadtbtata 22222222222 cossincossin +=++=++= . 

ʊʦʜʽ ( ) ( ) ( ) ()( )ñ ñ =+Ö++=++

L

dtbabttatadlzyx
p2

0

22222222 sincos  

( ) ( )ñ ñ =++=+++=
p p2

0

2

0

2222222222222 sincos dttbabadttbtataba  

=
ö
ö

÷

õ

æ
æ

ç

å
++=

p2

0

3
2222

3

t
btaba =

ö
ö

÷

õ

æ
æ

ç

å
+Ö+ 3

2
222 8

3
2 pp

b
aba

( )22222 43
3

2
baba pp ++= . 

4. ɿʘʩʪʦʩʫʚʘʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʧʝʨʰʦʛʦ ʨʦʜʫ. 

ʅʝʭʘʡ ʫ ʧʣʦʱʠʥʽ Oxy ʟʘʜʘʥʦ ʢʫʩʢʦʚʦ-ʛʣʘʜʢʫ ʢʨʠʚʫ AB ʽ ʥʘ ʮʽʡ ʢʨʠʚʽʡ 

ʚʠʟʥʘʯʝʥʦ ʥʝʧʝʨʝʨʚʥʫ ʬʫʥʢʮʽʶ ( ),, yxf  ʪʦʜʽ: 

ʇʣʦʱʫ P  ʮʠʣʽʥʜʨʠʯʥʦʾ ʧʦʚʝʨʭʥʽ ʟ ʥʘʧʨʷʤʥʦʶ AB, ʚʠʩʦʪʘ ʷʢʦʾ 

ʚʠʟʥʘʯʝʥʘ ʬʫʥʢʮʽʻʶ ( ),, yxfz=  ʟʥʘʭʦʜʷʪʴ ʟʘ ʬʦʨʤʫʣʦʶ 

( )ñ=
AB

dlyxfP .,       (11) 

ɼʦʚʞʠʥʫ l  ʢʨʠʚʦʾ AB ʚʠʟʥʘʯʘʶʪʴ ʟʘ ʬʦʨʤʫʣʦʶ 

ñ=
AB

dll .       (12) 

ʅʝʭʘʡ ʚʟʜʦʚʞ ʥʝʦʜʥʦʨʽʜʥʦʾ ʤʘʪʝʨʽʘʣʴʥʦʾ ʜʫʛʠ L  ʨʦʟʧʦʜʽʣʝʥʦ ʤʘʩʫ ʟ 

ʣ̔ʥʽʡʥʦʶ ʛʫʩʪʠʥʦʶ ( )yx,r , ʪʦʜʽ: 

ʄʘʩʘ ʜʫʛʠ L  ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ 

( )ñ=
L

dlyxm .,r       (13) 

ʂʦʦʨʜʠʥʘʪʠ cc yx ,  ʮʝʥʪʨʘ ʤʘʩʠ ʜʫʛʠ L  ʟʥʘʭʦʜʷʪʴ ʟʘ ʬʦʨʤʫʣʦʶ 
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( )

( )
;

,

,

m

M

dlyx

dlyxx

x
y

L

L
c ==
ñ

ñ

r

r

  

( )

( )
,

,

,

m

M

dlyx

dlyxy

y x

L

l
c ==
ñ

ñ

r

r

   (14) 

ʜʝ -yx MM ,  ʩʪʘʪʠʯʥʽ ʤʦʤʝʥʪʠ ʢʨʠʚʦʾ L  ʚʽʜʥʦʩʥʦ ʦʩʝʡ Ox ʽ Oy. 

ʄʦʤʝʥʪʠ ʽʥʝʨʮʽʾ ʜʫʛʠ L  ʚʽʜʥʦʩʥʦ ʦʩʝʡ Ox, Oy ʪʘ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ 

ʚʜ̔ʧʦʚʽʜʥʦ ʜʦʨʽʚʥʶʶʪʴ 

( )ñ=
L

x dlyxyJ ;,2r  ( )ñ=
L

y dlyxxJ ;,2r ( )( )ñ +=

L

dlyxyxJ .,22
0 r  (15) 

ʇʨʠʢʣʘʜ 3. ɿʥʘʡʪʠ ʤʘʩʫ ʜʫʛʠ ʢʨʠʚʦʾ 
3

2 xx
y=  ʚʜ̔ ʪʦʯʢʠ ( )0;0O  ʜʦ 

ʪʦʯʢʠ ö
÷

õ
æ
ç

å

3

16
;4A , ʷʢʱʦ ʣʽʥʽʡʥʘ ʛʫʩʪʠʥʘ ʚ ʪʦʯʮʽ M  ʢʨʠʚʦʾ ʜʦʨʽʚʥʶʻ ʜʦʚʞʠʥʽ 

ʯʘʩʪʠʥʠ ʜʫʛʠ OM . 

ʈʦʟʚôʷʟʘʥʥʷ. 

ʂʨʠʚʘ ʟʘʜʘʥʘ ʚ ʜʝʢʘʨʪʦʚʽʡ ʩʠʩʪʝʤʽ ʢʦʦʨʜʠʥʘʪ:  

40,
3

2

3

2 2

3

¢¢== xx
xx

y . 

ɿʥʘʡʜʝʤʦ ʜʦʚʞʠʥʫ ʯʘʩʪʠʥʠ ʜʫʛʠ OM. ʉʧʦʯʘʪʢʫ ʚʠʟʥʘʯʠʤʦ ʧʦʭʽʜʥʫ  

xxy =Ö=¡ 2

1

2

3

3

2
. 

ʊʦʜ ̔

( ) ( ) ( )
( )

( )
3

2
1

3

2

2/3

x1
xx1xx1 2 3

0 0

2/3
2/1

0

2
-+=

+
=+=+== ññ xddlM

x xx

OMr . 

( ) ( )( ) ( ) ( )( )ñ ñ ñ =+-+=+Ö-+==

L

dxxxdxxxdlyxm
4

0

4

0

2/122/3 11
3

2
111

3

2
,r  

( ) ( )
=

ö
ö

÷

õ

æ
æ

ç

å +
-

+
Ö=

4

0

2/33

2/3

1

3

1

3

2 xx
=ö
÷

õ
æ
ç

å
---

9

4

9

2
5

9

4
5

9

2 2/33

9

520252-
. 
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ʃʝʢʮʽʷ ˉ2. 

ʊʝʤʘ: ʂʨʠʚʦʣʽʥʽʡʥʽ ʽʥʪʝʛʨʘʣʠ ʜʨʫʛʦʛʦ ʨʦʜʫ (ʧʦ ʢʦʦʨʜʠʥʘʪʘʭ) 

 

ʇʣʘʥ ʣʝʢʮʽʾ: 

1. ʆʟʥʘʯʝʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʜʨʫʛʦʛʦ ʨʦʜʫ. ɿʘʜʘʯʘ ʧʨʦ ʨʦʙʦʪʫ. 

2. ɺʣʘʩʪʠʚʦʩʪʽ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʜʨʫʛʦʛʦ ʨʦʜʫ.  

3. ʆʙʯʠʩʣʝʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʜʨʫʛʦʛʦ ʨʦʜʫ. 

4. ɿʘʩʪʦʩʫʚʘʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʜʨʫʛʦʛʦ ʨʦʜʫ. 

5. ɿʚ'ʷʟʦʢ ʤʽʞ ʢʨʠʚʦʣʽʥʽʡʥʠʤʠ ʽʥʪʝʛʨʘʣʘʤʠ ʧʝʨʰʦʛʦ ʪʘ ʜʨʫʛʦʛʦ ʨʦʜʫ. 

 

1.ʆʟʥʘʯʝʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʜʨʫʛʦʛʦ ʨʦʜʫ. ɿʘʜʘʯʘ ʧʨʦ ʨʦʙʦʪʫ. 

ʈʦʟʛʣʷʥʝʤʦ ʟʘʜʘʯʫ ʧʨʦ ʨʦʙʦʪʫ ʟʤʽʥʥʦʾ ʩʠʣʠ. ʅʝʭʘʡ ʤʘʪʝʨʽʘʣʴʥʘ ʪʦʯʢʘ 

ʧʽʜ ʜʽʻʶ ʩʠʣʠ ( ) ( )( )yxQyxPF ,,,=


 ʨʫʭʘʻʪʴʩʷ ʚʟʜʦʚʞ ʢʫʩʢʦʚʦ-ʛʣʘʜʢʦʾ ʢʨʠʚʦʾ 

AB. ʅʝʦʙʭʽʜʥʦ ʚʠʟʥʘʯʠʪʠ ʨʦʙʦʪʫ W  ʩʠʣʠ 


F  ʧʨʠ ʧʝʨʝʤʽʱʝʥʥʽ ʪʦʯʢʠ ʽʟ Aʚ 

B . 

 

 
 

ɼʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʜʘʥʦʾ ʟʘʜʘʯʽ ʨʦʟʽʙôʻʤʦ ʢʨʠʚʫ AB ʥʘ n  ʯʘʩʪʠʥ ʪʦʯʢʘʤʠ 

BAAAAA nni == -,,...,, 10 . ʉʠʣʫ


F  ʥʘ ʜʫʟʽii AA 1-  ʟʘʤʽʥʠʤʦ ʾʾ ʟʥʘʯʝʥʥʷʤ ʚ 

ʪʦʯʮʽ ( )iiiM hx,  ʜʫʛʠ ii AA 1- , ʘ ʨʫʭ ʧʦ ʜʫʟʽ ii AA 1-  ï ʨʫʭʦʤ ʧʦ 

ʚʝʢʪʦʨʫ( )iiii yxAA DD ,1- . ʊʦʜʽ ʥʘʙʣʠʞʝʥʝ ʟʥʘʯʝʥʥʷ ʨʦʙʦʪʠ iW  ʥʘ ii AA 1-  

ʤʦʞʥʘ ʟʥʘʡʪʠ ʷʢ ʩʢʘʣʷʨʥʠʡ ʜʦʙʫʪʦʢ ʚʝʢʪʦʨʽʚ ʩʠʣʠ ʪʘ ʧʝʨʝʤʽʱʝʥʥʷ: 

( ) ( ) ( )( )iiiiiiiiii yQxPAAMFSFW DhxDhx Ö+Ö=Ö=Öº -



,,1 . 

A  

B  

x  

y  

0A  

1-iA  

iA  nA  

( )iiiM hx,  

O  ixD  

iyD  



F  
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ʅʘʙʣʠʞʝʥʝ ʟʥʘʯʝʥʥʷ ʨʦʙʦʪʠ W  ʥʘ AB ʫ ʪʘʢʦʤʫ ʚʠʧʘʜʢʫ ʙʫʜʝ ʨʽʚʥʝ:  

( ) ( ) ( )( )ää
==

- Ö+Ö=Öº
n

i
iiiiii

n

i
iii yQxPAAMFW

11
1 ,, DhxDhx .  

ɿʘ ʪʦʯʥʝ ʟʥʘʯʝʥʥʷ ʨʦʙʦʪʠ ʧʨʠʡʤʝʤʦ ʛʨʘʥʠʯʥʝ ʟʥʘʯʝʥʥʷ ʥʘʙʣʠʞʝʥʦʛʦ ʧʨʠ 

0max0max  ii yix DD : 

( ) ( )( )ä
=




Ö+Ö=
n

i
iiiiii

y
x

yQxPW

i

i 1
0max
0max

,,lim DhxDhx

D
D

.    (1) 

ɿʥʘʭʦʜʞʝʥʥʷ ʛʨʘʥʠʮʽ ʪʘʢʦʛʦ ʚʠʜʫ ʩʫʤ ʟʫʩʪʨʽʯʘʶʪʴʩʷ ʽ ʚ ʽʥʰʠʭ ʟʘʜʘʯʘʭ. 

ɸʙʩʪʨʘʛʫʶʯʠʩʴ ʚʽʜ ʟʤʽʩʪʫ ʢʦʥʢʨʝʪʥʦʾ ʟʘʜʘʯʽ, ʨʦʟʛʣʷʥʝʤʦ ʚʝʢʪʦʨ 

( ) ( )( )( ) DyxyxQyxPa Í=


,,,,, . ʅʝʭʘʡ ʬʫʥʢʮʽʾ ( ) ( )yxQyxP ,,,  ʥʝʧʝʨʝʨʚʥʽ ʚ D  

ʽ ʢʨʠʚʘ ABʥʘʣʝʞʠʪʴ ʦʙʣʘʩʪʽ D. ʈʦʟʽʙôʻʤʦ ʢʨʠʚʫ ABʥʘ nʯʘʩʪʠʥ ʽ ʩʢʣʘʜʝʤʦ 

ʩʫʤʫ  

( ) ( )( )ä
=

Ö+Ö
n

i
iiiiii yQxP

1

,, DhxDhx , 

ʷʢʫ ʥʘʟʚʝʤʦ ʽʥʪʝʛʨʘʣʴʥʦʶ ʩʫʤʦʶ. 

ʆʟʥʘʯʝʥʥʷ. ʂʨʠʚʦʣʽʥʽʡʥʠʤ ʽʥʪʝʛʨʘʣʦʤ ɯɯ ʨʦʜʫ ʧʦ ʢʦʦʨʜʠʥʘʪʘʭ ʚʽʜ 

ʬʫʥʢʮʽʡ ( ) ( )yxQyxP ,,,  ʧʦ ʢʨʠʚʽʡ AB ( ) ( ) ö
÷

õ
æ
ç

å
+ñ

AB
dyyxQdxyxP ,,  ʥʘʟʠʚʘʻʪʴʩʷ 

ʛʨʘʥʠʮʷ ʽʥʪʝʛʨʘʣʴʥʦʾ ʩʫʤʠ ( ) ( )( )ä
=

Ö+Ö
n

i
iiiiii yQxP

1

,, DhxDhx  ʧʨʠ 

0max0max  ii yix DD , ʷʢʱʦ ʚʦʥʘ ʥʝ ʟʘʣʝʞʠʪʴ ʥʽ ʚʽʜ ʩʧʦʩʦʙʫ ʨʦʟʙʠʪʪʷ 

ʢʨʠʚʦʾ AB ʥʘ ʯʘʩʪʠʥʠ, ʥʽ ʚʽʜ ʚʠʙʦʨʫ ʧʨʦʤʽʞʥʠʭ ʪʦʯʦʢ iM : 

( ) ( ) =+ñ
AB

dyyxQdxyxP ,, ( ) ( )( )ä
=




Ö+Ö
n

i
iiiiii

y
x

yQxP

i

i 1
0max
0max

,,lim DhxDhx

D
D

. (2) 

ʂʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ɯɯ ʨʦʜʫ ʪʘʢʦʞ ʥʘʟʠʚʘʶʪʴ ʽʥʪʝʛʨʘʣʦʤ ʚʽʜ ʚʝʢʪʦʨʘ 

ʧʦ ʢʨʠʚʽʡ ʽ ʧʦʟʥʘʯʘʶʪʴ ( )dydxdrdra

AB

;, =Öñ .  

ɯʟ ʬʦʨʤʫʣ (1) ʪʘ (2) ʚʠʧʣʠʚʘʻ ʬʽʟʠʯʥʠʡ ʟʤʽʩʪ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ 

ɯɯ ʨʦʜʫ: 

( ) ( ) ( )ññ


Ö=+=

ABAB

rdyxFdyyxQdxyxPW ,,, . 

ʂʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ʜʨʫʛʦʛʦ ʨʦʜʫ ʚʟʜʦʚʞ ʜʝʷʢʦʾ ʢʨʠʚʦʾ ʜʦʨʽʚʥʶʻ ʨʦʙʦʪʽ 

ʟʤʽʥʥʦʾ ʩʠʣʠ ( ) ( )( )yxQyxPF ,,,=


 ʧʨʠ ʧʝʨʝʤʽʱʝʥʥʽ ʤʘʪʝʨʽʘʣʴʥʦʾ ʪʦʯʢʠ 

ʚʟʜʦʚʞ ʜʘʥʦʾ ʢʨʠʚʦʾ. 
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2.ɺʣʘʩʪʠʚʦʩʪʽ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʜʨʫʛʦʛʦ ʨʦʜʫ.  

ʂʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ɯɯ ʨʦʜʫ ʤʘʻ ʚʣʘʩʪʠʚʦʩʪʽ ʘʥʘʣʦʛʽʯʥʽ ʚʣʘʩʪʠʚʦʩʪʷʤ 

ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. ʅʘʚʝʜʝʤʦ ʣʠʰʝ ʥʘʡʚʘʞʣʠʚʽʰʽ ʽʟ ʥʠʭ: 

1. ( ) ( ) ( ) ( )ññ +-=+

BAAB

dyyxQdxyxPdyyxQdxyxP ,,,, . 

2. ( ) ( ) ( ) ( ) ( ) ( )ñññ +++=+

CBACAB

dyyxQdxyxPdyyxQdxyxPdyyxQdxyxP ,,,,,, . 

 

3.ʆʙʯʠʩʣʝʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʜʨʫʛʦʛʦ ʨʦʜʫ. 

ʘ) ʅʝʭʘʡ AB ʟʘʜʘʥʘ ʧʘʨʘʤʝʪʨʠʯʥʦ () () ,,, ba ¢¢== ttyytxx ()()tytx ,  ʥʘ 

[ ]ba,  ʥʝʧʝʨʝʨʚʥʽ ʨʘʟʦʤ ʽʟ () ()tytx ¡¡ , , ʧʨʠʯʦʤʫ a ʚʽʜʧʦʚʽʜʘʻ ʪʦʯʮʽ A, ʘ b 

ʪʦʯʮʽ B. ʇʨʠʧʫʩʪʠʤʦ, ʱʦ ( )yxP ,  ʥʝʧʝʨʝʨʚʥʘ ʥʘ AB, ʪʦʜʽ: 

( ) ( )( )äñ
=

Ö=
n

i
iii

x
AB

xPdxyxP
i 10max

,lim, Dhx
D

. 

ɿʘ ʬʦʨʤʫʣʦʶ ʃʘʛʨʘʥʞʘ ʽʩʥʫʻ ʪʘʢʘ ʪʦʯʢʘ ];[ 1 iii tt -Ít , ʱʦ  

iiiiiiiiii txttxtxtxxxx DttD Ö¡=-Ö¡=-=-= --- )()()()()( 111 . 

ɺʠʙʝʨʝʤʦ ʪʦʯʢʫ ),( iiiM hx  ʪʘʢ, ʱʦʙ )( ii xtx= , )( ii yth= , ʪʦʜʽ 

.)())(),((),(

11

ää
==

¡Ö=Ö
n

i
iiii

n

i
iii txyxPxP DtttDhx  

ɺʠʨʘʟ ʫ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʨʽʚʥʦʩʪʽ ʻ ʟʚʠʯʘʡʥʦʶ ʽʥʪʝʛʨʘʣʴʥʦʶ ʩʫʤʦʶ ʜʣʷ 

ʬʫʥʢʮʽʾ )())(),(( iii xyxP ttt ¡Ö  ʥʘ ʧʨʦʤʽʞʢʫ [ ]ba, , ʪʦʤʫ 

.)())(),((),( ññ ¡Ö=

b

a

dttxtytxPdxyxP

AB

 

ɸʥʘʣʦʛʽʯʥʦ ʤʦʞʥʘ ʜʦʚʝʩʪʠ, ʱʦ  

.)())(),((),( ññ ¡Ö=

b

a

dttytytxQdyyxQ

AB

 

ʆʩʪʘʪʦʯʥʦ ʤʘʻʤʦ ʬʦʨʤʫʣʫ: 

( ) .)())(),(()())(),((),(),( ññ ¡Ö+¡Ö=+

b

a

dttytytxQtxtytxPdyyxQdxyxP

AB

 

ʙ) ʗʢʱʦ ʢʨʠʚʘ AB ʟʘʜʘʥʘ ʨʽʚʥʷʥʥʷʤ ()xyy= , ,bxa ¢¢  ʜʝ ʬʫʥʢʮʽʷ 

()xy  ʪʘ ʾʾ ʧʦʭʽʜʥʘ ()xy¡  ʥʝʧʝʨʝʨʚʥʽ ʥʘ ʧʨʦʤʽʞʢʫ [ ]ba; , ʪʦ 

( ) ( ) ()( ) ()( ) ()( )ññ ¡Ö+=+
b

aAB

dxxyxyxQxyxPdyyxQdxyxP ,,,, . 

ʚ) ʗʢʱʦ ʢʨʠʚʘ AB ʟʘʜʘʥʘ ʨʽʚʥʷʥʥʷʤ () dycyxx ¢¢= , , ʜʝ ʬʫʥʢʮʽʷ 

()yx  ʪʘ ʾʾ ʧʦʭʽʜʥʘ ()yx¡  ʥʝʧʝʨʝʨʚʥʽ ʥʘ ʧʨʦʤʽʞʢʫ [ ]dc; , ʪʦ 
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( ) ( ) ( )() ( )( )ññ +¡=+
d

cAB

dyyyxQyxyyxPdyyxQdxyxP ),(,)(,, . 

ʛ) ʅʝʭʘʡ ʬʫʥʢʮʽʾ ( )zyxP ,, , ( )zyxQ ,, , ( )zyxR ,,  ʚʠʟʥʘʯʝʥʽ ʽ ʥʝʧʝʨʝʨʚʥʽ 

ʥʘ ʢʨʠʚʽʡ AB, ʷʢʫ ʟʘʜʘʥʦ ʨʽʚʥʷʥʥʷʤʠ () () ()tzztyytxx === ,, , ,ba ¢¢t  

ʜʝ ʬʫʥʢʮʽʾ ()tx , ()ty , ()tz  ʪʘ ʾʭʥʽ ʧʦʭʽʜʥʽ ()tx¡ , ()ty¡ , ()tz¡  ʥʝʧʝʨʝʨʚʥʽ ʥʘ 

ʧʨʦʤʽʞʢʫ [ ]ba; . ʊʦʜʽ 

() ()()( )() () ()()( )() ()()()( )()( )ñ

ñ

¡+¡+¡=

=++

b

a

.,,,,,, dttztztytxRtytztytxQtxtztytxP

dzRdyQdxP

AB
 

ʏʘʩʪʦ ʜʦʚʦʜʠʪʴʩʷ ʨʦʟʛʣʷʜʘʪʠ ʢʨʠʚʦʣʽʥʽʡʥʽ ʽʥʪʝʛʨʘʣʠ ʧʦ ʟʘʤʢʥʝʥʦʤʫ 

ʢʦʥʪʫʨʫ, ʪʦʙʪʦ ʢʦʥʪʫʨʫ ʽʥʪʝʛʨʫʚʘʥʥʷ, ʚ ʷʢʦʤʫ ʧʦʯʘʪʢʦʚʘ ʽ ʢʽʥʮʝʚʽ ʪʦʯʢʠ 

ʟʙʽʛʘʶʪʴʩʷ ( ʤʦʚʘ ʡʜʝ ʧʨʦ ʟʘʤʢʥʝʥʽ ʢʦʥʪʫʨʠ ʙʝʟ ʪʦʯʦʢ ʩʘʤʦʧʝʨʝʪʠʥʫ). ɼʣʷ 

ʟʘʤʢʥʝʥʦʛʦ ʢʦʥʪʫʨʘ ʽʩʥʫʻ ʣʠʰʝ ʜʚʘ ʥʘʧʨʷʤʠ ʦʙʭʦʜʫ: ʧʨʦʪʠ ʛʦʜʠʥʥʠʢʦʚʦʾ 

ʩʪʨʽʣʢʠ ( ʜʦʜʘʪʥʘ ʦʨʽʻʥʪʘʮʽʷ ʢʦʥʪʫʨʘ) ʪʘ ʟʘ ʛʦʜʠʥʥʠʢʦʚʦʶ ʩʪʨʽʣʢʦʶ (ʚʽʜôʻʤʥʘ 

ʦʨʽʻʥʪʘʮʽʷ ʢʦʥʪʫʨʘ). ɯʥʰʠʤʠ ʩʣʦʚʘʤʠ, ʢʦʥʪʫʨ ʚʚʘʞʘʻʪʴʩʷ ʜʦʜʘʪʥʦ 

ʦʨʽʻʥʪʦʚʘʥʠʤ, ʷʢʱʦ ʧʨʠ ʡʦʛʦ ʦʙʭʦʜʽ ʦʙʣʘʩʪʴ, ʦʙʤʝʞʝʥʘ ʜʘʥʠʤ ʢʦʥʪʫʨʦʤ, 

ʟʘʣʠʰʘʻʪʴʩʷ ʟʣʽʚʘ. ʂʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ʧʦ ʜʦʜʘʪʥʦ ʦʨʽʻʥʪʦʚʘʥʦʤʫ 

ʢʦʥʪʫʨʫ L  ʧʦʟʥʘʯʘʶʪʴ ʪʘʢ: 

( ) ( )ñ +
L

dyyxQdxyxP ,, . 

ʇʨʠʢʣʘʜ 1. ʆʙʯʠʩʣʠʪʠ ʢʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ( )ñ +-

L

dyxydxyx ,22  

ʜʝ -L  ʚʽʜʨʽʟʦʢ ʧʨʷʤʦʾ ʚʽʜ ( )1;1A  ʜʦ ( )4;3B . 

ʈʦʟʚôʷʟʘʥʥʷ. 

ʈʽʚʥʷʥʥʷ ʧʨʷʤʦʾ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʜʚʽ ʪʦʯʢʠ, ʤʘʻ ʚʠʛʣʷʜ: 

Ú
-

-
=

-

-

14

1

13

1
:

yx
AB ( ) ( ) Ú-=-Ú-=- 22331213 yxyx

2

13 -
=

x
y . 

ʊʦʜʽ 31,
2

3
¢¢= xdxdy . ɿʚʽʜʢʠ ʤʘʻʤʦ: 

( )ñ ñ ñ =Ö
-

Ö+
ö
ö

÷

õ

æ
æ

ç

å
ö
÷

õ
æ
ç

å -
-=+-

L

dx
x

xdx
x

xdyxydxyx
3

1

3

1

2
222

2

3

2

13

2

13
 

( )ññ =-+=
ö
ö

÷

õ

æ
æ

ç

å -
+

-+-
=

3

1

2
3

1

222

134
4

1

4

39

4

1694
dxxxdx

xxxxx
 

=ö
÷

õ
æ
ç

å
ö
÷

õ
æ
ç

å
-+--Ö+Ö=ö

÷

õ
æ
ç

å
-+= 1

2

3

3

4
33

2

3
3

3

4

4

1

2

3

3

4

4

1 23

1

3
23 xxx  



 14 

.
6

67

12

134

3

134

4

1

3

4
1234

4

1
1

2

3

3

4
3

2

27
36

4

1
==Ö=ö

÷

õ
æ
ç

å
-+=ö

÷

õ
æ
ç

å
+---+=  

 

ʇʨʠʢʣʘʜ 2. ʆʙʯʠʩʣʠʪʠ ʢʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ 

ñ

+

-

L
yx

dxydyx
,

3

5

3

5

22

 

ʜʝ -L  ʜʫʛʘ ʢʨʠʚʦʾ ,sin,cos 33 tRytRx ==  ʱʦ ʧʨʦʭʦʜʠʪʴ ʚʽʜ ʪʦʯʢʠ ( )0;RA  

ʜʦ ʪʦʯʢʠ ( )RB ;0 . 

ʈʦʟʚôʷʟʘʥʥʷ. 

ɺʽʜʧʦʚʽʜʥʦ ʜʦ ʨʽʚʥʷʥʴ ʜʫʛʠ ,sincos3 2 dtttRdx -= dtttRdy cossin3 2= . 

ʇʨʠ ʨʫʩʽ ʚʽʜ ʪʦʯʢʠ A ʜʦ ʪʦʯʢʠ B  ʚʝʣʠʯʠʥʘ x  ʟʤʽʥʶʻʪʴʩʷ ʚʽʜ R ʜʦ 0, ʘ -y  

ʚʽʜ 0 ʜʦ R, ʪʦʤʫ ʧʘʨʘʤʝʪʨ t  ʟʤʽʥʶʻʪʴʩʷ ʚʽʜ 0 ʜʦ 
2

p
. ʆʪʞʝ, 

ñ ñ =

+

Ö+Ö
=

+

-

l

dt

tRtR

ttRtRttRtR

yx

dxydyx 2

0 53

5

53

5

262242

3

5

3

5

22

sincos

sincos3sincossin3cos

p

 

( )

( )
ññ ==

+

+
=

2

0

223

4
2

0 553

5

55223

sincos3

sincos

sincoscossin3

pp

dtttRdt

ttR

ttttR
 

.
16

3
4sin

4

1

8

3

2

4cos1

4

3
2sin

4

3 3

4
2

0
0

23

4

3

4
2

0

23

4

RttRdt
t

RdttR
p

p
p

p

=ö
÷

õ
æ
ç

å
-=

-
== ññ

 

4. ɿʘʩʪʦʩʫʚʘʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʜʨʫʛʦʛʦ ʨʦʜʫ. 

1. ʆʙʯʠʩʣʝʥʥʷ ʧʣʦʱʽ ʧʣʦʩʢʦʾ ʬʽʛʫʨʠ. ʅʝʭʘʡ 

ʥʘ ʧʣʦʱʠʥʽ Oxy ʟʘʜʘʥʘ ʟʘʤʢʥʝʥʘ ʦʙʣʘʩʪʴ D , 

ʦʙʤʝʞʝʥʘ ʢʨʠʚʦʶ L. ʊʦʜʽ ʾʾ ʧʣʦʱʫ S ʤʦʞʥʘ 

ʟʥʘʡʪʠ ʟʘ ʦʜʥʽʻʶ ʽʟ ʥʘʩʪʫʧʥʠʭ ʬʦʨʤʫʣ: 

ñ-=
L

dxyS , 

ñ=
L

dyxS , 

ñ -=

L

dxydyxS
2

1
. 

x O 

y 

D 
L 
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2. ʆʙʯʠʩʣʝʥʥʷ ʨʦʙʦʪʠ. ʅʝʭʘʡ ʩʠʣʘ ( ) ( )jyxQiyxPF
CCC

,, +=  ʚʠʢʦʥʫʻ 

ʨʦʙʦʪʫ A ʧʨʠ ʧʝʨʝʤʽʱʝʥʥʽ ʤʘʪʝʨʽʘʣʴʥʦʾ ʪʦʯʢʠ ʚʟʜʦʚʞ ʢʨʠʚʦʾ L, ʧʨʠʯʦʤʫ 

ʬʫʥʢʮʽʾ ( )yxP ,   ̔ ( )yxQ ,  ʥʝʧʝʨʝʨʚʥʽ ʥʘ ʢʨʠʚʽʡ L, ʪʦʜʽ 

( ) ( )ñ +=

L

dyyxQdxyxPA .,,  

ʇʨʠʢʣʘʜ 3. ʆʙʯʠʩʣʠʪʠ ʨʦʙʦʪʫ ʩʠʣʠ ( )jxyixyF
CCC

232 ++=  ʧʨʠ 

ʧʝʨʝʤʽʱʝʥʥʽ ʤʘʪʝʨʽʘʣʴʥʦʾ ʪʦʯʢʠ ʧʦ ʧʘʨʘʙʦʣʽ 2xy=  ʚʽʜ ʪʦʯʢʠ ( )0;0O  ʜʦ 

ʪʦʯʢʠ ( )1;1B . 

ʈʦʟʚôʷʟʘʥʥʷ. 

( ) ( )( )ññ =++Ö=

ù
ù
ù

ú

ø

é
é
é

ê

è

¢¢

=

=

=++=
1

0

2234

2

232 2

10

2 dxxxxdxxx

x

dxxdy

xy

dyxydxxyA

OB

 

( )ñ =
ö
ö

÷

õ

æ
æ

ç

å
+=+=

1

0 0

148
37 .

8

9

4
4

8
4

xx
dxxx  

ʇʨʠʢʣʘʜ 4. ɿʥʘʡʪʠ ʧʣʦʱʫ ʦʙʣʘʩʪʽ ʦʙʤʝʞʝʥʦʾ ʝʣʽʧʩʦʤ  
.sin,cos tbytax ==  

ʈʦʟʚôʷʟʘʥʥʷ. 

( )ññ =Ö+Ö=

ù
ù
ù

ú

ø

é
é
é

ê

è

¢¢

=

-=

=-=
p

p

2

0

sinsincoscos
2

1

20

cos

sin

2

1
dttatbtbta

t

dttbdy

dttadx

dxydyxS

L

 

( ) abt
ab

dt
ab

dttt
ab

p
pp p

===+= ñ ñ
0

22

0

2

0

22

22
sincos

2
 (ʢʚ.ʦʜʠʥ.). 

5. ɿʚ'ʷʟʦʢ ʤʽʞ ʢʨʠʚʦʣʽʥʽʡʥʠʤʠ ʽʥʪʝʛʨʘʣʘʤʠ ʧʝʨʰʦʛʦ ʪʘ ʜʨʫʛʦʛʦ ʨʦʜʫ. 

ʇʦʟʥʘʯʠʤʦ ʯʝʨʝʟ a ʪʘ b ʢʫʪʠ, 

ʷʢʽ ʫʪʚʦʨʶʻ ʟ ʦʩʷʤʠ ʢʦʦʨʜʠʥʘʪ 

ʥʘʧʨʷʤʥʘ ʜʦʪʠʯʥʘ ʜʦ ʢʨʠʚʦʾ AB ʫ 

ʪʦʯʮʽ );( yxM . ɿʘ ʜʦʜʘʪʥʠʡ ʥʘʧʨʷʤ 

ʜʦʪʠʯʥʦʾ ʙʝʨʝʤʦ ʪʦʡ, ʷʢʠʡ ʚʽʜʧʦʚʽʜʘʻ 

ʥʘʧʨʷʤʫ ʨʫʭʫ ʪʦʯʢʠ ʧʦ ʢʨʠʚʽʡ ʚʽʜ A 

ʜʦ B. ɺʨʘʭʦʚʫʶʯʠ ʛʝʦʤʝʪʨʠʯʥʠʡ 

ʟʤʽʩʪ ʜʠʬʝʨʝʥʮʽʘʣʘ ʬʫʥʢʮʽʾ ʪʘ 

ʜʠʬʝʨʝʥʮʽʘʣʘ ʜʫʛʠ, ʤʘʻʤʦ 

dldx acos= , dldy bcos= .     (3) 

ɿʘʤʽʥʶʶʯʠ ʚ ʢʨʠʚʦʣʽʥʽʡʥʠʭ ʽʥʪʝʛʨʘʣʘʭ ʜʨʫʛʦʛʦ ʨʦʜʫ dx ʪʘ dy ʾʭ 

ʟʥʘʯʝʥʥʷʤʠ (3), ʧʝʨʝʪʚʦʨʠʤʦ ʮʽ ʽʥʪʝʛʨʘʣʠ ʚ ʢʨʠʚʦʣʽʥʽʡʥʽ ʽʥʪʝʛʨʘʣʠ ʧʝʨʰʦʛʦ 

ʨʦʜʫ: 

dx 

O 

M 

A 

B 

x+dx x x 

Mô 

Ŭ 

Ŭ 

ɓ 
ɓ dy dl 

y 
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ññ =

ABAB

dlyxPdxyxP acos),(),( ; 

ññ =

ABAB

dlyxQdyyxQ bcos),(),( ; 

ññ +=+

ABAB

dlQPQdyPdx )coscos( ba .    (4) 

ɿʘʫʚʘʞʝʥʥʷ. ʌʦʨʤʫʣʠ (4) ʟʘʣʠʰʘʶʪʴʩʷ ʩʧʨʘʚʝʜʣʠʚʠʤʠ ʽ ʫ ʚʠʧʘʜʢʫ, 

ʢʦʣʠ ʢʫʪa ʘʙʦ b ʪʫʧʠʡ. 

ɸʥʘʣʦʛʽʯʥʦ ʫ ʧʨʦʩʪʦʨʦʚʦʤʫ ʚʠʧʘʜʢʫ ʦʪʨʠʤʘʻʤʦ 

ññ ++=++

ABAB

dlRQPRdzQdyPdx )coscoscos( gba .   (5) 

ʌʦʨʤʫʣʠ (4) ʽ (5) ʚʠʨʘʞʘʶʪʴ ʢʨʠʚʦʣʽʥʽʡʥʽ ʽʥʪʝʛʨʘʣʠ ʜʨʫʛʦʛʦ ʨʦʜʫ ʯʝʨʝʟ 

ʢʨʠʚʦʣʽʥʽʡʥʽ ʽʥʪʝʛʨʘʣʠ ʧʝʨʰʦʛʦ ʨʦʜʫ ʽ ʚʩʪʘʥʦʚʣʶʶʪʴ ʟʚôʷʟʦʢ ʤʽʞ ʥʠʤʠ. 

 



 17 

ʃʝʢʮʽʷ ˉ3. 

ʊʝʤʘ: ʇʦʜʚʽʡʥʠʡ ʽʥʪʝʛʨʘʣ 

 

ʇʣʘʥ ʣʝʢʮʽʾ: 

1. ɿʘʜʘʯʽ, ʱʦ ʧʨʠʚʦʜʷʪʴ ʜʦ ʧʦʥʷʪʪʷ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

2. ʇʦʥʷʪʪʷ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. ɻʝʦʤʝʪʨʠʯʥʠʡ ʪʘ ʬʽʟʠʯʥʠʡ ʟʤʽʩʪ. ʋʤʦʚʠ 

ʽʩʥʫʚʘʥʥʷ. ɺʣʘʩʪʠʚʦʩʪʽ. 

3. ʆʙʯʠʩʣʝʥʥʷ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

 

1. ɿʘʜʘʯʽ, ʱʦ ʧʨʠʚʦʜʷʪʴ ʜʦ ʧʦʥʷʪʪʷ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

1.1. ɿʘʜʘʯʘ ʧʨʦ ʦʙôʻʤ ʮʠʣʽʥʜʨʠʯʥʦʛʦ ʪʽʣʘ.  

ʅʝʭʘʡ ʪʽʣʦ ʦʙʤʝʞʝʥʝ ʟʚʝʨʭʫ ʧʦʚʝʨʭʥʝʶ 0),( ²= yxfz , ʟʥʠʟʫ ï 

ʟʘʤʢʥʝʥʦʶ ʦʙʤʝʞʝʥʦʶ ʦʙʣʘʩʪʶ D  ʧʣʦʱʠʥʠ Oxy, ʟ ʙʦʢʽʚ ï ʮʠʣʽʥʜʨʠʯʥʦʶ 

ʧʦʚʝʨʭʥʝʶ, ʥʘʧʨʷʤʥʘ ʷʢʦʾ ʟʙʽʛʘʻʪʴʩʷ ʟ ʤʝʞʝʶ ʦʙʣʘʩʪʽ D, ʘ ʪʚʽʨʥʽ ʧʘʨʘʣʝʣʴʥʽ 

ʦʩʽ Oz. ʊʘʢʝ ʪʽʣʦ ʥʘʟʠʚʘʶʪʴ ʮʠʣʽʥʜʨʠʯʥʠʤ. 

 
ʆʙʯʠʩʣʠʤʦ ʡʦʛʦ ʦʙôʻʤ V. ɼʣʷ ʮʴʦʛʦ ʜʦʚʽʣʴʥʠʤʠ ʢʨʠʚʠʤʠ ʨʦʟʽʙôʻʤʦ 

ʦʙʣʘʩʪʴ D  ʥʘ n  ʯʘʩʪʠʥ iD , ʷʢʽ ʥʝ ʤʘʶʪʴ ʩʧʽʣʴʥʠʭ ʚʥʫʪʨʽʰʥʽʭ ʪʦʯʦʢ, ʽ ʧʣʦʱʽ 

ʷʢʠʭ ʜʦʨʽʚʥʶʶʪʴ iSD , ni ,...,2,1= . ʋ ʢʦʞʥʽʡ ʦʙʣʘʩʪʽ iD  ʚʠʙʝʨʝʤʦ ʜʦʚʽʣʴʥʫ 

ʪʦʯʢʫ ),( iiiM hx , ʟʥʘʡʜʝʤʦ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ),( iif hx  ʽ ʦʙʯʠʩʣʠʤʦ ʜʦʙʫʪʦʢ 

iii Sf Dhx Ö),( . ʎʝʡ ʜʦʙʫʪʦʢ ʜʦʨʽʚʥʶʻ ʦʙôʻʤʫ ʮʠʣʽʥʜʨʠʯʥʦʛʦ ʩʪʦʚʧʯʠʢʘ ʟ 

ʪʚʽʨʥʠʤʠ, ʧʘʨʘʣʝʣʴʥʠʤʠ ʦʩʽ Oz, ʦʩʥʦʚʦʶ iD  ʽ ʚʠʩʦʪʦʶ 

),()( iiiii fMfKM hx== . ʆʙôʻʤ ʩʪʫʧʽʥʯʘʩʪʦʛʦ ʪʽʣʘ ʩʢʣʘʜʝʥʦʛʦ ʟ n  ʪʘʢʠʭ 

ʩʪʦʚʧʯʠʢʽʚ ʜʦʨʽʚʥʶʻ ʩʫʤʽ 

 ä
=

Ö=
n

i
iiin SfV

1

),( Dhx  (1) 

ʽ ʥʘʙʣʠʞʝʥʦ ʜʦʨʽʚʥʶʻ ʦʙôʻʤʫ ʮʠʣʽʥʜʨʠʯʥʦʛʦ ʪʽʣʘ VVnº . ʎʝ ʥʘʙʣʠʞʝʥʥʷ ʪʠʤ 

ʪʦʯʥʽʰʝ, ʯʠʤ ʙʽʣʴʰʝ ʯʠʩʣʦ n  ʽ ʯʠʤ ʤʝʥʰʽ ʨʦʟʤʽʨʠ ʦʙʣʘʩʪʝʡ iD .  

 

O 

x 

y 

z 

D 
Di 

M i 

z = f(x,y) 

Ki 

f(ɝi,ɖi) f(ɝi,ɖi) 

ȹSi 
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ʆʟʥʘʯʝʥʥʷ. ʅʘʟʚʝʤʦ ʜʽʘʤʝʪʨʦʤ )(Gdiam  ʟʘʤʢʥʝʥʦʾ ʦʙʤʝʞʝʥʦʾ ʦʙʣʘʩʪʽ 

G  ʥʘʡʙʽʣʴʰʫ ʚʽʜʩʪʘʥʴ ʤʽʞ ʙʫʜʴ-ʷʢʠʤʠ ʜʚʦʤʘ ʪʦʯʢʘʤʠ ʤʝʞʽ ʮʽʻʾ ʦʙʣʘʩʪʽ. 

ʇʦʟʥʘʯʠʤʦ ʯʝʨʝʟ l ʥʘʡʙʽʣʴʰʠʡ ʟ ʜʽʘʤʝʪʨʽʚ ʦʙʣʘʩʪʝʡ iD : 

)(max
,...,2,1

i
ni

Ddiam
=
=l . ʊʦʜʽ ʧʨʠʨʦʜʥʦ ʦʙôʻʤ ʜʘʥʦʛʦ ʪʽʣʘ ʚʠʟʥʘʯʠʪʠ ʷʢ ʛʨʘʥʠʮʶ 

ʩʫʤʠ (1) ʧʨʠ 0l : 

 ä
=

Ö==
n

i
iiin SfVV

100
),(limlim Dhx

ll
. (2) 

1.2. ɿʘʜʘʯʘ ʧʨʦ ʤʘʩʫ ʧʣʘʩʪʠʥʠ. 

ʅʝʭʘʡ ʤʘʻʤʦ ʧʣʦʩʢʫ ʥʝʦʜʥʦʨʽʜʥʫ ʤʘʪʝʨʽʘʣʴʥʫ ʧʣʘʩʪʠʥʫ, ʱʦ ʤʘʻ ʬʦʨʤʫ 

ʦʙʣʘʩʪʽ D  ʧʣʦʱʠʥʠ Oxy. ɯ ʥʝʭʘʡ ʜʣʷ 

ʢʦʞʥʦʾ ʪʦʯʢʠ ʦʙʣʘʩʪʽ ʚʽʜʦʤʘ 

ʥʝʧʝʨʝʨʚʥʘ ʬʫʥʢʮʽʷ ),( yxgg= , ʷʢʘ 

ʚʠʟʥʘʯʘʻ ʛʫʩʪʠʥʫ ʧʣʘʩʪʠʥʠ ʚ ʪʦʯʮʽ 

);( yx . ɿʥʘʡʜʝʤʦ ʤʘʩʫ ʧʣʘʩʪʠʥʠ. ɼʣʷ 

ʮʴʦʛʦ ʜʦʚʽʣʴʥʠʤʠ ʢʨʠʚʠʤʠ ʨʦʟʽʙôʻʤʦ 

ʦʙʣʘʩʪʴ D  ʥʘ n  ʯʘʩʪʠʥ iD , ʷʢʽ ʥʝ 

ʤʘʶʪʴ ʩʧʽʣʴʥʠʭ ʚʥʫʪʨʽʰʥʽʭ ʪʦʯʦʢ, ʽ 

ʧʣʦʱʽ ʷʢʠʭ ʜʦʨʽʚʥʶʶʪʴ iSD , 

ni ,...,2,1= . ʋ ʢʦʞʥʽʡ ʦʙʣʘʩʪʽ iD  

ʚʽʟʴʤʝʤʦ ʜʦʚʽʣʴʥʫ ʪʦʯʢʫ ),( iiiM hx  ʽ 

ʟʥʘʡʜʝʤʦ ʛʫʩʪʠʥʫ ʚ ʮʽʡ ʪʦʯʮʽ ),()( iiiM hxgg = . ʗʢʱʦ ʨʦʟʤʽʨʠ ʦʙʣʘʩʪʽ iD  

ʜʦʩʪʘʪʥʴʦ ʤʘʣʽ, ʪʦ ʛʫʩʪʠʥʘ ʚ ʢʦʞʥʽʡ ʪʦʯʮʽ iDyx Í);(  ʤʘʣʦ ʚʽʜʨʽʟʥʷʪʠʤʝʪʴʩʷ 

ʚʽʜ ʟʥʘʯʝʥʥʷ )( iMg . ʊʦʜʽ ʜʦʙʫʪʦʢ ii SM Dg Ö)(  ʥʘʙʣʠʞʝʥʦ ʚʠʟʥʘʯʘʻ ʤʘʩʫ ʪʽʻʾ 

ʯʘʩʪʠʥʠ ʧʣʘʩʪʠʥʠ, ʷʢʘ ʟʘʡʤʘʻ ʦʙʣʘʩʪʴ iD , ʘ ʩʫʤʘ 

 ä
=

Ö=
n

i
iiin Sm

1

),( Dhxg  (3) 

ʻ ʥʘʙʣʠʞʝʥʠʤ ʟʥʘʯʝʥʥʷʤ ʤʘʩʠ m ʚʩʽʻʾ ʧʣʘʩʪʠʥʠ. ʊʦʯʥʝ ʟʥʘʯʝʥʥʷ ʤʘʩʠ 

ʜʽʩʪʘʥʝʤʦ ʷʢ ʛʨʘʥʠʮʶ ʩʫʤʠ (3) ʧʨʠ 0l : 

 ä
=

Ö==
n

i
iiin Smm

100
),(limlim Dhxg

ll
. (4) 

ʊʘʢʠʤ ʯʠʥʦʤ ʨʽʟʥʽ ʟʘ ʟʤʽʩʪʦʤ ʟʘʜʘʯʽ ʤʠ ʟʚʝʣʠ ʜʦ ʟʥʘʭʦʜʞʝʥʥʷ ʛʨʘʥʠʮʴ 

(2) ʽ (4) ʦʜʥʦʛʦ ʡ ʪʦʛʦ ʩʘʤʦʛʦ ʚʠʜʫ. ʄʦʞʥʘ ʥʘʚʝʩʪʠ ʱʝ ʨʷʜ ʟʘʜʘʯ ʬʽʟʠʢʠ ʽ 

ʪʝʭʥʽʢʠ, ʨʦʟʚôʷʟʘʥʥʷ ʷʢʠʭ ʧʨʠʚʦʜʠʪʴ ʜʦ ʦʙʯʠʩʣʝʥʥʷ ʧʦʜʽʙʥʠʭ ʛʨʘʥʠʮʴ. ʆʪʞʝ, 

ʚʠʥʠʢʘʻ ʧʦʪʨʝʙʘ ʫ ʚʠʚʯʝʥʥʽ ʚʣʘʩʪʠʚʦʩʪʝʡ ʮʠʭ ʛʨʘʥʠʮʴ, ʥʝʟʘʣʝʞʥʦ ʚʽʜ ʟʤʽʩʪʫ 

ʪʽʻʾ ʯʠ ʽʥʰʦʾ ʟʘʜʘʯʽ. ʂʦʞʥʘ ʪʘʢʘ ʛʨʘʥʠʮʷ ʥʘʟʠʚʘʻʪʴʩʷ ʧʦʜʚʽʡʥʠʤ ʽʥʪʝʛʨʘʣʦʤ. 

ɼʘʤʦ ʪʦʯʥʽ ʦʟʥʘʯʝʥʥʷ. 

 

x O 

y 

D 

Di M i 
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2. ʇʦʥʷʪʪʷ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. ɻʝʦʤʝʪʨʠʯʥʠʡ ʪʘ ʬʽʟʠʯʥʠʡ ʟʤʽʩʪ. 

ʋʤʦʚʠ ʽʩʥʫʚʘʥʥʷ. ɺʣʘʩʪʠʚʦʩʪʽ. 

ʅʝʭʘʡ ʬʫʥʢʮʽʷ ),( yxfz=  ʚʠʟʥʘʯʝʥʘ ʚ ʟʘʤʢʥʝʥʽʡ ʦʙʤʝʞʝʥʽʡ ʦʙʣʘʩʪʽ 

2RDË . ʄʝʞʘ ʦʙʣʘʩʪʽ D  ʩʢʣʘʜʘʻʪʴʩʷ ʽʟ ʩʢʽʥʯʝʥʥʦʛʦ ʯʠʩʣʘ ʥʝʧʝʨʝʨʚʥʠʭ 

ʢʨʠʚʠʭ ()xfy=  ʘʙʦ ()yx j= . 

ʈʦʟʽʙôʻʤʦ ʦʙʣʘʩʪʴ D  ʩʽʪʢʦʶ ʜʦʚʽʣʴʥʠʭ ʢʨʠʚʠʭ ʥʘ n  ʯʘʩʪʠʥ 

1D , 2D , é, nD , ʷʢʽ ʥʝ ʤʘʶʪʴ ʩʧʽʣʴʥʠʭ ʚʥʫʪʨʽʰʥʽʭ ʪʦʯʦʢ. ʇʣʦʱʽ ʮʠʭ ʯʘʩʪʠʥ 

iD  ʧʦʟʥʘʯʠʤʦ iSD , ni ,...,2,1= . ʋ ʢʦʞʥʽʡ ʦʙʣʘʩʪʽ iD  ʚʽʟʴʤʝʤʦ ʜʦʚʽʣʴʥʫ ʪʦʯʢʫ 

);( iiiM hx  ʽ ʫʪʚʦʨʠʤʦ ʩʫʤʫ 

 ,);(
1

ä
=

=
n

i
iiin SfI Dhx  (5) 

ʷʢʫ ʥʘʟʚʝʤʦ ʽʥʪʝʛʨʘʣʴʥʦʶ ʩʫʤʦʶ ʬʫʥʢʮʽʾ ),( yxfz=  ʧʦ ʦʙʣʘʩʪʽ D .  

ʇʦʟʥʘʯʠʤʦ )(max
,..,2,1

i
ni

Ddiam
=
=l  ï ʥʘʡʙʽʣʴʰʠʡ ʽʟ ʜʽʘʤʝʪʨʽʚ ʦʙʣʘʩʪʝʡ iD . 

ʆʟʥʘʯʝʥʥʷ. ʗʢʱʦ ʽʥʪʝʛʨʘʣʴʥʘ ʩʫʤʘ (5) ʧʨʠ 0l  ʤʘʻ ʩʢʽʥʯʝʥʥʫ 

ʛʨʘʥʠʮʶ, ʷʢʘ ʥʝ ʟʘʣʝʞʠʪʴ ʥʽ ʚʽʜ ʩʧʦʩʦʙʫ ʨʦʟʙʠʪʪʷ ʦʙʣʘʩʪʽ D  ʥʘ ʯʘʩʪʠʥʠ iD , 

ʥʽ ʚʽʜ ʚʠʙʦʨʫ ʚ ʥʠʭ ʪʦʯʦʢ iM , ʪʦ ʮʷ ʛʨʘʥʠʮʷ ʥʘʟʠʚʘʻʪʴʩʷ ʧʦʜʚʽʡʥʠʤ 

ʽʥʪʝʛʨʘʣʦʤ ʬʫʥʢʮʽʾ ),( yxf  ʧʦ ʦʙʣʘʩʪʽ D  ʽ ʧʦʟʥʘʯʘʻʪʴʩʷ ʦʜʥʠʤ ʽʟ ʩʠʤʚʦʣʽʚ: 

ññ
D

dSyxf ),( , ʘʙʦ ññ
D

dxdyyxf ),( . 

ʇʨʠ ʮʴʦʤʫ ʦʙʣʘʩʪʴ D  ʥʘʟʠʚʘʻʪʴʩʷ ʦʙʣʘʩʪʶ ʽʥʪʝʛʨʫʚʘʥʥʷ, ʬʫʥʢʮʽʷ ),( yxf  ï

ʥ̔ʪʝʛʨʦʚʥʦʶ ʚ ʮʽʡ ʦʙʣʘʩʪʽ, x , y  ï ʟʤʽʥʥʠʤʠ ʽʥʪʝʛʨʫʚʘʥʥʷ, dS (ʘʙʦ dxdy) ï 

ʝʣʝʤʝʥʪʦʤ ʧʣʦʱʽ. 

ʊʘʢʠʤ ʯʠʥʦʤ ʟʘ ʦʟʥʘʯʝʥʥʷʤ 

 .),(lim),(
10
äññ
=

Ö=
n

i
iii

D

Sfdxdyyxf Dhx
l

 (6) 

ʇʦʚʝʨʥʝʤʦʩʷ ʪʝʧʝʨ ʜʦ ʟʘʜʘʯ 1-ʦʛʦ ʧʫʥʢʪʫ ʣʝʢʮʽʾ. ʗʢʱʦ ʛʨʘʥʠʮʽ ʚ 

ʨʽʚʥʦʩʪʷʭ (2) ʽ (4) ʽʩʥʫʶʪʴ, ʪʦ ʚʨʘʭʦʚʫʶʯʠ ʨʽʚʥʽʩʪʴ (6) ʦʪʨʠʤʘʻʤʦ ʬʦʨʤʫʣʠ 

ʜʣʷ ʦʙôʻʤʫ ʮʠʣʽʥʜʨʠʯʥʦʛʦ ʪʽʣʘ  

 ññ=
D

dxdyyxfV ),(  (7) 

ʪʘ ʤʘʩʠ ʧʣʘʩʪʠʥʢʠ 

 .),(ññ=
D

dxdyyxm g  (8) 

ʗʢʱʦ ʫ ʬʦʨʤʫʣʽ (7) ʧʦʢʣʘʩʪʠ 1),( ¹yxf , Dyx Í);( , ʪʦ ʜʽʩʪʘʥʝʤʦ ʬʦʨʤʫʣʫ 

ʜʣʷ ʦʙʯʠʩʣʝʥʥʷ ʧʣʦʱʽ S ʦʙʣʘʩʪʽ D : 

 .ññ=
D

dxdyS  (9) 

ʈʽʚʥʦʩʪʽ (7) ʽ (8) ʨʦʟʛʣʷʜʘʶʪʴ ʚʽʜʧʦʚʽʜʥʦ ʷʢ ʛʝʦʤʝʪʨʠʯʥʠʡ ʪʘ ʬʽʟʠʯʥʠʡ ʟʤʽʩʪ 

ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ, ʷʢʱʦ ʧʽʜʽʥʪʝʛʨʘʣʴʥʘ ʬʫʥʢʮʽʷ ʥʝʚʽʜôʻʤʥʘ ʚ ʦʙʣʘʩʪʽ D . 



 20 

ʊʝʦʨʝʤʘ (ʜʦʩʪʘʪʥʷ ʫʤʦʚʘ ʽʥʪʝʛʨʦʚʥʦʩʪʽ ʬʫʥʢʮʽʾ). ʗʢʱʦ ʬʫʥʢʮʽʷ 

),( yxfz=  ʥʝʧʝʨʝʨʚʥʘ ʚ ʟʘʤʢʥʝʥʽʡ ʦʙʤʝʞʝʥʽʡ ʦʙʣʘʩʪʽ D, ʪʦ ʚʦʥʘ ʽʥʪʝʛʨʦʚʥʘ 

ʚ ʮʽʡ ʦʙʣʘʩʪʽ. 

ɼʝʷʢʽ ʚʣʘʩʪʠʚʦʩʪʽ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

ɺʚʘʞʘʪʠʤʝʤʦ ʧʽʜʽʥʪʝʛʨʘʣʴʥʽ ʬʫʥʢʮʽʾ ʽʥʪʝʛʨʦʚʥʠʤʠ. 

1. (ʃʽʥʽʡʥʽʩʪʴ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ.) ʗʢʱʦ 1C  ʽ 2C  ʩʪʘʣʽ ʯʠʩʣʘ, ʪʦ 

.),(),()),(),(( 2121 ññññññ °=°
DDD

dxdyyxgCdxdyyxfCdxdyyxgCyxfC  

2. (ɸʜʠʪʠʚʥʽʩʪʴ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ.) ʗʢʱʦ ʦʙʣʘʩʪʴ ʽʥʪʝʛʨʫʚʘʥʥʷ D  

ʬʫʥʢʮʽʾ ),( yxf  ʨʦʟʙʠʪʠ ʥʘ ʦʙʣʘʩʪʽ 1D  ʽ 2D , ʷʢʽ ʥʝ ʤʘʶʪʴ ʩʧʽʣʴʥʠʭ 

ʚʥʫʪʨʽʰʥʽʭ ʪʦʯʦʢ, ʪʦ 

.),(),(),(

21

ññññññ +=
DDD

dxdyyxfdxdyyxfdxdyyxf  

3. ʗʢʱʦ ʚ ʦʙʣʘʩʪʽ D  ʤʘʻ ʤʽʩʮʝ ʥʝʨʽʚʥʽʩʪʴ 0),( ²yxf , ʪʦ  

ññ ²
D

dxdyyxf 0),( . 

4. ʗʢʱʦ ʚ ʦʙʣʘʩʪʽ D  ),(),( yxgyxf ² , ʪʦ  

dxdyyxgdxdyyxf
D D

ññ ññ² ),(),( . 

5. (ʆʮʽʥʢʘ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ.) ʗʢʱʦ ʬʫʥʢʮʽʷ ʥʝʧʝʨʝʨʚʥʘ ʚ ʦʙʤʝʞʝʥʽʡ 

ʟʘʤʢʥʝʥʽʡ ʦʙʣʘʩʪʽ D, ʷʢʘ ʤʘʻ ʧʣʦʱʫ S, ʪʦ  

,),( MSdxdyyxfmS
D

¢¢ññ  

ʜʝ m ʽ M  ï ʚʽʜʧʦʚʽʜʥʦ ʥʘʡʤʝʥʰʝ ʽ ʥʘʡʙʽʣʴʰʝ ʟʥʘʯʝʥʥʷ ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʾ 

ʬʫʥʢʮʽʾ ʚ ʦʙʣʘʩʪʽ D . 

6. (ʉʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ.) ʗʢʱʦ ʬʫʥʢʮʽʷ ),( yxf  ʥʝʧʝʨʝʨʚʥʘ ʚ 

ʟʘʤʢʥʝʥʽʡ ʦʙʤʝʞʝʥʽʡ ʦʙʣʘʩʪʽ D, ʷʢʘ ʤʘʻ ʧʣʦʱʫ S, ʪʦ ʚ ʮʽʡ ʦʙʣʘʩʪʽ 

ʽʩʥʫʻ ʪʘʢʘ ʪʦʯʢʘ );( 00 yx , ʱʦ 

.),(),( 00 Syxfdxdyyxf
D

ññ =  

ɺʝʣʠʯʠʥʫ ññ=
D

dxdyyxf
S

yxf ),(
1

),( 00  ʥʘʟʠʚʘʶʪʴ ʩʝʨʝʜʥʽʤ ʟʥʘʯʝʥʥʷʤ 

ʬʫʥʢʮʽʾ ),( yxf  ʚ ʦʙʣʘʩʪʽ D . 

 

3. ʆʙʯʠʩʣʝʥʥʷ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

ʆʙʯʠʩʣʝʥʥʷ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʟʘ ʬʦʨʤʫʣʦʶ (6) ʷʢ ʛʨʘʥʠʮʽ 

ʽʥʪʝʛʨʘʣʴʥʠʭ ʩʫʤ, ʪʘʢ ʩʘʤʦ ʷʢ ʽ ʫ ʚʠʧʘʜʢʫ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ, ʧʦʚôʷʟʘʥʝ ʽʟ 

ʟʥʘʯʥʠʤʠ ʪʨʫʜʥʦʱʘʤʠ. ʑʦʙ ʫʥʠʢʥʫʪʠ ʾʭ, ʦʙʯʠʩʣʝʥʥʷ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ 

ʟʚʦʜʷʪʴ ʜʦ ʦʙʯʠʩʣʝʥʥʷ ʪʘʢ ʟʚʘʥʦʛʦ ʧʦʚʪʦʨʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ï ʜʚʦʭ ʟʚʠʯʘʡʥʠʭ 

ʚʠʟʥʘʯʝʥʠʭ ʽʥʪʝʛʨʘʣʽʚ. 
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ʈʦʟʛʣʷʥʝʤʦ ʷʢ ʮʝ ʨʦʙʠʪʴʩʷ. ʇʨʠʧʫʩʪʠʤʦ, ʱʦ ʜʣʷ ʚʩʽʭ ʪʦʯʦʢ Dyx Í);(  

ʬʫʥʢʮʽʷ 0),( ²yxf . ʊʦʜʽ, ʚʽʜʧʦʚʽʜʥʦ ʜʦ ʬʦʨʤʫʣʠ (7), ʧʦʜʚʽʡʥʠʡ ʽʥʪʝʛʨʘʣ 

ʚʠʨʘʞʘʻ ʦʙôʻʤ ʮʠʣʽʥʜʨʠʯʥʦʛʦ ʪʽʣʘ ʟ ʦʩʥʦʚʦʶ D, ʦʙʤʝʞʝʥʦʛʦ ʟʚʝʨʭʫ 

ʧʦʚʝʨʭʥʝʶ ),( yxfz= . ʊʦʡ ʩʘʤʠʡ ʦʙôʻʤ ʤʦʞʥʘ ʦʙʯʠʩʣʠʪʠ ʤʝʪʦʜʦʤ 

ʧʘʨʘʣʝʣʴʥʠʭ ʧʝʨʝʨʽʟʽʚ (2 ʩʝʤʝʩʪʨ, ʟʘʩʪʦʩʫʚʘʥʥʷ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ): 

 ,)(ñ=
b

a

dxxSV  (10) 

ʜʝ )(xS  ï ʧʣʦʱʘ ʧʝʨʝʨʽʟʫ ʪʽʣʘ ʧʣʦʱʠʥʦʶ, ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʶ ʜʦ ʦʩʽ Ox, ʘ 

ax=  ʪʘ bx=  ï ʨʽʚʥʷʥʥʷ ʧʣʦʱʠʥ, ʷʢʽ ʦʙʤʝʞʫʶʪʴ ʜʘʥʝ ʪʽʣʦ (ʽʥʰʠʤʠ ʩʣʦʚʘʤʠ, 

ʚʽʜʨʽʟʦʢ ];[ ba  ï ʧʨʦʝʢʮʽʷ ʪʽʣʘ ʥʘ ʚʽʩʴ Ox). 

 
 

ʇʝʨʝʜ ʪʠʤ, ʷʢ ʦʙʯʠʩʣʶʚʘʪʠ ʧʣʦʱʫ ʧʝʨʝʨʽʟʫ )(xS  ʟʨʦʙʠʤʦ ʧʝʚʥʽ 

ʧʨʠʧʫʱʝʥʥʷ ʚʽʜʥʦʩʥʦ ʦʙʣʘʩʪʽ D . 

ʇʨʠʧʫʩʪʠʤʦ, ʱʦ ʦʙʣʘʩʪʴ D  ʦʙʤʝʞʝʥʘ ʟʥʠʟʫ ʢʨʠʚʦʶ )(1 xy j= , ʟʚʝʨʭʫ 

ʢʨʠʚʦʶ )(2 xy j= , ʘ ʟʣʽʚʘ ʽ ʩʧʨʘʚʘ ʧʨʷʤʠʤʠ ax=  ʪʘ bx=  ʚʽʜʧʦʚʽʜʥʦ. 

O 

x 

y 

z 

x 

a 

b 
D 

S(x) 

C1 
C2 

M2 

M1 

ű1(x) 

ű2(x) 

z = f(x,y) 

D 

O 

y 

x 

C1 

ʪʦʯʢʘ 

ʚʭʦʜʫ 

ʪʦʯʢʘ 

ʚʠʭʦʜʫ 

C2 

y = ű1(x) 

y = ű2(x) 

x a b 
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ʇʨʦʚʝʜʝʤʦ ʯʝʨʝʟ ʪʦʯʢʫ )0;(x , ʜʝ );( baxÍ , ʧʨʷʤʫ, ʧʘʨʘʣʝʣʴʥʫ ʦʩʽ Oy. 

ʎʷ ʧʨʷʤʘ ʧʝʨʝʪʠʥʘʻ ʢʨʠʚʽ )(1 xy j=  ʪʘ )(2 xy j=  ʫ ʪʦʯʢʘʭ 1C  ʽ 2C , ʷʢʽ 

ʥʘʟʠʚʘʪʠʤʝʤʦ ʚʽʜʧʦʚʽʜʥʦ ʪʦʯʢʦʶ ʚʭʦʜʫ ʚ ʦʙʣʘʩʪʴ D  ʪʘ ʪʦʯʢʦʶ ʚʠʭʦʜʫ ʟ 

ʦʙʣʘʩʪʽ D. ʆʨʜʠʥʘʪʠ ʮʠʭ ʪʦʯʦʢ ʧʦʟʥʘʯʠʤʦ ʚʽʜʧʦʚʽʜʥʦ )(1 xyʚʭj= , 

)(2 xyʚʠʭj= . 

ɺʠʟʥʘʯʝʥʘ ʪʘʢʠʤ ʯʠʥʦʤ ʦʙʣʘʩʪʴ ʥʘʟʠʚʘʻʪʴʩʷ ʧʨʘʚʠʣʴʥʦʶ ʚ ʥʘʧʨʷʤʽ ʦʩʽ 

Oy. ɯʥʘʢʰʝ ʢʘʞʫʯʠ, ʦʙʣʘʩʪʴ D  ʥʘʟʠʚʘʻʪʴʩʷ ʧʨʘʚʠʣʴʥʦʶ ʚ ʥʘʧʨʷʤʽ ʦʩʽ Oy, 

ʷʢʱʦ ʜʦʚʽʣʴʥʘ ʧʨʷʤʘ, ʷʢʘ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʚʥʫʪʨʽʰʥʶ ʪʦʯʢʫ ʦʙʣʘʩʪʽ D  

ʧʘʨʘʣʝʣʴʥʦ ʦʩʽ Oy, ʧʝʨʝʪʠʥʘʻ ʤʝʞʫ ʦʙʣʘʩʪʽ ʥʝ ʙʽʣʴʰʝ, ʥʽʞ ʫ ʜʚʦʭ ʪʦʯʢʘʭ. 

ɿʥʘʡʜʝʤʦ ʪʝʧʝʨ ʧʣʦʱʫ )(xS . ɼʣʷ ʮʴʦʛʦ ʧʨʦʚʝʜʝʤʦ ʯʝʨʝʟ ʪʦʯʢʫ )0;0;(x  

ʧʣʦʱʠʥʫ, ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʫ ʦʩʽ Ox. ʋ ʧʝʨʝʨʽʟʽ ʮʽʻʾ ʧʣʦʱʠʥʠ ʽ ʮʠʣʽʥʜʨʠʯʥʦʛʦ 

ʪʽʣʘ ʫʪʚʦʨʶʻʪʴʩʷ ʢʨʠʚʦʣʽʥʽʡʥʘ ʪʨʘʧʝʮʽʷ 2211 CMMC . ɸʧʣʽʢʘʪʘ ),( yxfz=  

ʪʦʯʦʢ ʣʽʥʽʾ 21MM  ʧʨʠ ʬʽʢʩʦʚʘʥʦʤʫ x  ʻ ʬʫʥʢʮʽʻʶ ʣʠʰʝ ʟʤʽʥʥʦʾ y, ʧʨʠʯʦʤʫ 

y  ʟʤʽʥʶʻʪʴʩʷ ʚ ʤʝʞʘʭ ʚʽʜ )(1 xyʚʭj=  ʜʦ )(2 xyʚʠʭj= . ʇʣʦʱʘ )(xS  ʪʨʘʧʝʮʽʾ 

2211 CMMC  ʜʦʨʽʚʥʶʻ ʚʠʟʥʘʯʝʥʦʤʫ ʽʥʪʝʛʨʘʣʫ 
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ʇʽʜʩʪʘʚʠʚʰʠ ʟʥʘʡʜʝʥʝ ʟʥʘʯʝʥʥʷ )(xS  ʫ ʬʦʨʤʫʣʫ (10) ʽ ʚʨʘʭʦʚʫʶʯʠ ʬʦʨʤʫʣʫ 

(7), ʜʽʩʪʘʥʝʤʦ 
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)(

)(

2

1

ññññ ö
ö

÷

õ

æ
æ

ç

å
=

b

a

x

xD

dxdyyxfdxdyyxf

j

j

 

ʇʨʘʚʫ ʯʘʩʪʠʥʫ ʮʽʻʾ ʨʽʚʥʦʩʪʽ ʥʘʟʠʚʘʶʪʴ ʧʦʚʪʦʨʥʠʤ ʽʥʪʝʛʨʘʣʦʤ ʬʫʥʢʮʽʾ ),( yxf  

ʧʦ ʦʙʣʘʩʪʽ D. ʁʦʛʦ ʧʨʠʡʥʷʪʦ ʟʘʧʠʩʫʚʘʪʠ ʫ ʙʽʣʴʰ ʟʨʫʯʥʽʡ ʬʦʨʤʽ 

 .),(),(

)(

)(

2

1

ññññ =

x

x

b

aD

dyyxfdxdxdyyxf

j

j

 (11) 

ʋ ʧʦʚʪʦʨʥʦʤʫ ʽʥʪʝʛʨʘʣʽ (11) ʽʥʪʝʛʨʫʚʘʥʥʷ ʚʠʢʦʥʫʻʪʴʩʷ ʩʧʦʯʘʪʢʫ ʧʦ ʟʤʽʥʥʽʡ y  

(ʧʨʠ ʮʴʦʤʫ x  ʚʚʘʞʘʻʪʴʩʷ ʩʪʘʣʦʶ), ʘ ʧʦʪʽʤ ʧʦ ʟʤʽʥʥʽʡ x. ɯʥʪʝʛʨʘʣ ʧʦ ʟʤʽʥʥʽʡ 

y  ʥʘʟʠʚʘʶʪʴ ʚʥʫʪʨʽʰʥʽʤ, ʘ ʧʦ ʟʤʽʥʥʽʡ x  ï ʟʦʚʥʽʰʥʽʤ. ʋ ʨʝʟʫʣʴʪʘʪʽ 

ʦʙʯʠʩʣʝʥʥʷ ʚʥʫʪʨʽʰʥʴʦʛʦ ʽʥʪʝʛʨʘʣʘ (ʚ ʤʝʞʘʭ ʚʽʜ )(1 xj  ʜʦ )(2 xj ) ʦʜʝʨʞʫʻʤʦ 

ʧʝʚʥʫ ʬʫʥʢʮʽʶ ʚʽʜ ʦʜʥʽʻʾ ʟʤʽʥʥʦʾ x. ɯʥʪʝʛʨʫʶʯʠ ʮʶ ʬʫʥʢʮʽʶ ʚ ʤʝʞʘʭ ʚʽʜ a  

ʜʦ b, ʪʦʙʪʦ ʦʙʯʠʩʣʶʶʯʠ ʟʦʚʥʽʰʥʽʡ ʽʥʪʝʛʨʘʣ, ʜʽʩʪʘʻʤʦ ʜʝʷʢʝ ʯʠʩʣʦ ï ʟʥʘʯʝʥʥʷ 

ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

ɿʫʚʘʞʝʥʥʷ 1. ʈʽʚʥʽʩʪʴ (11) ʜʦʚʝʜʝʥʘ ʥʘʤʠ ʽʟ ʛʝʦʤʝʪʨʠʯʥʠʭ ʤʽʨʢʫʚʘʥʴ ʟʘ 

ʫʤʦʚʠ, ʱʦ 0),( ²yxf  ʜʣʷ ʚʩʽʭ Dyx Í);( . ʆʜʥʘʢ ʚʦʥʘ ʟʘʣʠʰʘʻʪʴʩʷ 

ʩʧʨʘʚʝʜʣʠʚʦʶ ʽ ʫ ʟʘʛʘʣʴʥʦʤʫ ʚʠʧʘʜʢʫ. ʉʪʨʦʛʝ ʜʦʚʝʜʝʥʥʷ ʮʽʻʾ ʬʦʨʤʫʣʠ ʤʠ 

ʦʧʫʩʢʘʻʤʦ. 
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ɿʫʚʘʞʝʥʥʷ 2. ʗʢʱʦ ʦʙʣʘʩʪʴ D  ʦʙʤʝʞʝʥʘ ʜʚʦʤʘ ʥʝʧʝʨʝʨʚʥʠʤʠ ʢʨʠʚʠʤʠ 

)(),( 21 yxyx yy ==  ʽ ʜʚʦʤʘ ʧʨʷʤʠʤʠ 

dycy == , , ʧʨʠʯʦʤʫ dc<  ʽ 

)()( 21 yy yy ¢  ʜʣʷ ʚʩʽʭ );( dcyÍ , ʪʦ 

ʦʙʣʘʩʪʴ ʧʨʘʚʠʣʴʥʘ ʚ ʥʘʧʨʷʤʢʫ ʦʩʽ Ox, 

ʪʦ ʩʧʨʘʚʝʜʣʠʚʘ ʬʦʨʤʫʣʘ 

.),(),(

)(

)(

2

1

ñ ñññ =
d

c

y

yD

dxyxfdydxdyyxf

y

y

   (12) 

ʊʫʪ ʚʥʫʪʨʽʰʥʽʤ ʻ ʽʥʪʝʛʨʘʣ ʧʦ x . 

ʆʙʯʠʩʣʶʶʯʠ ʡʦʛʦ ʚ ʤʝʞʘʭ ʚʽʜ )(1 yy  

ʜʦ )(2 yy  (ʧʨʠ ʮʴʦʤʫ y  ʚʚʘʞʘʻʪʴʩʷ 

ʩʪʘʣʦʶ), ʜʽʩʪʘʥʝʤʦ ʜʝʷʢʫ ʬʫʥʢʮʽʶ 

ʦʜʥʽʻʾ ʟʤʽʥʥʦʾ y. ɯʥʪʝʛʨʫʶʯʠ ʧʦʪʽʤ ʮʶ ʬʫʥʢʮʽʶ ʚ ʤʝʞʘʭ ʚʽʜ c  ʜʦ d , 

ʜʽʩʪʘʥʝʤʦ ʟʥʘʯʝʥʥʷ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

ɿʫʚʘʞʝʥʥʷ 3. ʗʢʱʦ ʦʙʣʘʩʪʴ D  ʧʨʘʚʠʣʴʥʘ ʚ ʦʙʦʭ ʥʘʧʨʷʤʘʭ, ʪʦ 

ʧʦʜʚʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ʤʦʞʥʘ ʦʙʯʠʩʣʶʚʘʪʠ ʷʢ ʟʘ ʬʦʨʤʫʣʦʶ (11), ʪʘʢ ʽ ʟʘ 

ʬʦʨʤʫʣʦʶ (12). ʈʝʟʫʣʴʪʘʪʠ ʤʘʪʠʤʝʤʦ ʦʜʥʘʢʦʚʽ. 

ɿʘʫʚʘʞʝʥʥʷ 4. ʗʢʱʦ ʦʙʣʘʩʪʴ D  ʥʝ ʻ 

ʧʨʘʚʠʣʴʥʦʶ ʥʽ ʚ ʥʘʧʨʷʤʢʫ ʦʩʽ Ox, ʥʽ ʚ ʥʘʧʨʷʤʢʫ ʦʩʽ 

Oy (ʪʦʙʪʦ ʽʩʥʫʶʪʴ ʚʝʨʪʠʢʘʣʴʥʽ ʽ ʛʦʨʠʟʦʥʪʘʣʴʥʽ ʧʨʷʤʽ, 

ʷʢʽ, ʧʨʦʭʦʜʷʯʠ ʯʝʨʝʟ ʚʥʫʪʨʽʰʥʽ ʪʦʯʢʠ ʦʙʣʘʩʪʽ, 

ʧʝʨʝʪʠʥʘʶʪʴ ʾʾ ʤʝʞʫ ʙʣ̔ʴʰʝ, ʥʽʞ ʫ ʜʚʦʭ ʪʦʯʢʘʭ), ʪʦ 

ʪʘʢʫ ʦʙʣʘʩʪʴ ʥʝʦʙʭʽʜʥʦ ʨʦʟʙʠʪʠ ʥʘ ʯʘʩʪʠʥʠ, ʢʦʞʥʘ ʟ 

ʷʢʠʭ ʻ ʧʨʘʚʠʣʴʥʦʶ ʦʙʣʘʩʪʶ ʚ ʥʘʧʨʷʤʢʫ ʦʩʽ Ox ʯʠ Oy. 

ʆʙʯʠʩʣʶʶʯʠ ʧʦʜʚʽʡʥʽ ʽʥʪʝʛʨʘʣʠ ʧʦ ʧʨʘʚʠʣʴʥʠʭ 

ʦʙʣʘʩʪʷʭ ʽ ʜʦʜʘʶʯʠ ʨʝʟʫʣʴʪʘʪʠ (ʚʣʘʩʪʠʚʽʩʪʴ 

ʘʜʠʪʠʚʥʦʩʪʽ), ʟʥʘʭʦʜʠʤʦ ʰʫʢʘʥʠʡ ʧʦʜʚʽʡʥʠʡ ʽʥʪʝʛʨʘʣ 

ʧʦ ʦʙʣʘʩʪʽ D. ʅʘʧʨʠʢʣʘʜ, ʜʣʷ ʦʙʣʘʩʪʽ, ʟʦʙʨʘʞʝʥʦʾ ʥʘ ʨʠʩʫʥʢʫ ʤʘʻʤʦ: 

ññññññññ ++=

321

),(),(),(),(
DDDD

dxdyyxfdxdyyxfdxdyyxfdxdyyxf . 

ɿʘʫʚʘʞʝʥʥʷ 5. ʇʦʚʪʦʨʥʽ ʽʥʪʝʛʨʘʣʠ ʚ ʧʨʘʚʠʭ ʯʘʩʪʠʥʘʭ ʬʦʨʤʫʣ (11) ʽ (12) 

ʥʘʟʠʚʘʶʪʴ ʽʥʪʝʛʨʘʣʘʤʠ ʟ ʨʽʟʥʠʤ ʧʦʨʷʜʢʦʤ ʽʥʪʝʛʨʫʚʘʥʥʷ. ʇʝʨʝʭʽʜ ʚʽʜ 

ʬʦʨʤʫʣʠ (11) ʜʦ ʬʦʨʤʫʣʠ (12) ʘʙʦ ʥʘʚʧʘʢʠ ʥʘʟʠʚʘʶʪʴ ʟʤʽʥʦʶ ʧʦʨʷʜʢʫ 

ʽʥʪʝʛʨʫʚʘʥʥʷ. 

ʋ ʢʦʞʥʦʤʫ ʢʦʥʢʨʝʪʥʦʤʫ ʚʠʧʘʜʢʫ, ʟʘʣʝʞʥʦ ʚʽʜ ʚʠʜʫ ʦʙʣʘʩʪʽ D  ʪʘ 

ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʾ ʬʫʥʢʮʽʾ ),( yxf , ʧʦʪʨʽʙʥʦ ʦʙʠʨʘʪʠ ʪʦʡ ʧʦʨʷʜʦʢ ʽʥʪʝʛʨʫʚʘʥʥʷ, 

ʷʢʠʡ ʚʝʜʝ ʜʦ ʧʨʦʩʪʽʰʠʭ ʦʙʯʠʩʣʝʥʴ. 

ɿʘʫʚʘʞʝʥʥʷ 6. ʇʨʘʚʠʣʴʥʫ ʚ ʥʘʧʨʷʤʽ ʦʩʽ Oy ʦʙʣʘʩʪʴ D  ʢʦʨʦʪʢʦ 

ʧʦʟʥʘʯʘʪʠʤʝʤʦ ʪʘʢ: 

{ })()(,|),( 21 xyxbxayxD jj ¢¢¢¢= . 
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ɸʥʘʣʦʛʽʯʥʦ 

{ })()(,|),( 21 yxydycyxD yy ¢¢¢¢=  

ï ʦʙʣʘʩʪʴ ʧʨʘʚʠʣʴʥʘ ʚ ʥʘʧʨʷʤʽ ʦʩʽ Ox. 

ʇʨʠʢʣʘʜ 1. ʆʙʯʠʩʣʠʪʠ ʧʦʜʚʽʡʥʠʡ ʽʥʪʝʛʨʘʣ  

ññ+
D

dxdyyx )( , 

ʷʢʱʦ ʦʙʣʘʩʪʴ D  ʦʙʤʝʞʝʥʘ ʣʽʥʽʷʤʠ 23 xy -=  ʽ 13 -= xy . 

ʈʦʟʚôʷʟʘʥʥʷ.  

ʇʦʙʫʜʫʻʤʦ ʦʙʣʘʩʪʴ D. ʃʽʥʽʷ 23 xy -=  ï ʧʘʨʘʙʦʣʘ ʟ ʚʝʨʰʠʥʦʶ ʚ ʪʦʯʮʽ 

)3;0( , ʩʠʤʝʪʨʠʯʥʘ ʚʽʜʥʦʩʥʦ ʦʩʽ Oy ʽ ʦʙʤʝʞʫʻ ʦʙʣʘʩʪʴ D  ʟʚʝʨʭʫ. ʃʽʥʽʷ 

13 -= xy  ï ʧʨʷʤʘ, ʷʢʘ ʦʙʤʝʞʫʻ ʦʙʣʘʩʪʴ ʟʥʠʟʫ. 

ɿʥʘʡʜʝʤʦ ʢʦʦʨʜʠʥʘʪʠ ʪʦʯʦʢ ʧʝʨʝʪʠʥʫ ʮʠʭ ʣʥ̔ʽʡ:  
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ʇʨʠʢʣʘʜ 2. ɿʤʽʥʠʪʠ ʧʦʨ̫ʜʦʢ ʽʥʪʝʛʨʫʚʘʥʥʷ ʫ ʧʦʚʪʦʨʥʦʤʫ ʽʥʪʝʛʨʘʣʽ  

ñ ñ
-

-2

3

6

2

),(
x

x

dyyxfdx . 

ʈʦʟʚôʷʟʘʥʥʷ. 

ʇʦʙʫʜʫʻʤʦ ʦʙʣʘʩʪʴ D, ʷʢʘ ʦʙʤʝʞʝʥʘ ʟʣʽʚʘ ʽ ʩʧʨʘʚʘ ʧʨʷʤʠʤʠ 

2,3 =-= xx  ʚʽʜʧʦʚʽʜʥʦ, ʟʥʠʟʫ ʧʘʨʘʙʦʣʦʶ 2xy= , ʟʚʝʨʭʫ ʧʨʷʤʦʶ xy -=6 . 

ʆʙʣʘʩʪʴ ʧʨʘʚʠʣʴʥʘ ʚʽʜʥʦʩʥʦ ʚʽʩʽ Oy. ʊʦʙʪʦ  

{ }xyxxyxD -¢¢¢¢-= 6,23|);( 2 . 
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ʉʧʨʦʝʢʪʫʻʤʦ ʦʙʣʘʩʪʴ D  ʥʘ ʚʽʩʴ Oy. ʇʨʦʝʢʮʽʻʶ ʙʫʜʝ 

ʚʽʜʨʽʟʦʢ [ ]9;0 . 

ʆʩʢʽʣʴʢʠ ʣʽʥʽʷ, ʥʘ ʷʢʽʡ ʤʽʩʪʷʪʴʩʷ ʪʦʯʢʠ ʚʠʭʦʜʫ ʟ 

ʦʙʣʘʩʪʽ (ʧʽʜ ʯʘʩ ʨʫʭʫ ʟʣʽʚʘ ʥʘʧʨʘʚʦ), ʟʘʜʘʥʘ ʜʚʦʤʘ 

ʨʽʟʥʠʤʠ ʨʽʚʥʷʥʥʷʤʠ yx -=6  ʽ yx= , ʪʦ ʜʘʥʫ 

ʦʙʣʘʩʪʴ ʧʦʪʨʽʙʥʦ ʨʦʟʙʠʪʠ ʥʘ ʜʚʽ ʯʘʩʪʠʥʠ 1D  ʽ 2D . 

ʄʘ̒ ʤʦ: 

{ }
{ }.6;94

;;40

2

1

yxyyD

yxyyD

-¢¢-¢¢=

¢¢-¢¢=
 

ʊʦʤʫ 

ñ ññ ññ ñ
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-
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ʃʝʢʮʽʷ ˉ4 

ʊʝʤʘ: 1. ɿʘʤʽʥʘ ʟʤʽʥʥʠʭ ʫ ʧʦʜʚʽʡʥʦʤʫ ʽʥʪʝʛʨʘʣʽ. ɿʘʩʪʦʩʫʚʘʥʥʷ 

ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ 
 

ʇʣʘʥ ʣʝʢʮʽʾ: 

1. ɿʘʤʽʥʘ ʟʤʽʥʥʠʭ ʫ ʧʦʜʚʽʡʥʦʤʫ ʽʥʪʝʛʨʘʣʽ. ʇʦʜʚʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ʫ ʧʦʣʷʨʥʠʭ 
ʢʦʦʨʜʠʥʘʪʘʭ. 

2. ɿʘʩʪʦʩʫʚʘʥʥʷ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

 

1. ɿʘʤʽʥʘ ʟʤʽʥʥʠʭ ʫ ʧʦʜʚʽʡʥʦʤʫ ʽʥʪʝʛʨʘʣʽ. ʇʦʜʚʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ʫ 

ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ. 

ʅʝʭʘʡ ʬʫʥʢʮʽʷ  ʥʝʧʝʨʝʨʚʥʘ ʚ ʜʝʷʢʽʡ ʟʘʤʢʥʝʥʽʡ ʽ ʦʙʤʝʞʝʥʽʡ ʦʙʣʘʩʪʽ D , 

ʪʦʜʽ ʽʩʥʫʻ ʽʥʪʝʛʨʘʣ ( )ññ=

D

dxdyyxfI , . ʇʨʠʧʫʩʪʠʤʦ, ʱʦ ʟʘ ʜʦʧʦʤʦʛʦʶ ʬʦʨʤʫʣ  

( ) ( )vuyyvuxx ,,, ==        (13) 

 ʤʠ ʧʝʨʝʭʦʜʠʤʦ ʚ ʽʥʪʝʛʨʘʣʽ I  ʜʦ ʥʦʚʠʭ ʟʤʽʥʥʠʭ u  ʪʘ v. ɹʫʜʝʤʦ ʚʚʘʞʘʪʠ, ʱʦ ʟ 

ʬʦʨʤʫʣ (13) ʦʜʥʦʟʥʘʯʥʦ ʤʦʞʥʘ ʚʠʟʥʘʯʠʪʠ u  ʪʘ v : 

( ) ( )yxvvyxuu ,, == .      (14) 

ɿʛʽʜʥʦ ʟ ʬʦʨʤʫʣʘʤʠ (14) ʢʦʞʥʽʡ ʪʦʯʮʽ ( )DyxM Í,  ʩʪʘʚʠʪʴʩʷ ʫ ʚʽʜʧʦʚʽʜʥʽʩʪʴ 

ʜʝʷʢʘ ʪʦʯʢʘ ( )vuM ,*  ʥʘ ʢʦʦʨʜʠʥʘʪʥʽʡ ʧʣʦʱʠʥʽ ʟ ʧʨʷʤʦʢʫʪʥʠʤʠ 

ʢʦʦʨʜʠʥʘʪʘʤʠ u  ʪʘ v. ʅʝʭʘʡ ʤʥʦʞʠʥʘ ʚʩʽʭ ʪʦʯʦʢ ( )vuM ,*  ʫʪʚʦʨʶʻ ʦʙʤʝʞʝʥʫ 

ʟʘʤʢʥʝʥʫ ʦʙʣʘʩʪʴ *D . ʌʦʨʤʫʣʠ (13) ʥʘʟʠʚʘʶʪʴʩʷ ʬʦʨʤʫʣʘʤʠ ʧʝʨʝʪʚʦʨʝʥʥʷ 

ʢʦʦʨʜʠʥʘʪ, ʘ ʬʦʨʤʫʣʠ (14) ï ʬʦʨʤʫʣʘʤʠ ʦʙʝʨʥʝʥʦʛʦ ʧʝʨʝʪʚʦʨʝʥʥʷ. 

ʉʧʨʘʚʝʜʣʠʚʦʶ ʻ ʥʘʩʪʫʧʥʘ ʪʝʦʨʝʤʘ. 

ʊʝʦʨʝʤʘ. ʗʢʱʦ ʧʝʨʝʪʚʦʨʝʥʥʷ (14) ʧʝʨʝʚʦʜʠʪʴ ʟʘʤʢʥʝʥʫ ʦʙʤʝʞʝʥʫ 

ʦʙʣʘʩʪʴD  ʚ ʟʘʤʢʥʝʥʫ ʦʙʤʝʞʝʥʫ ʦʙʣʘʩʪʴ 
*D  ʽ ʻ ʚʟʘʻʤʥʦ ʦʜʥʦʟʥʘʯʥʠʤ, ʽ 

ʷʢʱʦ ʬʫʥʢʮʽʾ (13) ʤʘʶʪʴ ʚ ʦʙʣʘʩʪʽ 
*D ʥʝʧʝʨʝʨʚʥʽ ʯʘʩʪʠʥʥʽ ʧʦʭʽʜʥʽ ʧʝʨʰʦʛʦ 

ʧʦʨʷʜʢʫ ʽ ʚʽʜʤʽʥʥʠʡ ʚʽʜ ʥʫʣʷ ʚʠʟʥʘʯʥʠʢ 

v

y

u

y

v

x

u

x

J

µ

µ

µ

µ

µ

µ

µ

µ

= ,       (15) 

ʘ ʬʫʥʢʮʽʷ ( )yxf ,  ʥʝʧʝʨʝʨʚʥʘ ʚ ʦʙʣʘʩʪʽ D, ʪʦ ʩʧʨʘʚʝʜʣʠʚʘ ʪʘʢʘ ʬʦʨʤʫʣʘ 

ʟʘʤʽʥʠ ʟʤʽʥʥʠʭ: 

( ) ( )( )( )ññ ññ=

D D

dudvJyxyvuxfdxdyyxf
*

,,,,  .    (16) 

ʌʫʥʢʮʽʦʥʘʣʴʥʠʡ ʚʠʟʥʘʯʥʠʢ (15) ʥʘʟʠʚʘʻʪʴʩʷ ʚʠʟʥʘʯʥʠʢʦʤ ʗʢʦʙʽ ʘʙʦ 

ʷʢʦʙʽʘʥʦʤ. 
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ʊʘʢʠʤ ʯʠʥʦʤ, ʚʠʢʦʥʫʶʯʠ ʟʘʤʽʥʫ ʟʤʽʥʥʠʭ ʚ ʽʥʪʝʛʨʘʣʽ I  ʟʘ ʬʦʨʤʫʣʘʤʠ 

(13) ʥʝʦʙʭʽʜʥʦ ʝʣʝʤʝʥʪ ʧʣʦʱʽ dxdy ʚ ʢʦʦʨʜʠʥʘʪʘʭ yx,  ʟʘʤʽʥʠʪʠ ʝʣʝʤʝʥʪʦʤ 

ʧʣʦʱʽ dudvJ  ʚ ʢʦʦʨʜʠʥʘʪʘʭ vu,  ʽ ʩʪʘʨʫ ʦʙʣʘʩʪʴ ʽʥʪʝʛʨʫʚʘʥʥʷ D  ʟʘʤʽʥʠʪʠ 

ʚʽʜʧʦʚʽʜʥʦʶ ʾʡ ʦʙʣʘʩʪʶ *D . 

ʈʦʟʛʣʷʥʝʤʦ ʟʘʤʽʥʫ ʜʝʢʘʨʪʦʚʠʭ ʢʦʦʨʜʠʥʘʪ yx,  ʧʦʣʷʨʥʠʤʠ 

ʢʦʦʨʜʠʥʘʪʘʤʠjr,  ʟʘ ʚʽʜʦʤʠʤʠ ʬʦʨʤʫʣʘʤʠ jrjr sin,cos == yx . ʆʩʢʽʣʴʢʠ 

rjrjr
jrj

jrj
=+=

-
= 22 sincos

cossin

sincos
J , 

ʪʦ ʬʦʨʤʫʣʘ (16) ʥʘʙʠʨʘʻ ʚʠʛʣʷʜ 

( ) ( )ññ ññ=

D D

ddfdxdyyxf
*

sin,cos, jrrjrjr ,    (17)  

ʜʝ ʦʙʣʘʩʪʴ D  ʟʘʜʘʥʘ ʚ ʜʝʢʘʨʪʦʚʽʡ ʧʨʷʤʦʢʫʪʥʽʡ ʩʠʩʪʝʤʽ ʢʦʦʨʜʠʥʘʪ Oxy, ʘ *D - 

ʚʽʜʧʦʚʽʜʥʘ ʾʡ ʦʙʣʘʩʪʴ ʚ ʧʦʣʷʨʥʽʡ ʩʠʩʪʝʤʽ ʢʦʦʨʜʠʥʘʪ rjO . 

ʇʨʠ ʧʝʨʝʭʦʜʽ ʚ ʧʦʜʚʽʡʥʦʤʫ ʽʥʪʝʛʨʘʣʽ ʜʦ ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪ ʦʙʣʘʩʪʴ 
*D , ʷʢ ʧʨʘʚʠʣʦ, ʥʝ ʙʫʜʫʶʪʴ, ʘ ʥʦʚʽ ʤʝʞʽ ʽʥʪʝʛʨʫʚʘʥʥʷ ʚʠʟʥʘʯʘʶʪʴ ʚʠʭʦʜʷʯʠ ʟ 

ʛʝʦʤʝʪʨʠʯʥʦʛʦ ʟʤʽʩʪʫ ʥʦʚʠʭ ʢʦʦʨʜʠʥʘʪ. 

ɿʘʫʚʘʞʝʥʥʷ 1.ʌʦʨʤʫʣʫ (17) ʜʦʮʽʣʴʥʦ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʪʦʜʽ, ʢʦʣʠ 

ʧʽʜʽʥʪʝʛʨʘʣʴʥʘ ʬʫʥʢʮʽʷ ʘʙʦ ʨʽʚʥʷʥʥʷ ʛʨʘʥʠʮʽ ʦʙʣʘʩʪʽ D  ʤʽʩʪʠʪʴ ʩʫʤʫ 
22 yx + , ʦʩʢʽʣʴʢʠ ʮʷ ʩʫʤʘ ʚ ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ ʤʘʻ ʜʦʩʠʪʴ ʧʨʦʩʪʠʡ 

ʚʠʛʣʷʜ: 
2222222 sincos rjrjr =+=+yx . 

ɿʘʫʚʘʞʝʥʥʷ 2. ʗʢʱʦ ʦʙʣʘʩʪʴ D  ʦʙʤʝʞʝʥʘ ʧʨʦʤʝʥʷʤʠ, ʷʢʽ ʫʪʚʦʨʶʶʪʴ ʟ 

ʧʦʣʷʨʥʦʶ ʚʽʩʩʶ ʢʫʪʠ a ʪʘ b, ba<  ʽ 

ʢʨʠʚʠʤʠ  ()jrr 1=  ʪʘ (),2jrr=  

() ()( )jrjr 21 ¢ , ʪʦ ʧʦʣʷʨʥʽ ʢʦʦʨʜʠʥʘʪʠ 

ʦʙʣʘʩʪʽ 
*D  ʟʤʽʥʶʶʪʴʩʷ ʚ ʤʝʞʘʭ 

() ()jrjr 21 ¢ , bja ¢¢ . ʊʦʤʫ ʬʦʨʤʫʣʫ (17) 

ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʫ ʚʠʛʣʷʜʽ 

( ) ( )
()

()
rrjrjrj

b

a

jr

jr

dfddxdyyxf

D

ññ ñ ñ=
2

1

sin,cos, . 

ɿʘʫʚʘʞʝʥʥʷ 3. ʗʢʱʦ ʦʙʣʘʩʪʴ ʦʭʦʧʣʶʻ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ, ʪʦʙʪʦ ʪʦʯʢʘ 

( )0,0O  ʻ ʚʥʫʪʨʽʰʥʴʦʶ ʪʦʯʢʦʶ ʦʙʣʘʩʪʽ D, ʪʦ 

( ) ( )
()

rrjrjrj
p jr

dfddxdyyxf

D

ññ ñ ñ=
2

0 0

sin,cos, , 

ʜʝ ()jr  ï ʧʦʣʷʨʥʝ ʨʽʚʥʷʥʥʷ ʤʝʞʽ ʦʙʣʘʩʪʽ D . 

a b 

D 

)(
2
jr

)(1 jr  
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ʇʨʠʢʣʘʜ 3. ɿʘ ʜʦʧʦʤʦʛʦʶ ʧʝʨʝʭʦʜʫ ʜʦ ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪ, ʦʙʯʠʩʣʠʪʠ 

ʧʦʜʚʽʡʥʠʡ ʽʥʪʝʛʨʘʣ  

dxdyyx

D

ññ +- )(4 22 , 

ʷʢʱʦ ʦʙʣʘʩʪʴ D  ï ʢʨʫʛ ʨʘʜʫ̔ʩʘ 2=R  ʟ ʮʝʥʪʨʦʤ ʫ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ. 

 

ʈʦʟʚôʷʟʘʥʥʷ. 

ʇʦʢʣʘʜʘʶʯʠ ,cosjr=x  jrsin=y , ʤʘʤ̒ʦ 

=+-ññ dxdyyx

D

)(4 22

=+-ññ
¡

jrrjrjr dd

D

)sincos(4 2222

ñ ñ =-=
p

rrrj
2

0

2

0

24 dd  

ñ ñ ---=
p

rrj
2

0

2
2

0

2 )4(4
2

1
dd .

3

16

3

)4(2

2

1 2

0

2

0

2

3

2 p
j

r
p

=
-

-= ñ d  

 

ʇʨʠʢʣʘʜ 4. ʆʙʯʠʩʣʠʪʠ 

dxdyyx

D

ññ+
22

, 

ʷʢʱʦ ʦʙʣʘʩʪʴ D  ʦʙʤʝʞʝʥʘ ʢʦʣʘʤʠ xyxxyx 4,2 2222 =+=+ . 

ʈʦʟʚôʷʟʘʥʥʷ. 

ɿʥʘʡʜʝʤʦ ʨʽʚʥʷʥʥʷ ʤʝʞʽ ʦʙʣʘʩʪʽ D  ʚ ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ: 

jrjrjr cos2sincos 2222 =+ , 

ʟʚʽʜʩʠ jr cos2=  ï ʧʦʣʷʨʥʝ ʨʽʚʥʷʥʥʷ ʤʘʣʦʛʦ 

ʢʦʣʘ. ɸʥʘʣʦʛʽʯʥʦ ʟʥʘʭʦʜʠʤʦ ʧʦʣʷʨʥʝ 

ʨʚ̔ʥʷʥʥʷ ʚʝʣʠʢʦʛʦ ʢʦʣʘ: jr cos4= .  

ʆʪʞʝ, ʷʢ ʚʠʜʥʦ ʟ ʤʘʣʶʥʢʘ, ʷʢʱʦ ʢʫʪ j 

ʟʤʽʥʶʻʪʴʩʷ ʚʽʜ 
2

p
-  ʜʦ 

2

p
, ʪʦ ʟʤʽʥʥʘ r 

ʤʘʪʠʤʝ ʤʝʞʽ ʚʽʜ jcos2  ʜʦ jcos4 .  

ʊʦʜʽ ʤʘʻʤʦ:  

====+ ñññ ñññ
---

2

2

3
2

2

cos4

cos2

32

2

cos4

cos2

222 cos
3

56

3

p

p

p

p

j

j

p

p

j

j

jjj
r

rrj dddddxdyyx

D
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y 

2 0 

4 2  x O 

xyx 222 =+  

xyx 422 =+  
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=-= ñ
-

2

2

2 )(sin)sin1(
3

56

p

p

jjd .
9

224

3

sin
sin

3

56 2

2

3
=

ö
ö

÷

õ

æ
æ

ç

å
-

-

p

p

j
j  

 

2. ɿʘʩʪʦʩʫʚʘʥʥʷ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

ʇʣʦʱʘ ʧʣʦʩʢʦʾ ʬʽʛʫʨʠ, ʷʢʘ ʤʘʻ ʬʦʨʤʫ ʟʘʤʢʥʝʥʦʾ ʦʙʤʝʞʝʥʦʾ ʦʙʣʘʩʪʽ D  

ʧʣʦʱʠʥʠ Oxy, ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ: 

ññ=

D

dxdyS . 

ʆʙôʻʤ ʮʠʣʽʥʜʨʠʯʥʦʛʦ ʪʽʣʘ, ʷʢʝ ʦʙʤʝʞʝʥʝ ʟʚʝʨʭʫ ʥʝʧʝʨʝʨʚʥʦʶ 

ʧʦʚʝʨʭʥʝʶ ),( yxfz= , ʟʥʠʟʫ ʧʣʦʱʠʥʦʶ 0=z , ʘ ʧʦ ʙʦʢʘʭ ʮʠʣʽʥʜʨʠʯʥʦʶ 

ʧʦʚʝʨʭʥʝʶ, ʷʢʘ ʚʠʨʽʟʘʻ ʥʘ ʧʣʦʱʠʥʽ Oxy ʦʙʣʘʩʪʴ D, ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ 

ʬʦʨʤʫʣʦʶ: 

ññ=

D

dydxyxfV ),( . 

ʗʢʱʦ ʛʣʘʜʢʘ ʧʦʚʝʨʭʥʷ ʟʘʜʘʥʘ ʨʽʚʥʷʥʥʷʤ ),( yxfz= , ʪʦ ʧʣʦʘɦ ʧʦʚʝʨʭʥʽ 

ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ: 

dydx
y

z

x

z
S

D

ññ öö
÷

õ
ææ
ç

å

µ

µ
+ö

÷

õ
æ
ç

å

µ

µ
+=

22

1 , 

ʜʝ D  ï ʧʨʦʝʢʮʽʷ ʜʘʥʦʾ ʧʦʚʝʨʭʥʽ ʥʘ ʧʣʦʱʠʥʫ Oxy. 

ʗʢʱʦ ʧʣʘʩʪʠʥʢʘ ʟʘʡʤʘʻ ʦʙʣʘʩʪʴ D  ʧʣʦʱʠʥʠ Oxy ʽ ʤʘʻ ʟʤʽʥʥʫ ʛʫʩʪʠʥʫ 

),( yxgg= , ʪʦ ʤʘʩʘ m ʧʣʘʩʪʠʥʢʠ ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ: 

ññ=

D

dydxyxm ),(g . 

ʉʪʘʪʠʯʥʽ ʤʦʤʝʥʪʠ ʧʣʘʩʪʠʥʢʠ ʚʽʜʥʦʩʥʦ ʦʩʝʡ Oxʪʘ Oy: 

ññññ ==

DD

yx dydxyxxMdydxyxyM ),(,),( gg . 

ʂʦʦʨʜʠʥʘʪʠ ʮʝʥʪʨʘ ʤʘʩ ʧʣʘʩʪʠʥʢʠ ʚʠʟʥʘʯʘʶʪʴʩʷ ʬʦʨʤʫʣʘʤʠ: 

.,
m

M
y

m

M
x x

c
y

c ==  

ɿʦʢʨʝʤʘ, ʫ ʚʠʧʘʜʢʫ ʦʜʥʦʨʽʜʥʦʾ ʧʣʘʩʪʠʥʢʠ, constyx =),(g , ʦʪʨʠʤʘʻʤʦ: 

ññ

ññ

ññ

ññ
==

D

D
c

D

D
c

dydx

dyydx

y
dydx

dyxdx

x , . 

ʄʦʤʝʥʪʠ ʽʥʝʨʮʽʾ ʧʣʘʩʪʠʥʢʠ ʚʽʜʥʦʩʥʦ ʦʩʝʡ Ox ʪʘ Oy : 
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ññ ññ==

D D

yx dydxyxxIdydxyxyI ),(,),( 22 gg , 

ʄʦʤʝʥʪ ʽʥʝʨʮʽʾ ʚʽʜʥʦʩʥʦ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ : 

ññ +=+=

D

yxo IIdydxyxyxI ),()( 22 g . 

 

ʇʨʠʢʣʘʜ 5. ɿʥʘʡʪʠ ʧʣʦʱʫ ʬʽʛʫʨʠ, ʷʢʘ ʦʙʤʝʞʝʥʘ ʣʽʥʽʷʤʠ:  

0,22 =--= yxyyx . 

ʈʦʟʚôʷʟʘʥʥʷ. 

ɿʥʘʡʜʝʤʦ ʦʨʜʠʥʘʪʠ ʪʦʯʦʢ ʧʝʨʝʪʠʥʫ 

ʜʘʥʠʭ ʣʽʥʽʡ.  

ɯʟ ʩʠʩʪʝʤʠ 
îí

î
ì
ë

=-

-=

,0

,22

yx

yyx
  ʤʘ̒ ʤʦ: 

3,0 21 == yy . 

ʊʦʜʽ ʧʣʦʱʘ ʜʘʥʦʾ ʬʽʛʫʨʠ ʙʫʜʝ ʨʽʚʥʘ: 

===ññ ññ
-D

y

yy

dxdydxdyS

2

3

0 2

=-=+-= ññ
3

0

2
3

0

2 )3()2( dyyydyyyy )..(
6

27

3

27

2

27

32

3 3

0

3
2 ʦʜʢʚ

y
y =-=

ö
ö

÷

õ

æ
æ

ç

å
-  

ʇʨʠʢʣʘʜ 6. ɿʥʘʡʪʠ ʦʙôʻʤ ʪʽʣʘ, ʦʙʤʝʞʝʥʦʛʦ ʮʠʣʽʥʜʨʦʤ 2xy=  ʪʘ 

ʧʣʦʱʠʥʘʤʠ 0=z , yz -=2 . 

ʈʦʟʚôʷʟʘʥʥʷ. 

ɿʨʦʙʠʤʦ ʨʠʩʫʥʦʢ ʪʽʣʘ ʪʘ ʡʦʛʦ ʧʨʦʝʢʮʽʾ ʥʘ ʧʣʦʱʠʥʫ Oxy. ʆʙʣʘʩʪʶ D 

(ʧʨʦʝʢʮʽʷ ʪʽʣʘ ʥʘ ʧʣʦʱʠʥʫOxy) ʻ ʧʘʨʘʙʦʣʽʯʥʠʡ ʩʝʛʤʝʥʪ, ʷʢʠʡ ʦʙʤʝʞʝʥʠʡ 

22 ¢¢yx  ʪʘ 22 ¢¢- x . ʆʙôʻʤ ʚʢʘʟʘʥʦʛʦ ʪʽʣʘ ʰʫʢʘʻʤʦ ʟʘ ʬʦʨʤʫʣʦʶ  

ññ=

D

dydxyxfV ),( . 

0 1 2 3

1

1

2

x

y

z

         
0 2  2-  

2=y  

2xy=  

x 

y 

D 

2 

2 

x 0 

3 

3 

yyx 22-=  

0=-yx  y 

-1 
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=
ö
ö

÷

õ

æ
æ

ç

å
-=-=-= ñññ ñ ñ

--

2

2

222

2

2

22 2
2)2()2( dx

y
ydyydxdxdyyV

xD x

 

( )ʦʜʢʫʙxx
x

dxx
x

.
15

232
2

3

2

5
22

2

2

2

3
52

2

2
4

=
ö
ö

÷

õ

æ
æ

ç

å
+-=

ö
ö

÷

õ

æ
æ

ç

å
+-=

--

ñ . 

 

ʇʨʠʢʣʘʜ 7. ɿʥʘʡʪʠ ʮʝʥʪʨ ʚʘʛʠ ʦʜʥʦʨʽʜʥʦʾ ʧʣʘʩʪʠʥʢʠ (1=g ), ʦʙʤʝʞʝʥʦʾ 

ʢʨʠʚʦʶ 
22

,cos
pp

j ¢¢-= xy  ʪʘ ʚʽʩʩʶ Ox. 

ʈʦʟʚôʷʟʘʥʥʷ. 

ɺʥʘʩʣʽʜʦʢ ʩʠʤʝʪʨʽʾ ʧʣʘʩʪʠʥʢʠ ʚʽʜʥʦʩʥʦ ʦʩʽ Oy ʤʘʻʤʦ 0=cx . ɼʣʷ 

ʟʥʘʭʦʜʞʝʥʥʷ cy  ʩʢʦʨʠʩʪʘʻʤʦʩʴ ʬʦʨʤʫʣʦʶ  

m

M

dydx

dyydx

y x

D

D
c ==
ññ

ññ
. ʋ ʜʘʥʦʤʫ ʚʠʧʘʜʢʫ  

ý
ü
û

í
ì
ë

¢¢-¢¢=
22

,cos0
pp

xxyD . 

ʆʙʯʠʩʣʠʤʦ mMx,  

ññ ñ ñ ñ
-- - -

=+=+===
2

2

2

2

cos

0

2

2

2

2

2
)2cos1(

4

1
)2cos1(

4

1

2

cos

p

p

p

p

p

p

p

p

dxxdxxdx
x

ydydxM
x

x

4
)2sin

2

1
(

4

1 2

2

p

p

p
=+=

-

xx . 

ñ ñ ñ
- - -

====
2

2

cos

0

2

2

2

2

2sincos

p

p

p

p

p

p

x

xxdxdydxm . ʊʦʜʽ 
82

4 p
p

===
m

M
y x
c .  

ʆʪʞʝ, ʮʝʥʪʨ ʚʘʛʠ ʜʘʥʦʾ ʧʣʘʩʪʠʥʢʠ ʤʽʩʪʠʪʴʩʷ ʚ ʪʦʯʮʽ ö
÷

õ
æ
ç

å

8
;0
p

. 
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ʃʝʢʮʽʷ ˉ5 

ʊʝʤʘ: ʇʦʪʨʽʡʥʠʡ ʽʥʪʝʛʨʘʣ 

 

ʇʣʘʥ ʣʝʢʮʽʾ: 

1. ʇʦʥʷʪʪʷ ʧʦʪʨʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. ʋʤʦʚʠ ʡʦʛʦ ʽʩʥʫʚʘʥʥʷ ʪʘ ʚʣʘʩʪʠʚʦʩʪʽ. 

2. ʆʙʯʠʩʣʝʥʥʷ ʧʦʪʨʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

3. ɿʘʤʽʥʘ ʟʤʽʥʥʦʾ ʫ ʧʦʪʨʽʡʥʦʤʫ ʽʥʪʝʛʨʘʣʽ. 

4. ɼʝʷʢʽ ʟʘʩʪʦʩʫʚʘʥʥʷ ʧʦʪʨʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

 

1. ʇʦʥʷʪʪʷ ʧʦʪʨʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. ʋʤʦʚʠ ʡʦʛʦ ʽʩʥʫʚʘʥʥʷ ʪʘ ʚʣʘʩʪʠʚʦʩʪʽ. 

ʉʭʝʤʘ ʧʦʙʫʜʦʚʠ ʧʦʪʨʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʪʘʢʘ ʞ, ʷʢ ʽ ʟʚʠʯʘʡʥʦʛʦ 

ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʪʘ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

ʅʝʭʘʡ ʬʫʥʢʮʽʷ ( )zyxfu ,,=  ʚʠʟʥʘʯʝʥʘ ʚ ʦʙʤʝʞʝʥʽʡ ʟʘʤʢʥʝʥʽʡ ʦʙʣʘʩʪʽ 

3RGË . ʈʦʟʽʙôʻʤʦ ʦʙʣʘʩʪʴ G  ʩʽʪʢʦʶ ʧʦʚʝʨʭʦʥʴ ʥʘ n  ʯʘʩʪʠʥ iG , ʷʢʽ ʥʝ ʤʘʶʪʴ 

ʩʧʽʣʴʥʠʭ ʚʥʫʪʨʽʰʥʽʭ ʪʦʯʦʢ ʽ ʦʙôʻʤʠ ʷʢʠʭ ʜʦʨʽʚʥʶʶʪʴ niVi ,...2,1, =D . 

ni ,...,2,1= . ʋ ʢʦʞʥʽʡ ʦʙʣʘʩʪʽ iG  ʚʽʟʴʤʝʤʦ ʜʦʚʽʣʴʥʫ ʪʦʯʢʫ );;( iiii zyxM  ʽ 

ʫʪʚʦʨʠʤʦ ʩʫʤʫ 

 ä
=

=
n

i
iiiin VzyxfI

1

),,( D , (1) 

ʷʢʫ ʥʘʟʚʝʤʦ ʽʥʪʝʛʨʘʣʴʥʦʶ ʩʫʤʦʶ ʜʣʷ ʬʫʥʢʮʽʾ ),,( zyxf  ʧʦ ʦʙʣʘʩʪʽ G . 

ʅʝʭʘʡ )(max
,..,2,1

i
ni

Gdiam
=

=l  ï ʥʘʡʙʽʣʴʰʠʡ ʟ ʜʽʘʤʝʪʨʽʚ ʦʙʣʘʩʪʝʡ 
i

G . 

ʆʟʥʘʯʝʥʥʷ. ʗʢʱʦ ʽʥʪʝʛʨʘʣʴʥʘ ʩʫʤʘ (1) ʧʨʠ 0l  ʤʘʻ ʩʢʽʥʯʝʥʥʫ 

ʛʨʘʥʠʮʶ, ʷʢʘ ʥʝ ʟʘʣʝʞʠʪʴ ʥʽ ʚʽʜ ʩʧʦʩʦʙʫ ʨʦʟʙʠʪʪʷ ʦʙʣʘʩʪʽ G  ʥʘ ʯʘʩʪʠʥʥʽ 

ʦʙʣʘʩʪʽ iG , ʥʽ ʚʽʜ ʚʠʙʦʨʫ ʪʦʯʦʢ iM  ʚ ʥʠʭ, ʪʦ ʮʷ ʛʨʘʥʠʮʷ ʥʘʟʠʚʘʻʪʴʩʷ 

ʧʦʪʨʽʡʥʠʤ ʽʥʪʝʛʨʘʣʦʤ ʽ ʧʦʟʥʘʯʘʻʪʴʩʷ ʦʜʥʠʤ ʽʟ ʪʘʢʠʭ ʩʠʤʚʦʣʽʚ: 

ñññ
G

dVzyxf ),,( , ʘʙʦ ñññ
G

dxdydzzyxf ),,( . 

ʊʘʢʠʤ ʯʠʥʦʤ, ʟʘ ʦʟʥʘʯʝʥʥʷʤ 

äñññ
=

=
n

i
iiii

G

Vzyxfdxdydzzyxf

10
),,(lim),,( D

l
,    (2) 

ʜʝ ( )zyxf ,,  ï ʬʫʥʢʮʽʷ ʽʥʪʝʛʨʦʚʘʥʘ ʚ ʦʙʣʘʩʪʽ G ; G  ï ʦʙʣʘʩʪʴ ʽʥʪʝʛʨʫʚʘʥʥʷ; 

zyx ,,  ï ʟʤʽʥʥʽ ʽʥʪʝʛʨʫʚʘʥʥʷ; dV  ʘʙʦ dxdydz ï ʝʣʝʤʝʥʪ ʦʙôʻʤʫ. 

ʗʢʱʦ ʧʦ ʪʽʣʫ G  ʨʦʟʧʦʜʽʣʝʥʦ ʤʘʩʫ ʟ ʦʙôʻʤʥʦʶ ʛʫʩʪʠʥʦʶ ( )zyx ,,gg=  ʚ 

ʪʦʯʮʽ ( )Gzyx Í,, , ʪʦ ʤʘʩʘ ʮʴʦʛʦ ʪʽʣʘ ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ: 

ñññ=

G

dxdydzzyxm ),,(g . 

ɼʘʥʘ ʬʦʨʤʫʣʘ ʤʦʞʝ ʨʦʟʛʣʷʜʘʪʠʩʴ ʷʢ ʬʽʟʠʯʥʠʡʡ ʟʤʽʩʪ ʧʦʪʨʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ 

ʢʦʣʠ ʧʽʜʽʥʪʝʛʨʘʣʴʥʘ ʬʫʥʢʮʽʷ ʥʝʚʽʜôʻʤʥʘ ʚ ʦʙʣʘʩʪʽ G . 
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ʗʢʱʦ ʚʩʶʜʠ ʚ ʦʙʣʘʩʪʽ ʧʦʢʣʘʩʪʠ ( )1,, =zyxg , ʪʦ ʟ ʬʦʨʤʫʣʠ (2) ʚʠʧʣʠʚʘʻ 

ʬʦʨʤʫʣʘ ʜʣʷ ʦʙʯʠʩʣʝʥʥʷ ʦʙôʻʤʫ Vʪʽʣʘ G : 

ñññ=

G

dxdydzV . 

ʋʤʦʚʠ ʽʩʥʫʚʘʥʥʷ ʧʦʪʨʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

ʊʝʦʨʝʤʘ (ʜʦʩʪʘʪʥʷ ʫʤʦʚʘ). ʗʢʱʦ ʬʫʥʢʮʽʷ ( )zyxf ,,  ʥʝʧʝʨʝʨʚʥʘ ʚ 

ʦʙʤʝʞʝʥʽʡ ʟʘʤʢʥʝʥʽʡ ʦʙʣʘʩʪʽ G, ʪʦ ʚʦʥʘ ʚ ʮʽʡ ʦʙʣʘʩʪʽ ʽʥʪʝʛʨʦʚʘʥʘ. 

ɺʣʘʩʪʠʚʦʩʪʽ ʧʦʪʨʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

1. (ʃʽʥʽʡʥʽʩʪʴ ʧʦʪʨʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ.) ʗʢʱʦ 1C  ʽ 2C  ʩʪʘʣʽ ʯʠʩʣʘ, ʪʦ 

.),,(),,()),,(),,(( 2121 ñññññññññ °=°

GGG

dVzyxCdVzyxfCdVzyxCzyxfC jj  

2. (ɸʜʠʪʠʚʥʽʩʪʴ ʧʦʪʨʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ.) ʗʢʱʦ ʦʙʣʘʩʪʴ ʽʥʪʝʛʨʫʚʘʥʥʷ G  

ʬʫʥʢʮʽʾ ),,( zyxf  ʨʦʟʙʠʪʠ ʥʘ ʯʘʩʪʠʥʠ 1G  ʽ 2G , ʷʢʽ ʥʝ ʤʘʶʪʴ ʩʧʽʣʴʥʠʭ 

ʚʥʫʪʨʽh ʥʽʭ ʪʦʯʦʢ, ʪʦ 

.),,(),,(),,(

21

ñññññññññ +=

GGG

dVzyxfdVzyxfdVzyxf  

3. ʗʢʱʦ ʚ ʦʙʣʘʩʪʽ G  ʤʘʻ ʤʽʩʮʝ ʥʝʨʽʚʥʽʩʪʴ 0),,( ²zyxf , ʪʦ ʽ  

( ) 0,, ²ñññ
G

dxdydzzyxf . 

4. ʗʢʱʦ ʚ ʦʙʣʘʩʪʽ G  ),,(),,( zyxgzyxf ² , ʪʦ ʽ  

ññññññ ²

GG

dxdydzzyxgdxdydzzyxf .),,(),,(  

5. (ʆʮʽʥʢʘ ʧʦʪʨʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ). ʗʢʱʦ ʬʫʥʢʮʽʷ ( )zyxf ,,  ʥʝʧʝʨʝʨʚʥʘ ʚ 

ʦʙʤʝʞʝʥʽʡ ʟʘʤʢʥʝʥʽʡ ʦʙʣʘʩʪʽ G, ʷʢʘ ʤʘʻ ʦʙôʻʤ V, ʪʦ  

MVdxdydzzyxfmV

G

¢¢ñññ ),,( , 

ʜʝ mʽ M  ï ʚʽʜʧʦʚʽʜʥʦ ʥʘʡʤʝʥʰʝ ʪʘ ʥʘʡʙʽʣʴʰʝ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ 

( )zyxf ,,  ʚ ʦʙʣʘʩʪʽ G . 

6. (ʉʝʨʝʜʥʻ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ). ʗʢʱʦ ʬʫʥʢʮʽʷ ( )zyxf ,,  ʥʝʧʝʨʝʨʚʥʘ ʚ 

ʦʙʤʝʞʝʥʽʡ ʟʘʤʢʥʝʥʽʡ ʦʙʣʘʩʪʽ G, ʷʢʘ ʤʘʻ ʦʙôʻʤ V, ʪʦ ʚ ʮʽʡ ʦʙʣʘʩʪʽ 

ʽʩʥʫʻ ʪʘʢʘ ʪʦʯʢʘ ),,( 000 zyx , ʱʦ 

( )Vzyxfdxdydzzyxf

G

Ö=ñññ 000 ,,),,( . 

ɺʝʣʠʯʠʥʘ 

( ) dxdydzzyxf
V

zyxf

G

ñññ= ),,(
1

,, 000  

ʥʘʟʠʚʘʻʪʴʩʷ ʩʝʨʝʜʥʽʤ ʟʥʘʯʝʥʥʷʤ ʬʫʥʢʮʽʾ ( )zyxf ,,  ʚ ʦʙʣʘʩʪʽ G . 

2. ʆʙʯʠʩʣʝʥʥʷ ʧʦʪʨʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

ʗʢʱʦ ʦʙʣʘʩʪʴ ʽʥʪʝʛʨʫʚʘʥʥʷ G  ʪʘʢʘ, ʱʦ ʾʾ ʧʨʦʝʢʮʽʷ ʥʘ ʧʣʦʱʠʥʫ Oxy, 
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ʦʙʣʘʩʪʴ D, ʧʨʘʚʠʣʴʥʘ ʚ ʥʘʧʨʷʤʢʫ ʦʩʽ Oy, ʘ ʚʩʷʢʘ ʧʨʷʤʘ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ 

ʚʥʫʪʨʽʰʥʶ ʪʦʯʢʫ ʦʙʣʘʩʪʽ D  ʧʘʨʘʣʝʣʴʥʦ ʦʩʽ Oz ʧʝʨʝʪʠʥʘʻ ʛʨʘʥʠʮʶ ʦʙʣʘʩʪʽ 

G  ʨʽʚʥʦ ʚ ʜʚʦʭ ʪʦʯʢʘʭ (ʪʦʯʢʘ ʚʭʦʜʫ N  ʪʘ ʪʦʯʢʘ ʚʠʭʦʜʫ K ), ʷʢʽ ʣʝʞʘʪʴ ʥʘ 

ʧʦʚʝʨʭʥʷʭ ),(),,( 21 yxzzyxzz == , ʪʦ: 
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    (3) 

ʋ ʮʽʡ ʬʦʨʤʫʣʽ 

ʩʧʦʯʘʪʢʫ ʦʙʯʠʩʣʶʻʪʴʩʷ 

ʥ̔ʪʝʛʨʘʣ ʧʦ ʟʤʽʥʥʽʡ z 

ʧʨʠ ʫʤʦʚʽ, ʱʦ yx,  ï 

ʩʪʘʣʽ ʚʝʣʠʯʠʥʠ, ʧʽʩʣʷ 

ʯʦʛʦ ʦʪʨʠʤʫʶʪʴ 

ʧʦʜʚʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ʧʦ 

ʟʤʥ̔ʥʠʭ y  ʽ x . 

ɺʽʜʤʽʪʠʤʦ, ʱʦ 

ʦʙʣʘʩʪʴ G, ʷʢʘ 

ʟʘʜʦʚʦʣʴʥʷʻ ʚʢʘʟʘʥʠʤ 

ʚʠʱʝ ʫʤʦʚʘʤ, 

ʥʘʟʠʚʘʻʪʴʩʷ ʧʨʘʚʠʣʴʥʦʶ 

ʫ ʥʘʧʨʷʤʽ ʦʩʽ Oz. 

ʗʢʱʦ ʦʙʣʘʩʪʴ D  

ʧʨʘʚʠʣʴʥʘ ʫ ʥʘʧʨʷʤʽ ʦʩʽ 

Ox, ʪʦ ʬʦʨʤʫʣʘ (3) ʟʘʧʠʰʝʪʴʩʷ ʧʦ-ʽʥʰʦʤʫ 
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ʗʢʱʦ ʞ, ʥʘʧʨʠʢʣʘʜ, ʦʙʣʘʩʪʴ G  ʧʨʘʚʠʣʴʥʘ ʫ ʥʘʧʨʷʤʽ ʦʩʽ Ox: 
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ʋ ʚʠʧʘʜʢʫ, ʷʢʱʦ ʦʙʣʘʩʪʴ G  ʧʨʘʚʠʣʴʥʘ ʫ ʚʩʽʭ ʥʘʧʨʷʤʘʭ, ʪʦ ʧʦʚʪʦʨʥʠʡ 

ʽʥʪʝʛʨʘʣ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ 6-ʤʘ ʨʽʟʥʠʤʠ ʩʧʦʩʦʙʘʤʠ. ʇʦʨʷʜʦʢ ʽʥʪʝʛʨʫʚʘʥʥʷ 

ʧʦʪʨʽʙʥʦ ʦʙʠʨʘʪʠ ʪʘʢ, ʱʦʙ ʦʙʯʠʩʣʝʥʥʷ ʙʫʣʠ ʥʘʡʧʨʦʩʪʽʰʠʤʠ. 
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ʈʦʟʚôʷʟʘʥʥʷ. 

ʆʙʣʘʩʪʴ G  ʧʨʦʝʢʪʫʻʪʴʩʷ ʥʘ 

ʧʣʦʱʠʥʫ Oxy ʫ ʧʨʷʤʦʢʫʪʥʠʢ 

{ }30;20 ¢¢¢¢= yxD . ʆʩʢʽʣʴʢʠ 01=z  
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ʇʨʠʢʣʘʜ 2. ʆʙʯʠʩʣʠʪʠ ñññ +
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ʈʦʟʚôʷʟʘʥʥʷ. 
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3. ɿʘʤʽʥʘ ʟʤʽʥʥʦʾ ʫ ʧʦʪʨʽʡʥʦʤʫ ʽʥʪʝʛʨʘʣʽ. 

ʈʦʟʛʣʷʥʝʤʦ ʧʦʪʨʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ñññ
G

dxdydzzyxf ),,( , ʜʝ ʬʫʥʢʮʽʷ 

),,( zyxf  ʥʝʧʝʨʝʨʚʥʘ ʚ ʧʨʦʩʪʦʨʦʚʽʡ ʦʙʣʘʩʪʽ G. ʅʝʭʘʡ ʦʙʣʘʩʪʴ G  ʧʨʦʩʪʦʨʫ 

Oxyz ʧʦʚôʷʟʘʥʘ ʚʟʘʻʤʥʦ ʦʜʥʦʟʥʘʯʥʦʶ ʚʽʜʧʦʚʽʜʥʽʩʪʶ ʟ ʦʙʣʘʩʪʶ G¡ ʧʨʦʩʪʦʨʫ 

uvwO '  ʟʘ ʜʦʧʦʤʦʛʦʶ ʬʦʨʤʫʣ:  

),,,( wvuxx=  ),,,( wvuyy=  ),,( wvuzz= , 

ʜʝ ),,,( wvux  ( )wvuy ,,  ),,( wvuz  ʥʝʧʝʨʝʨʚʥʽ ʽ ʤʘʶʪʴ ʯʘʩʪʠʥʥʽ ʧʦʭʽʜʥʽ 1-ʛʦ 

ʧʦʨʷʜʢʫ ʧʦ ʟʤʽʥʥʠʭ ,u  ,v  w ʚ ʦʙʣʘʩʪʽ G¡. 

ʆʟʥʘʯʝʥʥʷ. ɺʠʟʥʘʯʥʠʢ 
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ʥʘʟʠʚʘʶʪʴ ʷʢʦʙʽʘʥʦʤ ʜʘʥʦʛʦ ʚʽʜʦʙʨʘʞʝʥʥʷ. 

ʊʝʦʨʝʤʘ. ʗʢʱʦ 0),,( ¸wvuJ  ʚ ʦʙʣʘʩʪʽ G¡, ʪʦ ʤʘʻ ʤʽʩʮʝ ʬʦʨʤʫʣʘ ʟʘʤʽʥʠ 

ʟʤʽʥʥʠʭ ʫ ʧʦʪʨʽʡʥʦʤʫ ʽʥʪʝʛʨʘʣʽ: 
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ʅʘ ʧʨʘʢʪʠʮʽ ʥʘʡʯʘʩʪʽʰʝ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʮʠʣʽʥʜʨʠʯʥʽ ʪʘ ʩʬʝʨʠʯʥʽ 

ʢʦʦʨʜʠʥʘʪʠ. 



 37 

x  

y  

z 

j
 

r 

M(x,y,z) 

x  

y  

z 

q 

1) ʎʠʣʽʥʜʨʠʯʥʽ ʢʦʦʨʜʠʥʘʪʠ z,, jr  ʧʦʚôʷʟʘʥʽ ʟ 

ʜʝʢʘʨʪʦʚʠʤʠ zyx ,,  ʩʧʽʚʚʽʜʥʦʰʝʥʥʷʤʠ: 
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2) ʉʬʝʨʠʯʥʽ ʢʦʦʨʜʠʥʘʪʠ qjr ,, , 
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,0,20,0 pqpjr ¢¢<¢+¤<¢  

qr sin2=J , ʪʦʤʫ ʤʘʻ ʤʽʩʮʝ ʬʦʨʤʫʣʘ:  

.sin)cos,sinsin,cossin(),,(
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2
ññññññ =

GG

dddfdxdydzzyxf qjrqrqrjqrjqr  

ɿʘʫʚʘʞʝʥʥʷ 1. ʇʨʠ ʦʙʯʠʩʣʝʥʥʽ ʧʦʪʨʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʚ ʮʠʣʽʥʜʨʠʯʥʠʭ ʯʠ 

ʩʬʝʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪ ʦʙʣʘʩʪʴ G¡, ʷʢ ʧʨʘʚʠʣʦ ʥʝ ʙʫʜʫʶʪʴ, ʘ ʤʝʞʽ 

ʽʥʪʝʛʨʫʚʘʥʥʷ ʟʥʘʭʦʜʷʪʴ ʙʝʟʧʦʩʝʨʝʜʥʴʦ ʟʘ ʦʙʣʘʩʪʶ G, ʢʦʨʠʩʪʫʶʯʠʩʴ 

ʛʝʦʤʝʪʨʠʯʥʠʤ ʟʤʽʩʪʦʤ ʥʦʚʠʭ ʢʦʦʨʜʠʥʘʪ. 

ɿʘʫʚʘʞʝʥʥʷ 2. ɼʦ ʮʠʣʽʥʜʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪ ʙʫʚʘʻ ʜʦʮʽʣʴʥʦ ʧʝʨʝʭʦʜʠʪʠ, 

ʷʢʱʦ ʦʙʣʘʩʪʴ ʽʥʪʝʛʨʫʚʘʥʥʷ ʻ ʢʨʫʛʦʚʠʤ ʮʠʣʽʥʜʨʦʤ, ʧʨʷʤʦʣʽʥʽʡʥʽ ʪʚʽʨʥʽ ʷʢʦʛʦ 

ʧʘʨʘʣʝʣʴʥʽ ʦʩʽ Oz. ʈʽʚʥʷʥʥʷ ʪʘʢʦʛʦ ʮʠʣʽʥʜʨʘ ʚ ʩʬʝʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ 
.const=r  

ɿʘʫʚʘʞʝʥʥʷ 3. ʇʝʨʝʭʦʜʠʪʠ ʜʦ ʩʬʝʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪ ʟʨʫʯʥʦ, ʢʦʣʠ 

ʦʙʣʘʩʪʴ ʽʥʪʝʛʨʫʚʘʥʥʷ ʻ ʢʫʣʷ (ʨʽʚʥʷʥʥʷ ʾʾ ʤʝʞʽ 2222 Rzyx =++  ʫ ʩʬʝʨʠʯʥʠʭ 

ʢʦʦʨʜʠʥʘʪʘʭ ʤʘʻ ʚʠʛʣʷʜ R=r ) ʘʙʦ ʾʾ ʯʘʩʪʠʥʘ, ʘ ʪʘʢʦʞ ʷʢʱʦ ʧʽʜʽʥʪʝʛʨʘʣʴʥʘ 

ʬʫʥʢʮʽʷ ʤʽʩʪʠʪʴ ʚʠʨʘʟ 222 zyx ++ . 
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ʇʨʠʢʣʘʜ 3. ʆʙʯʠʩʣʠʪʠ ñññ
G

zdxdydz, ʷʢʱʦ ʦʙʣʘʩʪʴ 

G  ʦʙʤʝʞʝʥʘ ʢʦʥʯ̔ʥʦʶ ʧʦʚʝʨʭʥʝʶ 222 yxz +=  ʽ 

ʧʣʦʱʠʥʦʶ 2=z . 

ʈʦʟʚôʷʟʘʥʥʷ. 

ɼʘʥʝ ʪʽʣʦ, ʦʙʤʝʞʝʥʝ ʟʥʠʟʫ ʢʦʥʫʩʦʤ 222 yxz += , ʘ 

ʟʚʝʨʭʫ ʧʣʦʱʠʥʦʶ 2=z . ʁʦʛʦ ʧʨʦʝʢʮʽʻʶ ʥʘ ʧʣʦʱʠʥʫ 

Oxy ʻ ʢʨʫʛ 422 ¢+yx . ɺʠʢʦʨʠʩʪʘʻʤʦ ʮʠʣʽʥʜʨʠʯʥʽ ʢʦʦʨʜʠʥʘʪʠ.  

ʈʽʚʥʷʥʥʷ ʟʘʜʘʥʦʛʦ ʢʦʥʫʩʘ ʚ ʮʠʣʽʥʜʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ ʥʘʙʫʜʝ ʚʠʛʣʷʜʫ 

r=z ; ʘ ʨʽʚʥʷʥʥʷ ʢʦʣʘ, ʱʦ ʦʙʤʝʞʫʻ ʧʨʦʝʢʮʽʶ, 2=r . ʆʪʞʝ ʤʘ̒ ʤʦ: 

=
ö
ö

÷

õ

æ
æ

ç

å
== ñññññ ñññ

2

0

2
22

0

22

0

2

0
2

rrjrrj

r

p

r

p

d
z

dzdzddzdxdydz

G

 

.42
82

2
2

2
2

0

2

0

2

0

4

2

2

0

2

0

32

0

2

0

2

pjj
r

rr
r

rjr
r

rj
pppp

==
ö
ö

÷

õ

æ
æ

ç

å
ö
÷

õ
æ
ç

å
-=ö

÷

õ
æ
ç

å
-=ö

÷

õ
æ
ç

å
-= ñññ ññ ñ dddddd  

ʇʨʠʢʣʘʜ 4. ʆʙʯʠʩʣʠʪʠ ñññ
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4. ɼʝʷʢʽ ʟʘʩʪʦʩʫʚʘʥʥʷ ʧʦʪʨʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

ʆʙôʻʤ ʦʙʣʘʩʪʽ G  ʟʥʘʭʦʜʠʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ 

ñññ=

G

dxdydzV . 

ʄʘʩʘ ʪʽʣʘ ʽʟ ʟʤʽʥʥʦʶ ʛʫʩʪʠʥʦʶ ),,( zyxgg= , ʱʦ ʟʘʡʤʘʻ ʧʨʦʩʪʦʨʦʚʫ 

ʦʙʣʘʩʪʴ G, ʚʠʟʥʘʯʘʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ: 

ñññ=

G

dxdydzzyxm ),,(g . 

ʉʪʘʪʠʯʥʽ ʤʦʤʝʥʪʠ ʪʽʣʘ xzyzxy MMM ,,  ʚʽʜʥʦʩʥʦ ʢʦʦʨʜʠʥʘʪʥʠʭ 

ʧʣʦɦ ʠʥ OyzOxzOxy ,, : ñññ=

G

xy dxdydzzyxzM ),,(g , 

ñññ=

G

xz dxdydzzyxyM ),,(g , 

ñññ=

G

yz dxdydzzyxxM ),,(g . 

ʂʦʦʨʜʠʥʘʪʠ ʮʝʥʪʨʘ ʤʘʩ  ʪʽʣʘ ccc zyx ,, : 

ñññ

ñññ
==

G

Gyz
c

dxdydzzyx

dxdydzzyxx

m

M
x

),,(

),,(

g

g

, 

ñññ

ñññ
==

G

Gxz
c

dxdydzzyx

dxdydzzyxy

m

M
y

),,(

),,(

g

g

, 

ñññ

ñññ
==

G

Gxy
c

dxdydzzyx

dxdydzzyxz

m

M
z

),,(

),,(

g

g

. 

ʄʦʤʝʥʪʠ ʽʥʝʨʮʽʾ ʪʽʣʘ zyx III ,,  ʚʽʜʥʦʩʥʦ ʢʦʦʨʜʠʥʘʪʥʠʭ ʦʩʝʡ 

OzOyOx ,, : 

ñññ+=

G

x dxdydzzyxzyI ),,()( 22 g , 
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ñññ+=

G

y dxdydzzyxzxI ),,()( 22 g , 

ñññ+=

G

z dxdydzzyxxyI ),,()( 22 g . 

ʄʦʤʝʥʪʠ ʽʥʝʨʮʽʾ ʪʽʣʘ yzxzxy III ,,  ʚʽʜʥʦʩʥʦ ʢʦʦʨʜʠʥʘʪʥʠʭ ʧʣʦʱʠʥ 

OyzOxzOxy ,, : 

ñññ=

G

xy dxdydzzyxzI ),,(2g , 

ñññ=

G

xz dxdydzzyxyI ),,(2g , 

ñññ=

G

yz dxdydzzyxxI ),,(2g . 

ʄʦʤʝʥʪ ʽʥʝʨʮʽʾ ʪʽʣʘ 0I  ʚʽʜʥʦʩʥʦ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ 

ñññ ++=

G

o dxdydzzyxzyxI ),,()( 222 g . 

ʇʨʠʢʣʘʜ 5. ɿʥʘʡʪʠ ʦʙôʻʤ ʪʽʣʘ ʦʙʤʝʞʝʥʦʛʦ ʧʦʚʝʨʭʥʷʤʠ 
222 yxz += , 2=z . 

ʈʦʟʚôʷʟʘʥʥʷ. 

 

ɼʘʥʝ ʪʽʣʦ ʦʙʤʝʞʝʥʝ ʟʥʠʟʫ ʧʘʨʘʙʦʣʦʾʜʦʤ 222 yxz += , ʟʚʝʨʭʫ 

ʧʣʦʱʠʥʦʶ 2=z . ʇʦʟʥʘʯʠʤʦ D  ʧʨʦʝʢʮʽʶ ʮʴʦʛʦ ʪʽʣʘ ʥʘ ʧʣʦʱʠʥʫ Oxy. 

ʇʽʜʩʪʘʚʠʤʦ z ʽʟ ʨʽʚʥʷʥʥʷ ʧʣʦʱʠʥʠ ʚ ʨʽʚʥʷʥʥʷ ʧʘʨʘʙʦʣʦʾʜʘ. ʆʪʨʠʤʘʻʤʦ 

ʨʽʚʥʷʥʥʷ ʢʦʣʘ 224 yx +=  ï ʤʝʞʘ ʦʙʣʘʩʪʽ D. ʆʪʞʝ, D  ï ʢʨʫʛ ʨʘʜʽʫʩʘ 2 ʽʟ 

ʮʝʥʪʨʦʤ ʫ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ. 

ʇʝʨʝʡʜʝʤʦ ʜʦ ʮʠʣʽʥʜʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪ 
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ɼʣʷ ʜʘʥʦʛʦ ʪʽʣʘ pj 20 ¢¢ , 20 ¢¢r  (ʚ ʤʝʞʘʭ ʦʙʣʘʩʪʽ D), ʘ ʟʤʽʥʥʘ z 

ʟʤʽʥʶʻʪʴʩʷ ʚ ʤʝʞʘʭ ʚʽʜ ʧʘʨʘʙʦʣʦʾʜʘ ʜʦ ʧʣʦʱʠʥʠ 

2)(
2

1 22 ¢¢+ zyx , 2)sincos(
2

1 2222 ¢¢+ zjrjr , 2
2

1 2 ¢¢zr . 

ʊʘʢʠʤ ʯʠʥʦʤ,  
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ʃʝʢʮʽʷ ˉ6 

ʊʝʤʘ: ʇʦʚʝʨʭʥʝʚʽ ʽʥʪʝʛʨʘʣʠ ʧʝʨʰʦʛʦ ʨʦʜʫ 

 

ʇʣʘʥ ʣʝʢʮʽʾ: 

1. ʇʦʥʷʪʪʷ ʧʦʚʝʨʭʥʝʚʦʛʦ ʽʥʪʝʛʨʘʣʘ ʧʝʨʰʦʛʦ ʨʦʜʫ. ʋʤʦʚʠ ʡʦʛʦ ʽʩʥʫʚʘʥʥʷ. 

2. ʆʙʯʠʩʣʝʥʥʷ ʧʦʚʝʨʭʥʝʚʦʛʦ ʽʥʪʝʛʨʘʣʫ ʧʝʨʰʦʛʦ ʨʦʜʫ. 

3. ɿʘʩʪʦʩʫʚʘʥʥʷ ʧʦʚʝʨʭʥʝʚʠʭ ʽʥʪʝʛʨʘʣʽʚ ʧʝʨʰʦʛʦ ʨʦʜʫ. 

 

1. ʇʦʥʷʪʪʷ ʧʦʚʝʨʭʥʝʚʦʛʦ ʽʥʪʝʛʨʘʣʘ ʧʝʨʰʦʛʦ ʨʦʜʫ. ʋʤʦʚʠ ʡʦʛʦ 

ʽʩʥʫʚʘʥʥʷ. 

ʆʟʥʘʯʝʥʥʷ. ʇʦʚʝʨʭʥʷ ʥʘʟʠʚʘʻʪʴʩʷ ʛʣʘʜʢʦʶ, ʷʢʱʦ ʚ ʢʦʞʥʽʡ ʪʦʯʮʽ 

ʧʦʚʝʨʭʥʽ ʽʩʥʫʻ ʜʦʪʠʯʥʘ ʧʣʦʱʠʥʘ, ʧʦʣʦʞʝʥʥʷ ʷʢʦʾ ʥʝʧʝʨʝʨʚʥʦ ʟʤʽʥʶʻʪʴʩʷ 

ʨʘʟʦʤ ʟ ʪʦʯʢʦʶ ʜʦʪʠʢʫ. 

ʆʟʥʘʯʝʥʥʷ. ʇʦʚʝʨʭʥʶ ʥʘʟʠʚʘʶʪʴ ʢʫʩʢʦʚʦ-ʛʣʘʜʢʦʶ, ʷʢʱʦ ʚʦʥʘ 

ʩʢʣʘʜʘʻʪʴʩʷ ʽʟ ʩʢʽʥʯʝʥʦʛʦ ʯʠʩʣʘ ʥʝʧʝʨʝʨʚʥʦ ʩʧʦʣʫʯʝʥʠʭ ʛʣʘʜʢʠʭ ʧʦʚʝʨʭʦʥʴ. 

ʅʝʭʘʡ ʜʘʥʦ ʛʣʘʜʢʫ ʘʙʦ ʢʫʩʢʦʚʦ-ʛʣʘʜʢʫ ʧʦʚʝʨʭʥʶ s, ʚ ʪʦʯʢʘʭ ʷʢʦʾ 
ʚʠʟʥʘʯʝʥʘ ʦʙʤʝʞʝʥʘ ʬʫʥʢʮʽʷ ( ),,, zyxf . ʈʦʟʽʙôʻʤʦ ʟʘ ʜʦʧʦʤʦʛʦʶ ʢʫʩʢʦʚʦ-

ʛʣʘʜʢʠʭ ʢʨʠʚʠʭ ʧʦʚʝʨʭʥʶ s ʥʘ n  ʯʘʩʪʠʥ nsss ,,, 21 2 , ʷʢʽ ʥʝ ʤʘʶʪʴ 

ʩʧʽʣʴʥʠʭ ʚʥʫʪʨʽʰʥʽʭ ʪʦʯʦʢ. 

 
 

ʇʦʟʥʘʯʠʤʦ isD  ï ʧʣʦʱʫ ʯʘʩʪʠʥʠ ʨʦʟʙʠʪʪʷ is , ni ,,2,1 2= . ʋ ʢʦʞʥʽʡ ʽʟ 

ʮʠʭ ʯʘʩʪʠʥ ʚʠʙʝʨʝʤʦ ʜʦʚʽʣʴʥʫ ʪʦʯʢʫ ,),,,( iiiiii MzyxM sÍ  ʽ ʫʪʚʦʨʠʤʦ ʩʫʤʫ 
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n

k
iiii zyxf
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),,( sD       (1) 

ʷʢʫ ʥʘʟʠʚʘʶʪʴ ʽʥʪʝʛʨʘʣʴʥʦʶ ʩʫʤʦʶ ʜʣʷ ʬʫʥʢʮʽʾ ( ),,, zyxf  ʧʦ ʧʦʚʝʨʭʥʽ s. 

ʇʦʟʥʘʯʠʤʦ )(max
,..,2,1

i
ni
diamsl

=
=  ï ʥʘʡʙʽʣʴʰʠʡ ʽʟ ʜʽʘʤʝʪʨʽʚ ʯʘʩʪʠʥ is . 
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ʆʟʥʘʯʝʥʥʷ. ʗʢʱʦ ʽʥʪʝʛʨʘʣʴʥʘ ʩʫʤʘ ʧʨʠ 0l  ʤʘʻ ʩʢʽʥʯʝʥʥʫ ʛʨʘʥʠʮʶ, 

ʷʢʘ ʥʝ ʟʘʣʝʞʠʪʴ ʥʽ ʚʽʜ ʩʧʦʩʦʙʫ ʨʦʟʙʠʪʪʷ ʧʦʚʝʨʭʥʽ s ʥʘ ʯʘʩʪʠʥʠ is, ʥʽ ʚʽʜ 

ʚʠʙʦʨʫ ʚ ʥʠʭ ʪʦʯʦʢ iM , ʪʦ ʮʷ ʛʨʘʥʠʮʷ ʥʘʟʠʚʘʻʪʴʩʷ ʧʦʚʝʨʭʥʝʚʠʤ ʽʥʪʝʛʨʘʣʦʤ 

ɯ ʨʦʜʫ ʚʽʜ ʬʫʥʢʮʽʾ ( ),,, zyxf  ʧʦ ʧʦʚʝʨʭʥʽ s ʽ ʧʦʟʥʘʯʘʻʪʴʩʷ 

ññä =

= sl
ssD dzyxfzyxf

n

k
iiii ),,(),,(lim

10
, 

ʜʝ ( ),,, zyxf  ʽʥʪʝʛʨʦʚʘʥʘ ʧʦ ʧʦʚʝʨʭʥʽ, s- ʦʙʣʘʩʪʴ ʽʥʪʝʛʨʫʚʘʥʥʷ. 

ʊʝʦʨʝʤʘ. ʗʢʱʦ ʬʫʥʢʮʽʷ ʥʝʧʝʨʝʨʚʥʘ ʥʘ ʧʦʚʝʨʭʥʽ s, ʪʦ ʚʦʥʘ ʽʥʪʝʛʨʦʚʘʥʘ 
ʧʦ ʮʽʡ ʧʦʚʝʨʭʥʽ. 

2. ʆʙʯʠʩʣʝʥʥʷ ʧʦʚʝʨʭʥʝʚʦʛʦ ʽʥʪʝʛʨʘʣʫ ʧʝʨʰʦʛʦ ʨʦʜʫ. 

ʅʝʭʘʡ ʧʦʚʝʨʭʥʷ s ʟʘʜʘʥʘ ʨʽʚʥʷʥʥʷʤ ),( yxzz=  ʽ ʚʟʘʻʤʥʦ ʦʜʥʦʟʥʘʯʥʦ 

ʧʨʦʝʢʪʫʻʪʴʩʷ ʥʘ ʧʣʦʱʠʥʫ Oxy ʚ ʦʙʣʘʩʪʴ xyD . ɯ ʥʝʭʘʡ ʬʫʥʢʮʽʷ ),,( zyxf  

ʥʝʧʝʨʝʨʚʥʘ ʚ ʫʩʽʭ ʪʦʯʢʘʭ ʮʽʻʾ ʧʦʚʝʨʭʥʽ.  

 

 
 

ʆʩʢʽʣʴʢʠ, ʧʦʚʝʨʭʥʷ s ʛʣʘʜʢʘ, ʪʦ ʬʫʥʢʮʽʷ ),( yxzz=  ʥʝʧʝʨʝʨʚʥʘ ʽ ʤʘʻ 

ʥʝʧʝʨʝʨʚʥʽ ʯʘʩʪʠʥʥʽ ʧʦʭʽʜʥʽ yx zz ¡¡,  ʚ ʦʙʣʘʩʪʽ xyD . ʗʢʱʦ ʨʦʟʙʠʪʠ s ʥʘ 

ʯʘʩʪʠʥʠ, ʪʦ ʦʙʣʘʩʪʴ D  ʨʦʟʽʙôʻʪʴʩʷ ʥʘ ʯʘʩʪʠʥʠ iS, ʷʢʽ ʙʫʜʫʪʴ ʚʽʜʧʦʚʽʜʥʠʤʠ 

ʧʨʦʝʢʮʽʷʤʠ is  ʥʘ ʧʣʦʱʠʥʫ Oxy. ʗʢʱʦiSD  ʧʣʦʱʘ iS, ʘ isD - ʧʣʦʱʘ is, ʪʦ 
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ʊʦʤʫ ʽʥʪʝʛʨʘʣʴʥʫ ʩʫʤʫ (1) ʤʦʞʥʘ ʧʝʨʝʧʠʩʘʪʠ ʫ ʚʠʛʣʷʜʽ 

( ) ( ) ( )ää
==

¡+¡+=
n

i
iyxiiii

n

i
iiii Szzyxzyxfzyxf

1

22

1

1),,,(),,( DsD .  

ʇʨʘʚʘ ʯʘʩʪʠʥʘ ʮʽʻʾ ʨʽʚʥʦʩʪʽ ʻ ʽʥʪʝʛʨʘʣʴʥʦʶ ʩʫʤʦʶ ʜʣʷ ʬʫʥʢʮʽʾ 

( ) ( ) ( )221),,,( yxiiii zzyxzyxf ¡+¡+ , ( ) Dyx Í, , ʪʦʤʫ 

( ) ( ) ( )ññññ ¡+¡+=

xyD

yx dxdyzzyxzyxfdzyxf 22
1),,,(),,(

s

s .  (2) 

ʌʦʨʤʫʣʘ (2)  ʚʠʨʘʞʘʻ ʧʦʚʝʨʭʥʝʚʠʡ ʽʥʪʝʛʨʘʣ ʧʝʨʰʦʛʦ ʨʦʜʫ ʯʝʨʝʟ 

ʧʦʜʚʽʡʥʠʡ ʧʦ ʧʨʦʝʢʮʽʾ ʧʦʚʝʨʭʥʽ s ʥʘ ʧʣʦʱʠʥʫ Oxy. 

ɸʥʘʣʦʛʽʯʥʦ ʤʦʞʥʘ ʜʽʩʪʘʪʠ ʬʦʨʤʫʣʠ, ʱʦ ʚʠʨʘʞʘʶʪʴ ʽʥʪʝʛʨʘʣ ʧʦ 

ʧʦʚʝʨʭʥʽ s ʯʝʨʝʟ ʧʦʜʚʽʡʥʽ ʽʥʪʝʛʨʘʣʠ ʧʦ ʾʭ ʧʨʦʝʢʮʽʷʭ ʥʘ ʧʣʦʱʠʥʠ Oxz ʪʘ Ozy: 

s ʟʘʜʘʥʘ ʨʽʚʥʷʥʥʷʤ ),( zxyy=  ʽ ʦʜʥʦʟʥʘʯʥʦ ʧʨʦʝʢʪʫʻʪʴʩʷ ʥʘ ʧʣʦʱʠʥʫ 

Oxz 

( ) ( ) ( )ññññ ¡+¡+=

xzD

zx dxdzyyzzxyxfdzyxf 221),,,(),,(

s

s ;   (3) 

s ʟʘʜʘʥʘ ʨʽʚʥʷʥʥʷʤ ),( zyxx=   ̔ʦʜʥʦʟʥʘʯʥʦ ʧʨʦʝʢʪʫʻʪʴʩʷ ʥʘ ʧʣʦʱʠʥʫ 

Ozy 

( ) ( ) ( )ññññ ¡+¡+=

yzD

zy dydzxxzyzyxfdzyxf 22
1),,,(),,(

s

s .   (4) 

ʇʨʠʢʣʘʜ 1. ʆʙʯʠʩʣʠʪʠ ʧʦʚʝʨʭʥʝʚʠʡ ʽʥʪʝʛʨʘʣ ʧʝʨʰʦʛʦ ʨʦʜʫ 

ññ +-

s

sdzyx )32( , 

ʜʝ s ï ʯʘʩʪʠʥʘ ʧʣʦʱʠʥʠ 842 =++ zyx , ʨʦʟʤʽʱʝʥʘ ʚ ɯ-ʤʫ ʦʢʪʘʥʪʽ. 

ʈʦʟʚôʷʟʘʥʥʷ.  

ɿʘʧʠʰʝʤʦ ʨʽʚʥʷʥʥʷ ʧʣʦʱʠʥʠ ʫ ʚʠʛʣʷʜʽ yxz
4

1

2

1
2 --= . ɿʘʩʪʦʩʫʻʤʦ 

ʬʦʨʤʫʣʫ (2), ʟʥʘʡʰʦʚʰʠ:  

4

1
,

2

1
-=¡-=¡ yx zz ,  

4

21

16

1

4

1
11 22 =++=¡+¡+ yx zz . 

ʇʨʦʝʢʮʽʶ ʧʣʦʱʠʥʠ 842 =++ zyx  ʥʘ 

ʧʣʦʱʠʥʫ Oxy ʻ ʪʨʠʢʫʪʥʠʢ AOB, ʦʙʤʝʞʝʥʠʡ 

ʧʨʷʤʠʤʠ 0,0,82 ===+ yxyx . 
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 x 

 y 

 z 
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C  
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ʆʪʞʝ,  

ññññ =ö
÷

õ
æ
ç

å
ö
÷

õ
æ
ç

å
--+-=+-

xyD

dxdyyxyxdSzyx
4

21

4

1

2

1
232)32(

s

 

ññ =ö
÷

õ
æ
ç

å
--=

xyD

dxdyyx
4

11

2

1
6

4

21
=

-¢¢

¢¢

xy

xDxy

280

40:
 

=ö
÷

õ
æ
ç

å
--= ññ

- x

dyyxdx
28

0

4

0
4

11

2

1
6

4

21
=

ö
ö

÷

õ

æ
æ

ç

å
ö
÷

õ
æ
ç

å
--ñ

-4

0

28

0

2

8

11

2

1
6

4

21
dxyxyy

x

 

=ö
÷

õ
æ
ç

å
--+--= ñ

4

0

22 )28(
8

11
41248

4

21
dxxxxx  

=
ö
ö

÷

õ

æ
æ

ç

å -
++-=

4

0

33
2

3

)28(

16

11

3
848

4

21 xx
xx .218

3

352

3

64
128192

4

21
-=ö

÷

õ
æ
ç

å
-+-  

ʇʨʠʢʣʘʜ 2. ʆʙʯʠʩʣʠʪʠ ʧʦʚʝʨʭʥʝʚʠʡ ʽʥʪʝʛʨʘʣ  

ññ ++

s

sdzyx )( 22 , 

ʜʝ s ï ʯʘʩʪʠʥʘ ʧʘʨʘʙʦʣʦʾʜʘ 222 yxz += , ʦʙʤʝʞʝʥʘ ʧʣʦʱʠʥʦʶ 2=z . 

ʈʦʟʚôʷʟʘʥʥʷ.  

ɿʘʩʪʦʩʫʻʤʦ ʬʦʨʤʫʣʫ (2). ɿʥʘʭʦʜʠʤʦ  

yzxz yx =¡=¡ , , 2222 11 yxzz yx ++=¡+¡+ . 

ʊʦʜʽ 

=++
+

++=++ ññññ
xyD

dxdyyx
yx

yxdzyx 22
22

2222 1)
2

()(

s

s  

.1)(
2

3 2222
ññ +++=

xyD

dxdyyxyx  

ʆʩʢʽʣʴʢʠ, ʦʙʣʘʩʪʴ D  ï ʢʨʫʛ 422 ¢+yx , ʪʦ 

ʜʣʷ ʦʙʯʠʩʣʝʥʥʷ ʜʘʥʦʛʦ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʫ 

ʧʝʨʝʡʜʝʤʦ ʜʦ ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪ  

jrjr sin,cos == yx . 

ʈʽʚʥʷʥʥʷ ʢʦʣʘ (ʤʝʞʽ ʦʙʣʘʩʪʽ D) ʥʘʙʫʜʝ ʚʠʛʣʷʜʫ  

pjr 20,2 ¢¢= . 
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ʆʪʞʝ,  

=+++ññ
xyD

dxdyyxyx 2222 1)(
2

3
=+= ññ

2

0

22
2

0

1
2

3
rrrrj

p

dd  

=+= ñ
2

0

22 13 rrrrp d =

ù
ù
ù
ù
ù

ú

ø

é
é
é
é
é

ê

è

==

=

-=

=+

5,1

1

1

21

22

2

tt

tdtd

t

t

rr

r

r

 ( ) =ÖÖ-ñ
5

1

2 13 tdtttp  

( ) ö
÷

õ
æ
ç

å
+=ö

ö

÷

õ

æ
æ

ç

å
+=

ö
ö

÷

õ

æ
æ

ç

å
-=-= ñ

5

2
510

15

2

5

510
3

35
313

5

1

355

1

24 pppp
tt

dttt
. 

3. ɿʘʩʪʦʩʫʚʘʥʥʷ ʧʦʚʝʨʭʥʝʚʠʭ ʽʥʪʝʛʨʘʣʽʚ ʧʝʨʰʦʛʦ ʨʦʜʫ. 

1. ʇʣʦʱʘ ʧʦʚʝʨʭʥʽ s: 

ññ=

s
s sdS . 

2. ʗʢʱʦ ʧʦ ʢʫʩʢʦʚʦ-ʛʣʘʜʢʽʡ ʧʦʚʝʨʭʥʽ s ʨʦʟʧʦʜʽʣʝʥʦ ʤʘʩʫ ʟ 

ʧʦʚʝʨʭʥʝʚʦʶ ʛʫʩʪʠʥʦʶ ( )zyx ,,gg= , ʪʦ  ʤʘʩʘ ʧʦʚʝʨʭʥʽ ʦʙʯʠʩʣʶʻʪʴʩʷ 

ʟʘ ʬʦʨʤʫʣʦʶ: 

( )ññ=
s

sg dzyxm ,, . 

3. ʂʦʦʨʜʠʥʘʪʠ ʮʝʥʪʨʘ ʤʘʩ ʧʦʚʝʨʭʥʽ: 

( )ññ=
s

sg dzyxx
m

x
c

,,
1

;  ( )ññ=
s

sg dzyxy
m

y
c

,,
1

;  ( )ññ=
s

sg dzyxz
m

z
c

,,
1

. 

4. ʉʪʘʪʠʯʥʽ ʤʦʤʝʥʪʠ ʚʽʜʥʦʩʥʦ ʢʦʦʨʜʠʥʘʪʥʠʭ ʧʣʦʱʠʥ: 

( )ññ=
s

sg dzyxxM
yz

,, ;  ( )ññ=
s

sg dzyxzM
yx

,, ;  ( )ññ=
s

sg dzyxyM
xz

,, . 

5. ʄʦʤʝʥʪ ʽʥʝʨʮʽʾ s ʚʽʜʥʦʩʥʦ ʦʩʝʡ ʢʦʦʨʜʠʥʘʪ ʽ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ: 

( )( )ññ+=
s

sg dzyxzyI
x

,,22 ;    ( )( )ññ+=
s

sg dzyxzxI
y

,,22 ; 

( )( )ññ+=
s

sg dzyxyxI
z

,,22 ;   ( )( )ññ ++=
s

sg dzyxzyxI
O

,,222 . 
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ʃʝʢʮʽʷ ˉ7 

ʊʝʤʘ: ʇʦʚʝʨʭʥʝʚʽ ʽʥʪʝʛʨʘʣʠ ʜʨʫʛʦʛʦ ʨʦʜʫ 

 

ʇʣʘʥ ʣʝʢʮʽʾ: 

1. ʇʦʥʷʪʪʷ ʧʦʚʝʨʭʥʝʚʦʛʦ ʽʥʪʝʛʨʘʣʘ ʜʨʫʛʦʛʦ ʨʦʜʫ. ʋʤʦʚʠ ʡʦʛʦ ʽʩʥʫʚʘʥʥʷ. 

2. ʆʙʯʠʩʣʝʥʥʷ ʧʦʚʝʨʭʥʝʚʦʛʦ ʽʥʪʝʛʨʘʣʫ ʜʨʫʛʦʛʦ ʨʦʜʫ. 

3. ɿʚ'ʷʟʦʢ ʤʽʞ ʧʦʚʝʨʭʥʝʚʠʤʠ ʽʥʪʝʛʨʘʣʘʤʠ ʧʝʨʰʦʛʦ ʪʘ ʜʨʫʛʦʛʦ ʨʦʜʫ. 

 

1. ʇʦʥʷʪʪʷ ʧʦʚʝʨʭʥʝʚʦʛʦ ʽʥʪʝʛʨʘʣʘ ʜʨʫʛʦʛʦ ʨʦʜʫ. ʋʤʦʚʠ ʡʦʛʦ 

ʽʩʥʫʚʘʥʥʷ. 

ɺʚʝʜʝʤʦ ʧʦʥʷʪʪʷ ʩʪʦʨʦʥʠ ʧʦʚʝʨʭʥʽ. 

ɺ̔ ʟʴʤʝʤʦ ʥʘ ʛʣʘʜʢʽʡ ʧʦʚʝʨʭʥʽ s 

ʜʦʚʽʣʴʥʫ ʪʦʯʢʫ M , ʧʨʦʚʝʜʝʤʦ ʚ ʥʽʡ 

ʥʦʨʤʘʣʴ n
C

 ʧʝʚʥʦʛʦ ʥʘʧʨʷʤʢʫ ʽ 

ʨʦʟʛʣʷʥʝʤʦ ʥʘ ʧʦʚʝʨʭʥʽ s ʟʘʤʢʥʝʥʠʡ 

ʢʦʥʪʫʨ, ʷʢʠʡ ʚʠʭʦʜʠʪʴ ʽʟ ʪʦʯʢʠ M  ʽ 

ʧʦʚʝʨʪʘʻʪʴʩʷ ʚ ʪʦʯʢʫ M , ʥʝ 

ʧʝʨʝʪʠʥʘʶʯʠ ʧʨʠ ʮʴʦʤʫ ʤʝʞʽ 

ʧʦʚʝʨʭʥʽ s. 

ɹʫʜʝʤʦ ʧʝʨʝʤʽʱʫʚʘʪʠ ʪʦʯʢʫ M  ʧʦ 

ʟʘʤʢʥʝʥʦʤʫ ʢʦʥʪʫʨʫ ʨʘʟʦʤ ʟ ʚʝʢʪʦʨʦʤ n
C
 ʪʘʢ, ʱʦʙ ʚʝʢʪʦʨ n

C
 ʚʝʩʴ ʯʘʩ 

ʟʘʣʠʰʘʚʩʷ ʥʦʨʤʘʣʴʥʠʤ ʜʦ ʧʦʚʝʨʭʥʽ s. ʇʨʠ ʦʙʭʦʜʽ ʟʘʜʘʥʦʛʦ ʢʦʥʪʫʨʫ ʤʠ 
ʤʦʞʝʤʦ ʧʦʚʝʨʥʫʪʠʩʷ ʚ ʪʦʯʢʫ M  ʟ ʪʠʤ ʩʘʤʠʤ ʘʙʦ ʟ ʧʨʦʪʠʣʝʞʥʠʤ ʥʘʧʨʷʤʦʤ 

ʥʦʨʤʘʣʽ. 

1. ʗʢʱʦ ʫ ʜʦʚʽʣʴʥʫ ʪʦʯʢʫ M  ʧʦʚʝʨʭʥʽ s ʧʽʩʣʷ ʦʙʭʦʜʫ ʜʦʚʽʣʴʥʦʛʦ 

ʟʘʤʢʥʝʥʦʛʦ ʢʦʥʪʫʨʫ, ʨʦʟʤʽʱʝʥʦʛʦ ʥʘ ʧʦʚʝʨʭʥʽ s, ʷʢʠʡ ʥʝ ʧʝʨʝʪʠʥʘʻ ʾʾ ʤʝʞʫ, 
ʤʠ ʧʦʚʝʨʪʘʻʤʦʩʴ ʟ ʧʦʯʘʪʢʦʚʠʤ ʥʘʧʨʷʤʦʤ ʥʦʨʤʘʣʽ n

C
, ʪʦ ʧʦʚʝʨʭʥʶ ʥʘʟʠʚʘʶʪʴ 

ʜʚʦʩʪʦʨʦʥʥʴʦʶ. 

2. ʗʢʱʦ ʧʨʠ ʦʙʭʦʜʽ ʜʝʷʢʦʛʦ ʢʦʥʪʫʨʫ ʥʘʧʨʷʤ ʥʦʨʤʘʣʽ ʟʤʽʥʶʻʪʴʩʷ ʥʘ 

ʧʨʦʪʠʣʝʞʥʠʡ, ʪʦ ʧʦʚʝʨʭʥʶ ʥʘʟʠʚʘʶʪʴ ʦʜʥʦʩʪʦʨʦʥʥʴʦʶ. 

ʇʨʠʢʣʘʜʘʤʠ ʜʚʦʩʪʦʨʦʥʥʽʭ ʧʦʚʝʨʭʦʥʴ ʻ: ʧʣʦʱʠʥʘ, ʩʬʝʨʘ, ʜʦʚʽʣʴʥʘ 

ʟʘʤʢʥʝʥʘ ʧʦʚʝʨʭʥʷ ʙʝʟ ʩʘʤʦ ʧʝʨʝʪʠʥʽʚ, ʜʦʚʽʣʴʥʘ ʧʦʚʝʨʭʥʷ ʟʘʜʘʥʘ ʨʽʚʥʷʥʥʷʤ 

( )yxfz ,= , ʜʝ ( )yxf , , ( )yxfx ,¡ , 

( )yxfy ,¡ ï ʥʝʧʝʨʝʨʚʥʽ ʬʫʥʢʮʽʾ ʚ ʜʝʷʢʽʡ 

ʦʙʣʘʩʪʽ D  ʧʣʦʱʠʥʠ Oxy. 

ʇʨʠʢʣʘʜʦʤ ʦʜʥʦʩʪʦʨʦʥʥʴʦʾ 

ʧʦʚʝʨʭʥʽ ʻ ʪʘʢ ʟʚʘʥʠʡ ʣʠʩʪ ʄʝʙʽʫʩʘ. 

ʆʟʥʘʯʝʥʥʷ. ɼʚʦʩʪʦʨʦʥʥʶ 

ʧʦʚʝʨʭʥʶ ʟ ʦʙʨʘʥʦʶ ʩʪʦʨʦʥʦʶ ʥʘʟʠʚʘʶʪʴ ʦʨʽʻʥʪʦʚʘʥʦʶ, ʘ ʚʠʙʽʨ ʧʝʚʥʦʾ ʾʾ 

ʩʪʦʨʦʥʠ ʦʨʽʻʥʪʘʮʽʻʶ ʧʦʚʝʨʭʥʽ. 

ʈʠʩ. ʃʠʩʪ ʄʝʙʽʫʩʘ. 

 S 

 M 

 n
C
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ʅʘʧʨʘʚʠʚʰʠ ʚ ʢʦʞʥʽʡ ʪʦʯʮʽ ʟʘʤʢʥʝʥʦʾ ʧʦʚʝʨʭʥʽ ʥʦʨʤʘʣʴ ʚʩʝʨʝʜʠʥʫ 

ʦʙôʻʤʫ, ʦʙʤʝʞʝʥʦʛʦ ʧʦʚʝʨʭʥʝʶ, ʜʽʩʪʘʥʝʤʦ ʚʥʫʪʨʽʰʥʶ ʩʪʦʨʦʥʫ ʧʦʚʝʨʭʥʽ, ʘ 

ʥʘʧʨʘʚʠʚʰʠ ʥʦʨʤʘʣʴ ʟʦʚʥʽ ï ʟʦʚʥʽʰʥʶ ʩʪʦʨʦʥʫ ʧʦʚʝʨʭʥʽ. 

ʅʘʜʘʣʽ ʙʫʜʝʤʦ ʨʦʟʛʣʷʜʘʪʠ ʜʚʦʩʪʦʨʦʥʥʽ ʧʦʚʝʨʭʥʽ. 

ʅʝʭʘʡ s ʦʨʽʻʥʪʦʚʘʥʘ ʧʦʚʝʨʭʥʷ (ʚʠʙʨʘʥʦ ʩʪʦʨʦʥʫ), ʦʙʤʝʞʝʥʘ ʢʦʥʪʫʨʦʤ 

L, ʷʢʠʡ ʥʝ ʤʘʻ ʪʦʯʦʢ ʩʘʤʦʧʝʨʝʪʠʥʫ. ɹʫʜʝʤʦ ʚʚʘʞʘʪʠ ʟʘ ʜʦʜʘʪʥʠʡ ʪʦʡ ʥʘʧʨʷʤ 

ʦʙʭʦʜʫ ʢʦʥʪʫʨʫ L, ʧʨʠ ʷʢʦʤʫ ʩʧʦʩʪʝʨʽʛʘʯ, ʨʦʟʤʽʱʝʥʠʡ ʪʘʢ, ʱʦ ʥʘʧʨʷʤ 

ʥʦʨʤʘʣʽ ʟʙʽʛʘʻʪʴʩʷ ʟ ʥʘʧʨʷʤʦʤ ʚʽʜ ʥʽʛ ʜʦ ʛʦʣʦʚʠ, ʧʨʠ ʨʫʩʽ ʟʘʣʠʰʘʻ ʧʦʚʝʨʭʥʶ 

ʟʣʽʚʘ ʚʽʜ ʩʝʙʝ. ʇʨʦʪʠʣʝʞʥʠʡ ʥʘʧʨʷʤ ʦʙʭʦʜʫ ï ʚʽʜôʻʤʥʠʡ. 

 
ɿôʷʩʫʻʤʦ ʧʦʥʷʪʪʷ ʧʦʚʝʨʭʥʝʚʦʛʦ ʽʥʪʝʛʨʘʣʘ ʜʨʫʛʦʛʦ ʨʦʜʫ. ʅʝʭʘʡ s ï ʛʣʘʜʢʘ 

ʧʦʚʝʨʭʥʷ, ʟʘʜʘʥʘ ʨʽʚʥʷʥʥʷʤ ( )yxfz ,=  ʽ ( ),,, zyxR  ï ʦʙʤʝʞʝʥʘ ʬʫʥʢʮʽʷ, 

ʚʠʟʥʘʯʝʥʘ ʚ ʪʦʯʢʘʭ ʧʦʚʝʨʭʥʽ s. 

 
ɿʦʨʽʻʥʪʫʻʤʦ ʧʦʚʝʨʭʥʶ s. ʈʦʟʽʙôʻʤʦ ʾʾ ʥʘ n  ʯʘʩʪʠʥ is . ʇʦʟʥʘʯʠʤʦ ʯʝʨʝʟ iD ï 

ʧʨʦʝʢʮʽʶ is  ʥʘ ʧʣʦʱʠʥʫ Oxy, ʘ ʯʝʨʝʟ 
*

iSD  ï ʧʣʦʱʫ iD  ʚʟʷʪʫ ʽʟ ʟʥʘʢʦʤ (+), 

ʷʢʱʦ ʦʙʨʘʥʦ ʚʝʨʭʥʶ ʩʪʦʨʦʥʫ ʧʦʚʝʨʭʥʽ s, ʽ ʽʟ ʟʥʘʢʦʤ (ï), ʷʢʱʦ ʦʙʨʘʥʦ ʥʠʞʥʶ 

ʩʪʦʨʦʥʫ ʧʦʚʝʨʭʥʽ s. ɺʠʙʝʨʝʤʦ ʚ ʢʦʞʥʽʡ is  ʜʦʚʽʣʴʥʫ ʪʦʯʢʫ ( )iiii zyxM ,,  ʽ 

x 

y 

z 

O 

Mi 
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ů 

iD  D 

n  
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x  

y  

z  

O  

n  

s 
L  



 49 

ʩʢʣʘʜʝʤʦ ʩʫʤʫ ( ) *

1

,, iiii

n

i

SzyxR Dä
=

, ʷʢʫ ʥʘʟʚʝʤʦ ʽʥʪʝʛʨʘʣʴʥʦʶ ʩʫʤʦʶ ʬʫʥʢʮʽʾ 

( ),,, zyxR  ʧʦ ʧʦʚʝʨʭʥʽ s. ʇʦʟʥʘʯʠʤʦ ʯʝʨʝʟ ()
i

ni
diamsl

¢¢
=

1
max  ʤʘʢʩʠʤʘʣʴʥʠʡ 

ʜʽʘʤʝʪʨ ʧʦʚʝʨʭʦʥʴ is . 

ʆʟʥʘʯʝʥʥʷ. ʗʢʱʦ ʽʥʪʝʛʨʘʣʴʥʘ ʩʫʤʘ ʧʨʠ 0l  ʤʘʻ ʩʢʽʥʯʝʥʥʫ ʛʨʘʥʠʮʶ, 

ʷʢʘ ʥʝ ʟʘʣʝʞʠʪʴ ʥʽ ʚʽʜ ʩʧʦʩʦʙʫ ʨʦʟʙʠʪʪʷ ʧʦʚʝʨʭʥʽ s ʥʘ ʯʘʩʪʠʥʠ is, ʥʽ ʚʽʜ 

ʚʠʙʦʨʫ ʚ ʥʠʭ ʪʦʯʦʢ iM , ʪʦ ʮʷ ʛʨʘʥʠʮʷ ʥʘʟʠʚʘʻʪʴʩʷ ʧʦʚʝʨʭʥʝʚʠʤ ʽʥʪʝʛʨʘʣʦʤ 

ɯɯ ʨʦʜʫ ʚʽʜ ʬʫʥʢʮʽʾ ),,( zyxR  ʧʦ ʧʦʚʝʨʭʥʽ s ʽ ʧʦʟʥʘʯʘʻʪʴʩʷ 

ññ
s

dxdyzyxR ),,( . 

ʆʪʞʝ, 

ññä =

= sl
D dxdyzyxRSzyxR

n

i
iiii ),,(),,(lim

1

*

0
. 

ɿ ʦʟʥʘʯʝʥʥʷ ʧʦʚʝʨʭʥʝʚʦʛʦ ʽʥʪʝʛʨʘʣʘ ʜʨʫʛʦʛʦ ʨʦʜʫ ʚʠʧʣʠʚʘʻ, ʱʦ ʧʨʠ 

ʟʘʤʽʥʽ ʦʨʽʻʥʪʘʮʽʾ ʧʦʚʝʨʭʥʽ ʥʘ ʧʨʦʪʠʣʝʞʥʫ ʽʥʪʝʛʨʘʣ ʟʤʽʥʶʻ ʩʚʽʡ ʟʥʘʢ.  

ʇʨʠʧʫʩʪʠʤʦ, ʱʦ ʧʦʚʝʨʭʥʶ s ʤʦʞʥʘ ʚʟʘʻʤʥʦ ʦʜʥʦʟʥʘʯʥʦ ʧʨʦʝʢʪʫʚʘʪʠ 

ʪʘʢʦʞ ʥʘ ʢʦʦʨʜʠʥʘʪʥʽ ʧʣʦʱʠʥʠ Oxz ʪʘ Oyz, ʽ ʥʝʭʘʡ ),,(),,,( zyxQzyxP  

ʚʠʟʥʘʯʝʥʽ ʪʘ ʦʙʤʝʞʝʥʽ ʚ ʪʦʯʢʘʭ ʧʦʚʝʨʭʥʽ ʬʫʥʢʮʽʾ s, ʪʦʜʽ ʘʥʘʣʦʛʽʯʥʦ ʤʦʞʥʘ 

ʜʘʪʠ ʦʟʥʘʯʝʥʥʷ ʱʝ ʜʚʦʭ ʧʦʚʝʨʭʥʝʚʠʭ ʽʥʪʝʛʨʘʣʽʚ ʜʨʫʛʦʛʦ ʨʦʜʫ:  

ññ
s

dxdzzyxQ ),,(  ʽ ññ
s

dydzzyxP ),,( . 

ʅʘ ʧʨʘʢʪʠʮʽ ʥʘʡʧʦʰʠʨʝʥʽʰʠʤ ʻ ʧʦʚʝʨʭʥʝʚʽ ʽʥʪʝʛʨʘʣʠ, ʷʢʽ ʦʙôʻʜʥʫʶʪʴ 

ʫʩʽ ʪʨʠ ʥʘʟʚʘʥʽ, ʪʦʙʪʦ 

.),,(),,(),,(

),,(),,(),,(

ññññññ

ññ

++=

=++

sss

s

dxdyzyxRdxdzzyxQdydzzyxP

dxdyzyxRdxdzzyxQdydzzyxP

 

2. ʆʙʯʠʩʣʝʥʥʷ ʧʦʚʝʨʭʥʝʚʦʛʦ ʽʥʪʝʛʨʘʣʫ ʜʨʫʛʦʛʦ ʨʦʜʫ. 

ʅʝʭʘʡ ʬʫʥʢʮʽʷ ),,( zyxR  ʥʝʧʝʨʝʨʚʥʘ ʚ ʫʩʽʭ ʪʦʯʢʘʭ ʛʣʘʜʢʦʾ ʧʦʚʝʨʭʥʽ s, 

ʷʢʘ ʟʘʜʘʥʘ ʨʽʚʥʷʥʥʷʤʠ ),( yxzz= . ʇʦʚʝʨʭʥʷ s ʚʟʘʻʤʥʦʦʜʥʦʟʥʘʯʥʦ 

ʧʨʦʝʢʪʫʻʪʴʩʷ ʚ ʦʙʣʘʩʪʴ xyD  ʧʣʦʱʠʥʠ Oxy.  

ɺʠʙʝʨʝʤʦ ʚʝʨʭʥʶ ʩʪʦʨʦʥʫ ʧʦʚʝʨʭʥʽ s, ʷʢʫ ʧʦʟʥʘʯʠʤʦ +s  (ʩʪʦʨʦʥʘ 

ʧʦʚʝʨʭʥʽ, ʚ ʢʦʞʥʽʡ ʪʦʯʮʽ ʷʢʦʾ ʥʦʨʤʘʣʴ ʫʪʚʦʨʶʻ ʟ ʜʦʜʘʪʥʠʤ ʥʘʧʨʷʤʦʤ ʦʩʽ Oz 

ʛʦʩʪʨʠʡ ʢʫʪ), ʪʦʜʽ 

ññññ =

+ xyD

dxdyyxzyxRdxdyzyxR )),(,,(),,(

s

. 



 50 

ʗʢʱʦ ʚʠʙʨʘʪʠ ʥʠʞʥʶ ʩʪʦʨʦʥʫ ʧʦʚʝʨʭʥʽ -s  (ʥʦʨʤʘʣʴ ʜʦ ʚʠʙʨʘʥʦʾ 

ʩʪʦʨʦʥʠ ʧʦʚʝʨʭʥʽ ʫʪʚʦʨʶʻ ʟ ʚʽʩʩʶ Oz ʪʫʧʠʡ ʢʫʪ), ʪʦ ʦʜʝʨʞʘʥʠʡ ʧʦʜʚʽʡʥʠʡ 

ʽʥʪʝʛʨʘʣ ʙʝʨʫʪʴ ʟʽ ʟʥʘʢʦʤ çʤʽʥʫʩè, ʪʦʙʪʦ 

ññññ -=

- xyD

dxdyyxzyxRdxdyzyxR )),(,,(),,(

s

. 

 

ɸʥʘʣʦʛʽʯʥʦ, ʷʢʱʦ ʛʣʘʜʢʫ ʧʦʚʝʨʭʥʶ s ʟʘʜʘʥʦ ʨʽʚʥʷʥʥʷʤ ),( zyxx= , ʪʦ  

ññññ =

+ yzD

dydzzyzyxPdydzzyxP ),),,((),,(

s

, 

ññññ -=

- yzD

dydzzyzyxPdydzzyxP ),),,((),,(

s

. 

ɿʥʘʢ ç+è ʙʝʨʝʤʦ, ʢʦʣʠ ʥʦʨʤʘʣʴ ʜʦ ʧʦʚʝʨʭʥʽ s, ʫʪʚʦʨʶʻ ʟ ʚʽʩʩʶ Ox 

ʛʦʩʪʨʠʡ ʢʫʪ, ʘ ʟʥʘʢ çïè, ʢʦʣʠ ʢʫʪ ʪʫʧʠʡ. yzD  ï ʧʨʦʝʢʮʽʷ ʧʦʚʝʨʭʥʽ s ʥʘ 

ʧʣʦʱʠʥʫ Oyz. 

ʗʢʱʦ ʛʣʘʜʢʫ ʧʦʚʝʨʭʥʶ S ʟʘʜʘʥʦ ʨʽʚʥʷʥʥʷʤ ),( zxyy= , ʪʦ  

ññññ =

+ xzD

dxdzzzxyxQdxdzzyxQ )),,(,(),,(

s

, 

ññññ -=

- xzD

dxdzzzxyxQdxdzzyxQ )),,(,(),,(

s

. 

ɿʥʘʢ ç+è ʙʝʨʝʤʦ, ʢʦʣʠ ʥʦʨʤʘʣʴ ʜʦ ʧʦʚʝʨʭʥʽ s, ʫʪʚʦʨʶʻ ʟ ʚʽʩʩʶ Oy ʛʦʩʪʨʠʡ 

ʢʫʪ, ʘ ʟʥʘʢ çïè, ʢʦʣʠ ʢʫʪ ʪʫʧʠʡ. xzD  ï ʧʨʦʝʢʮʽʷ ʧʦʚʝʨʭʥʽ s ʥʘ ʧʣʦʱʠʥʫ Oxz. 

ʗʢʱʦ ʧʦʚʝʨʭʥʷ ʥʝʦʜʥʦʟʥʘʯʥʦ ʧʨʦʝʢʪʫʻʪʴʩʷ ʥʘ ʷʢʫ-ʥʝʙʫʜʴ ʢʦʦʨʜʠʥʘʪʥʫ 

ʧʣʦʱʠʥʫ, ʪʦ ʮʶ ʧʦʚʝʨʭʥʶ ʨʦʟʙʠʚʘʶʪʴ ʥʘ ʯʘʩʪʠʥʠ, ʷʢʽ ʧʨʦʝʢʪʫʶʪʴʩʷ ʚʟʘʻʤʥʦ 

ʦʜʥʦʟʥʘʯʥʦ, ʘ ʽʥʪʝʛʨʘʣ ʦʙʯʠʩʣʶʶʪʴ ʷʢ ʩʫʤʫ ʽʥʪʝʛʨʘʣʽʚ ʧʦ ʦʜʝʨʞʘʥʠʭ 

ʯʘʩʪʠʥʘʭ ʧʦʚʝʨʭʥʽ s. 

ɿʘʫʚʘʞʝʥʥʷ. ʋ ʚʠʧʘʜʢʫ, ʢʦʣʠ ʧʦʪʨʽʙʥʦ ʦʙʯʠʩʣʠʪʠ ʟʘʛʘʣʴʥʠʡ ʽʥʪʝʛʨʘʣ 

ʜʨʫʛʦʛʦ ʨʦʜʫ  

ññ ++

s

dxdyzyxRdxdzzyxQdydzzyxP ),,(),,(),,( , 

ʧʦ ʧʦʚʝʨʭʥʽ s, ʷʢʘ ʟʘʜʘʥʘ ʨʽʚʥʷʥʥʷʤ ),( yxzz= , ʤʦʞʥʘ ʩʢʦʨʠʩʪʘʪʠʩʷ 

ʬʦʨʤʫʣʦʶ: 

( ) .)),(,,()))(,(,,()))(,(,,(

),,(),,(),,(

ññ

ññ

+¡-+¡-°=

=++

°

xyD

yx dxdyyxzyxRzyxzyxQzyxzyxP

dxdyzyxRdxdzzyxQdydzzyxP

s
 

ʗʢʱʦ ʩʪʦʨʦʥʘ ʧʦʚʝʨʭʥʽ ʚʝʨʭʥʷ, ʪʦʙʪʦ ʥʦʨʤʘʣʴ ʜʦ ʮʽʻʾ ʧʦʚʝʨʭʥʽ ʫʪʚʦʨʶʻ ʟ 

ʚʽʩʩʶ Oz ʛʦʩʪʨʠʡ ʢʫʪ, ʪʦ ʚʠʙʠʨʘʻʤʦ ʟʥʘʢ ç+è, ʷʢʱʦ ʥʠʞʥʷ ʪʦ çïè. 
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ʇʨʠʢʣʘʜ 1. ʆʙʯʠʩʣʠʪʠ ʧʦʚʝʨʭʥʝʚʠʡ ʽʥʪʝʛʨʘʣ  

ññ+
s

dydzx )1( , 

ʜʝ s ï ʚʝʨʭʥʷ ʩʪʦʨʦʥʘ ʪʨʠʢʫʪʥʠʢʘ, ʫʪʚʦʨʝʥʦʛʦ ʧʝʨʝʪʠʥʦʤ ʧʣʦʱʠʥʠ 

1=++ zyx  ʟ ʢʦʦʨʜʠʥʘʪʥʠʤʠ ʧʣʦʱʠʥʘʤʠ. 

ʈʦʟʚôʷʟʘʥʥʷ.  

 

ʅʦʨʤʘʣʴʥʠʡ ʚʝʢʪʦʨ 0n
C

 ʜʦ ʧʦʚʝʨʭʥʽ s 

ʫʪʚʦʨʶʻ ʛʦʩʪʨʠʡ ʢʫʪ ʟ ʚʽʩʩʶ Ox. ʆʪʞʝ ʧʨʠ 

ʧʝʨʝʭʦʜʽ ʜʦ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʤʘʻʤʦ ʟʥʘʢ ç+è. 

ʇʨʦʝʢʪʫʻʤʦ ʧʦʚʝʨʭʥʶ s ʟ ʨʽʚʥʷʥʥʷʤ 

1=++ zyx  ʥʘ ʢʦʦʨʜʠʥʘʪʥʫ ʧʣʦʱʠʥʫ Oyz ʚ 

ʪʨʠʢʫʪʥʠʢ OBC.  

yzyDyz -¢¢¢¢ 10,10: . 

ʈʽʚʥʷʥʥʷ ʧʦʚʝʨʭʥʽ ʟʘʧʠʰʝʤʦ ʫ ʚʠʛʣʷʜʽ  

zyx --=1 . 
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ʇʨʠʢʣʘʜ 2. ʆʙʯʠʩʣʠʪʠ ññ ++ö
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s

zdxdyxdxdzdydzzyx
2

3
, 

ʷʢʱʦ s ï ʟʦʚʥʽʰʥʷ ʩʪʦʨʦʥʘ 

ʪʨʠʢʫʪʥʠʢʘ, ʫʪʚʦʨʝʥʦʛʦ 

ʧʝʨʝʪʠʥʦʤ ʧʣʦʱʠʥʠ 

0222 =-+- zyx  ʟ 

ʢʦʦʨʜʠʥʘʪʥʠʤʠ ʧʣʦʱʠʥʘʤʠ. 

ʈʦʟʚôʷʟʘʥʥʷ. 

ʉʢʦʨʠʩʪʘʻʤʦʩʴ ʟʘʫʚʘʞʝʥʥʷʤ.  
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ɯʟ ʨʽʚʥʷʥʥʷ ʧʦʚʝʨʭʥʽ s ʤʘʻʤʦ: Ý=-+- 0222 zyx   

222 ++-= yxz , 2-=¡xz , 2=¡yz . 
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3. ɿʚ'ʷʟʦʢ ʤʽʞ ʧʦʚʝʨʭʥʝʚʠʤʠ ʽʥʪʝʛʨʘʣʘʤʠ ʧʝʨʰʦʛʦ ʪʘ ʜʨʫʛʦʛʦ ʨʦʜʫ. 

ʆʩʢʽʣʴʢʠ sgddxdy cos= , sbddxdz cos= , saddydz cos= , ʜʝ sd  ï 

ʝʣʝʤʝʥʪ ʧʣʦʱʽ ʧʦʚʝʨʭʥʽ s; a, b, g ï ʢʫʪʠ ʤʽʞ ʥʦʨʤʘʣʣʶ ʜʦ ʧʦʚʝʨʭʥʽ s ʪʘ 

ʦʩʷʤʠ Ox, Oy, Oz ʚʽʜʧʦʚʽʜʥʦ, ʪʦ ʩʧʨʘʚʝʜʣʠʚʘ ʬʦʨʤʫʣʘ, ʱʦ ʧʦʻʜʥʫʻ 

ʧʦʚʝʨʭʥʝʚʽ ʽʥʪʝʛʨʘʣʠ ʧʝʨʰʦʛʦ ʽ ʜʨʫʛʦʛʦ ʨʦʜʫ 
 

.)coscoscos(ññññ ++=++

ss

sgba dRQPdxdyRdxdzQdydzP  
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ʃʝʢʮʽʷ ˉ8. 

ʊʝʤʘ: ʌʦʨʤʫʣʠ ɻʨʽʥʘ, ʉʪʦʢʩʘ, ʆʩʪʨʦʛʨʘʜʩʴʢʦʛʦ-ɻʘʫʩʩʘ. 

ʇʣʘʥ ʣʝʢʮʽʾ: 

1. ʌʦʨʤʫʣʘ ɻʨʽʥʘ. ʅʝʟʘʣʝʞʥʽʩʪʴ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʚʽʜ ʬʦʨʤʠ 

ʰʣʷʭʫ ʽʥʪʝʛʨʫʚʘʥʥʷ. 

2. ʌʦʨʤʫʣʘ ʉʪʦʢʩʘ. 

3. ʌʦʨʤʫʣʘ ʆʩʪʨʦʛʨʘʜʩʴʢʦʛʦ-ɻʘʫʩʩʘ. 

 

1.ʌʦʨʤʫʣʘ ɻʨʽʥʘ. ʋʤʦʚʠ ʥʝʟʘʣʝʞʥʦʩʪʽ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʚʽʜ 

ʬʦʨʤʠ ʰʣʷʭʫ ʽʥʪʝʛʨʫʚʘʥʥʷ. 

ʌʦʨʤʫʣʘ ɻʨʽʥʘ ʧʦʚôʷʟʫʻ ʧʦʜʚʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ʧʦ ʟʘʤʢʥʝʥʽʡ ʦʙʣʘʩʪʽ D  ʟ 

ʢʨʠʚʦʣʽʥʽʡʥʠʤ ʽʥʪʝʛʨʘʣʦʤ ʧʦ ʤʝʞʽ ʮʽʻʾ ʦʙʣʘʩʪʽ L . 

ʊʝʦʨʝʤʘ. ʅʝʭʘʡ D  ʟʘʤʢʥʝʥʘ ʦʙʣʘʩʪʴ, ʦʙʤʝʞʝʥʘ ʢʦʥʪʫʨʦʤ L, ʽ ʬʫʥʢʮʽʾ 

( )yxP ,  ʪʘ ),( yxQ  ʥʝʧʝʨʝʨʚʥʽ ʨʘʟʦʤ ʽʟ ʩʚʦʾʤʠ ʯʘʩʪʠʥʥʠʤʠ ʧʦʭʽʜʥʠʤʠ 
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 ʚ ʮʽʡ ʦʙʣʘʩʪʽ. ʊʦʜʽ ʩʧʨʘʚʝʜʣʠʚʘ ʬʦʨʤʫʣʘ ɻʨʽʥʘ  
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dyyxQdxyxP ),(),( . 

ɿʘʫʚʘʞʝʥʥʷ. ʋ ʬʦʨʤʫʣʽ ɻʨʽʥʘ ʧʨʠ ʦʙʭʦʜʽ ʢʦʥʪʫʨʫ L  ʦʙʣʘʩʪʴ D  

ʟʘʣʠʰʘʻʪʴʩʷ ʚʝʩʴ ʯʘʩ ʟʣʽʚʘ, ʪʦʙʪʦ ʤʝʞʘ L  ʜʦʜʘʪʥʦ ʦʨʽʻʥʪʦʚʘʥʘ. 

 

ʇʨʠʢʣʘʜ 1. ʆʙʯʠʩʣʠʪʠ ( ) ( )ñ ++-

L

dyyxdxyx 2 , ʜʝ L - ʢʦʣʦ 222 Ryx =+  

ʟʘ ʬʦʨʤʫʣʦʶ ɻʨʽʥʘ. 

ʈʦʟʚôʷʟʦʢ.  

1,2,,2 =
µ

µ
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µ

µ
+=-=

x

Q

y

P
yxQyxP . 

( ) ( ) ( ) ñññññ ==+=++-

DDL

Rdxdydxdydyyxdxyx 233212 p  

 

 

ʅʝʟʘʣʝʞʥʽʩʪʴ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʚʽʜ ʬʦʨʤʠ ʰʣʷʭʫ ʽʥʪʝʛʨʫʚʘʥʥʷ. 

ʗʢʱʦ ʟʥʘʯʝʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʟʘʣʠʰʘʻʪʴʩʷ ʦʜʥʘʢʦʚʠʤ ʧʦ 

ʚʩʽʭ ʤʦʞʣʠʚʠʭ ʢʨʠʚʠʭ, ʷʢʽ ʩʧʦʣʫʯʘʁ ʪʴ ʢʽʥʮʝʚʽ ʪʦʯʢʠ ʢʨʠʚʦʾ ʽʥʪʝʛʨʫʚʘʥʥʷ, ʪʦ 

ʛʦʚʦʨʷʪʴ, ʱʦ ʢʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ʥʝ ʟʘʣʝʞʠʪʴ ʚʽʜ ʬʦʨʤʠ ʰʣʷʭʫ 

ʽʥʪʝʛʨʫʚʘʥʥʷ. ɺʢʘʞʝʤʦ ʫʤʦʚʠ, ʟʘ ʷʢʠʭ ʽʩʥʫʻ ʪʘʢʘ ʥʝʟʘʣʝʞʥʽʩʪʴ. 

x  R  

y  
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ʊʝʦʨʝʤʘ. ʅʝʭʘʡ ʬʫʥʢʮʽʾ( )yxP ,  ʽ ( )yxQ ,  ʪʘ ʾʭ ʯʘʩʪʠʥʥʽ ʧʦʭʽʜʥʽ 
y

P

µ

µ
 ʽ 

x

Q

µ

µ
ʥʝʧʝʨʝʨʚʥʽ ʚ ʟʘʤʢʥʝʥʽʡ ʦʜʥʦʟʚôʷʟʥʽʡ ʦʙʣʘʩʪʽ D . ʊʦʜʽ ʥʘʩʪʫʧʥʽ ʯʦʪʠʨʠ 

ʪʚʝʨʜʞʝʥʥʷ ʻ ʨʽʚʥʦʩʠʣʴʥʠʤʠ: 

1)  ñ =+

L

dyyxQdxyxP 0),(),( , ʜʝ L ï ʙʫʜʴ-ʷʢʠʡ ʟʘʤʢʥʝʥʠʡ ʢʦʥʪʫʨ, ʱʦ 

ʣʝʞʠʪʴ ʚ ʦʙʣʘʩʪʽ D; 

2)  ñ +

AB

dyyxQdxyxP ),(),(  ʥʝ ʟʘʣʝʞʠʪʴ ʚʽʜ ʬʦʨʤʠ ʰʣʷʭʫ, ʱʦ ʟôʻʜʥʫʻ ʪʦʯʢʠ 

A ʽ B , DABË ; 

3)  ɺʠʨʘʟ QdyPdx+  ʻ ʧʦʚʥʠʤ ʜʠʬʝʨʝʥʮʽʘʣʦʤ ʜʝʷʢʦʾ ʬʫʥʢʮʽʾ ( )yxF , , 

ʚʠʟʥʘʯʝʥʦʾ ʚ ʦʙʣʘʩʪʽ D( )QdyPdxdF += ; 

4) ɺ ʫʩʽʭ ʪʦʯʢʘʭ ʦʙʣʘʩʪʽ D ʚʠʢʦʥʫʻʪʴʩʷ ʨʽʚʥʽʩʪʴ 
x

Q

y

P

µ

µ
=

µ

µ
. 

ʇʨʠʢʣʘʜ 2. ʆʙʯʠʩʣʠʪʠ ʢʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ( ) xydydxyx

AB

222 --ñ  ʧʦ 

ʜʦʚʽʣʴʥʽʡ ʢʨʠʚʽʡ, ʷʢʘ ʩʧʦʣʫʯʘʻ ʪʦʯʢʠ ( )0;0A  ʽ ()1;1B . 

ʈʦʟʚôʷʟʦʢ. ʇʝʨʝʚʽʨʠʤʦ ʚʠʢʦʥʘʥʥʷ ʫʤʦʚʠ 4) ʚʠʱʝ ʥʘʚʝʜʝʥʦʾ ʪʝʦʨʝʤʠ. 
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=-= 2,2,2,22 . ʆʪʞʝ ʟʥʘʯʝʥʥʷ 

ʜʘʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʥʝ ʟʘʣʝʞʠʪʴ ʚʽʜ ʬʦʨʤʠ ʢʨʠʚʦʾ, ʱʦ ʩʧʦʣʫʯʘʻ ʪʦʯʢʠ A ʽ B . 

ʆʙʯʠʩʣʠʤʦ ʽʥʪʝʛʨʘʣ ʚʚʘʞʘʶʯʠ ʱʦ ʪʦʯʢʠ A ʽ B  ʩʧʦʣʫʯʝʥʽ ʧʨʷʤʦʶ xy= . 

( ) ( )
3

2

3

2
222

1

0

1

0

322222 -=-=-=--=-- ñññ xdxxxxdxdxxxxydydxyx
ABAB

. 

 

2.ʌʦʨʤʫʣʘ ʉʪʦʢʩʘ. 

ʌʦʨʤʫʣʘ ʉʪʦʢʩʘ ʚʩʪʘʥʦʚʣʶʻ ʟʚôʷʟʦʢ ʤʽʞ ʧʦʚʝʨʭʥʝʚʠʤʠ ʪʘ 

ʢʨʠʚʦʣʽʥʽʡʥʠʤʠ ʽʥʪʝʛʨʘʣʘʤʠ. 

ʅʝʭʘʡ s ï ʛʣʘʜʢʘ ʦʨʽʻʥʪʦʚʘʥʘ ʧʦʚʝʨʭʥʷ, ʘ 

L  ï ʢʫʩʢʦʚʦ-ʛʣʘʜʢʘ ʟʘʤʢʥʝʥʘ ʢʨʠʚʘ, ʷʢʘ ʦʙʤʝʞʫʻ 

s ʽ ʦʨʽʻʥʪʦʚʘʥʘ ʚʽʜʧʦʚʽʜʥʦ ʜʦ ʦʨʽʻʥʪʘʮʽʾ 

ʧʦʚʝʨʭʥʽ s (ʩʧʦʩʪʝʨʽʛʘʯ ʨʦʟʪʘʰʦʚʘʥʠʡ ʚʟʜʦʚʞ 

ʥʦʨʤʘʣʽ ʜʦ ʦʙʨʘʥʦʾ ʩʪʦʨʦʥʠ ʧʦʚʝʨʭʥʽ, ʨʫʭʘʶʯʠʩʴ 

ʧʦ ʢʨʠʚʽʡ L, ʙʫʜʝ ʙʘʯʠʪʠ ʧʦʚʝʨʭʥʶ s ʟʣʽʚʘ). ɯ 

ʥʝʭʘʡ ʬʫʥʢʮʽʾ ),,(),,,(),,,( zyxRzyxQzyxP  ʪʘ 

ʾʭ ʯʘʩʪʠʥʥʽ ʧʦʭʽʜʥʽ ʧʝʨʰʦʛʦ ʧʦʨʷʜʢʫ ʥʝʧʝʨʝʨʚʥʽ 

ʥʘ ʧʦʚʝʨʭʥʽ s, ʪʦʜʽ ʤʘʻ ʤʽʩʮʝ ʬʦʨʤʫʣʘ ʉʪʦʢʩʘ 
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 ï ʦʜʠʥʠʯʥʘ ʥʦʨʤʘʣʴ ʜʦ ʚʠʙʨʘʥʦʾ ʩʪʦʨʦʥʠ 

ʧʦʚʝʨʭʥʽ s. 
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ɿʘʫʚʘʞʝʥʥʷ. ʌʦʨʤʫʣʘ ʉʪʦʢʩʘ ʟʘʣʠʰʘʻʪʴʩʷ ʚ ʩʠʣʽ ʜʣʷ ʢʫʩʢʦʚʦ-ʛʣʘʜʢʠʭ 

ʧʦʚʝʨʭʦʥʴ, ʷʢʽ ʤʦʞʥʘ ʨʦʟʙʠʪʠ ʥʘ ʯʘʩʪʠʥʠ, ʱʦ ʚʟʘʻʤʥʦ ʦʜʥʦʟʥʘʯʥʦ 

ʧʨʦʝʢʪʫʶʪʴʩʷ ʥʘ ʚʩʽ ʢʦʦʨʜʠʥʘʪʥʽ ʧʣʦʱʠʥʠ. 

 

ʇʨʠʢʣʘʜ 3. ʆʙʯʠʩʣʠʪʠ ʢʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ  

ñ +++++++-

L

dzzyxdyyzxdxxyz )()2()2( 423 , 

ʜʝ L  ï ʢʨʠʚʘ ʧʝʨʝʨʽʟʫ ʮʠʣʽʥʜʨʘ Rxyx =+ 22  ʽ ʩʬʝʨʠ 2222 Rzyx =++  ʧʨʠ 

0²z , ʫ ʥʘʧʨʷʤʽ ʧʨʦʪʠ ʛʦʜʠʥʥʠʢʦʚʦʾ ʩʪʨʽʣʢʠ, ʷʢʱʦ ʜʠʚʠʪʠʩʷ ʟ ʜʦʜʘʪʥʦʛʦ 

ʥʘʧʨʷʤʫ ʦʩʽ Oz. 

ʈʦʟʚôʷʟʘʥʥʷ. 
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ɺ ʷʢʦʩʪʽ ʧʦʚʝʨʭʥʽ s ʦʙʝʨʝʤʦ ʯʘʩʪʠʥʫ ʩʬʝʨʠ 222 yxRz --= , ʱʦ 

ʟʥʘʭʦʜʠʪʴʩʷ ʚ ʩʝʨʝʜʠʥʽ ʮʠʣʽʥʜʨʘ Rxyx =+ 22 . ʇʨʦʝʢʮʽʻʶ ʮʽʻʾ ʧʦʚʝʨʭʥʽ ʥʘ 

ʧʣʦʱʠʥʫ Oxy ʙʫʜʝ ʢʨʫʛ 
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ʆʪʞʝ, =+++++++-ñ
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dzzyxdyyzxdxxyz )()2()2( 423  
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ññññ ==-+-++= , 

ʦʩʢʽʣʴʢʠ, ññ
D

dxdyï ʮʝ ʧʣʦʱʘ ʢʨʫʛʘ ʨʘʜʽʫʩʘ 
2
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, ʷʢʫ ʟʥʘʭʦʜʠʤʦ ʟʘ ʬʦʨʤʫʣʦʶ 

2rp  ʧʨʠ 
2

R
r = . 

3. ʌʦʨʤʫʣʘ ʆʩʪʨʦʛʨʘʜʩʴʢʦʛʦ-ɻʘʫʩʩʘ. 

ʌʦʨʤʫʣʘ ʆʩʪʨʦʛʨʘʜʩʴʢʦʛʦ-ɻʘʫʩʩʘ ʩʪʦʩʫʻʪʴʩʷ 

ʟʘʤʢʥʝʥʠʭ ʧʨʦʩʪʦʨʦʚʠʭ ʦʙʣʘʩʪʝʡ ʽ ʧʦʚôʷʟʫʻ 

ʧʦʪʨʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ʧʦ ʦʙʣʘʩʪʽ 3RGË  ʟ 

ʧʦʚʝʨʭʥʝʚʠʤ ʽʥʪʝʛʨʘʣʦʤ ʧʦ ʟʦʚʥʽʰʥʽʡ ʩʪʦʨʦʥʽ 

ʧʦʚʝʨʭʥʽ s, ʷʢʘ ʦʙʤʝʞʫʻ ʮʶ ʦʙʣʘʩʪʴ.  

ʅʝʭʘʡ s ï ʢʫʩʢʦʚʦ-ʛʣʘʜʢʘ ʧʦʚʝʨʭʥʷ, ʷʢʘ 

ʦʙʤʝʞʫʻ ʪʽʣʦ G, ʘ 

),,(),,,(),,,( zyxRzyxQzyxP  ï ʥʝʧʝʨʝʨʚʥʽ ʨʘʟʦʤ ʟ ʯʘʩʪʠʥʥʠʤʠ ʧʦʭʽʜʥʠʤʠ 
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ʇʨʠʢʣʘʜ 4. ʆʙʯʠʩʣʠʪʠ  
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zxdxdyydxdzdydzx 232
, ʜʝ s- ʟʦʚʥʽʰʥʷ ʩʪʦʨʦʥʘ 

ʧʽʨʘʤʽʜʠ, ʦʙʤʝʞʝʥʦʾ ʧʣʦʱʠʥʘʤʠ: 

0,0 == yx , 1,0 =++= zyxz . 
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ʃʝʢʮʽʷ ˉ9. 

ʊʝʤʘ: ɺʝʢʪʦʨʥʝ ʧʦʣʝ 

 

ʇʣʘʥ ʣʝʢʮʽʾ: 

1. ɺʝʢʪʦʨʥʝ ʧʦʣʝ. ɺʝʢʪʦʨʥʽ ʣʽʥʽʾ. 

2. ʇʦʪʽʢ ʚʝʢʪʦʨʥʦʛʦ ʧʦʣʷ. 

3. ɼʠʚʝʨʛʝʥʮʽʷ ʚʝʢʪʦʨʥʦʛʦ ʧʦʣʷ. 

4. ʎʠʨʢʫʣʷʮʽʷ ʽ ʨʦʪʦʨ ʚʝʢʪʦʨʥʦʛʦ ʧʦʣʷ. 

5. ʇʦʪʝʥʮʽʘʣʴʥʽ ʪʘ ʩʦʣʝʥʦʾʜʘʣʴʥʽ ʧʦʣʷ. 

 

1. ɺʝʢʪʦʨʥʝ ʧʦʣʝ. ɺʝʢʪʦʨʥʽ ʣʽʥʽʾ. 

ʆʟʥʘʯʝʥʥʷ. ʗʢʱʦ ʢʦʞʥʽʡ ʪʦʯʮʽ M  ʦʙʣʘʩʪʽ G  ʧʦʩʪʘʚʣʝʥʦ ʫ 

ʚʽʜʧʦʚʽʜʥʽʩʪʴ ʧʝʚʥʠʡ ʚʝʢʪʦʨ )(Ma
C

, ʪʦ ʢʘʞʫʪʴ, ʱʦ ʚ ʦʙʣʘʩʪʽ G  ʟʘʜʘʥʦ 

ʚʝʢʪʦʨʥʝ ʧʦʣʝ )(Maa
CC
= , GMÍ . 

ʇʨʠʢʣʘʜʠ ʚʝʢʪʦʨʥʠʭ ʧʦʣʽʚ. 

1. ʇʦʣʝ ʰʚʠʜʢʦʩʪʝʡ ʩʪʘʮʽʦʥʘʨʥʦʛʦ ʧʦʪʦʢʫ ʨʽʜʠʥʠ. 

ʅʝʭʘʡ ʦʙʣʘʩʪʴ G  ʟʘʧʦʚʥʝʥʦ ʨʽʜʠʥʦʶ, ʷʢʘ ʚ ʢʦʞʥʽʡ ʪʦʯʮʽ M  ʤʘʻ ʧʝʚʥʫ 

ʰʚʠʜʢʽʩʪʴ )(Mv
C

, ʷʢʘ ʥʝ ʟʘʣʝʞʠʪʴ ʚʽʜ ʯʘʩʫ (ʘʣʝ ʟʤʽʥʶʻʪʴʩʷ ʚʽʜ ʪʦʯʢʠ ʜʦ 

ʪʦʯʢʠ), ʪʦʜʽ ʤʘʻʤʦ ʚʝʢʪʦʨʥʝ ʧʦʣʝ ʰʚʠʜʢʦʩʪʝʡ GMMvv Í= ),(
CC

. 

2. ʇʦʣʝ ʪʷʞʽʥʥʷ. 

ʅʝʭʘʡ ʚ ʦʙʣʘʩʪʽ G  ʨʦʟʧʦʜʽʣʝʥʦ ʧʝʚʥʫ ʤʘʩʫ. ʊʦʜʽ ʥʘ ʢʦʞʥʫ ʤʘʪʝʨʽʘʣʴʥʫ 

ʪʦʯʢʫ GMÍ  ʜʽʻ ʛʨʘʚʽʪʘʮʽʡʥʘ ʩʠʣʘ )(MF
C

. ʆʪʞʝ, ʤʘʻʤʦ ʚʝʢʪʦʨʥʝ ʧʦʣʝ 

ʪʷʞʽʥʥʷ )(MFF
CC
= , GMÍ , ʷʢʝ ʥʘʟʠʚʘʶʪʴ ʛʨʘʚʽʪʘʮʽʡʥʠʤ. 

3. ɽʣʝʢʪʨʦʩʪʘʪʠʩʪʠʯʥʝ ʧʦʣʝ. 

ʅʝʭʘʡ ʚ ʦʙʣʘʩʪʽ G  ʟʘʜʘʥʦ ʜʝʷʢʠʡ ʨʦʟʧʦʜʽʣ ʝʣʝʢʪʨʠʯʥʠʭ ʟʘʨʷʜʽʚ, ʘ ʚ 

ʪʦʯʮʽ A ʧʨʦʩʪʦʨʫ ʨʦʟʪʘʰʦʚʘʥʠʡ ʦʜʠʥʠʯʥʠʡ ʟʘʨʷʜ. ʊʦʜʽ ʮʝʡ ʦʜʠʥʠʯʥʠʡ ʟʘʨʷʜ 

ʜʽʻ ʥʘ ʪʦʯʢʫ M  ʽʟ ʦʙʣʘʩʪʽ G  ʟ ʧʝʚʥʦʶ ʩʠʣʦʶ )(MF
C

. ʆʪʞʝ, ʤʘʻʤʦ ʚʝʢʪʦʨʥʝ 

ʧʦʣʝ GMM Í= ),(FF
CC

, ʷʢʝ ʥʘʟʠʚʘʶʪʴ ʝʣʝʢʪʨʦʩʪʘʪʠʩʪʠʯʥʠʤ ʧʦʣʝʤ. 

ʗʢʱʦ ʚ ʧʨʦʩʪʦʨʽ ʚʠʙʨʘʥʘ ʩʠʩʪʝʤʘ ʢʦʦʨʜʠʥʘʪ Oxyz, ʪʦ ʚʝʢʪʦʨʥʝ ʧʦʣʝ 

)(Maa
CC
=  ʤʦʞʥʘ ʚʠʟʥʘʯʠʪʠ, ʚʢʘʟʘʚʰʠ ʬʫʥʢʮʽʾ )(MP , )(MQ  ʪʘ )(MR  ï 

ʢʦʦʨʜʠʥʘʪʠ ʚʝʢʪʦʨʘ a
C
. ʊʦʙʪʦ 

)),,(),,,(),,,((),,(),,(),,(),,( zyxRzyxQzyxPkzyxRjzyxQizyxPzyxa =++=
CCCC

ʜʝ ),,( zyx  ï ʢʦʦʨʜʠʥʘʪʠ ʪʦʯʢʠ M  ʫ ʚʠʙʨʘʥʽʡ ʩʠʩʪʝʤʽ ʢʦʦʨʜʠʥʘʪ. 

ɿʘʫʚʘʞʝʥʥʷ. ʅʘʜʘʣʽ ʙʫʜʝʤʦ ʚʚʘʞʘʪʠ, ʱʦ ʬʫʥʢʮʽʾ ),,( zyxP , ),,,( zyxQ  

),,( zyxR  ʤʘʶʪʴ ʥʝʧʝʨʝʨʚʥʽ ʯʘʩʪʠʥʥʽ 

ʧʦʭʽʜʥʽ ʚ G . 

ɺʝʢʪʦʨʥʽ ʣʽʥʽʾ. 

ɼʣʷ ʥʘʦʯʥʦʛʦ ʟʦʙʨʘʞʝʥʥʷ 

ʚʝʢʪʦʨʥʠʭ ʧʦʣʽʚ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴ 

ʚʝʢʪʦʨʥʽ ʣʽʥʽʾ. 
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ʆʟʥʘʯʝʥʥʷ. ɺʝʢʪʦʨʥʦʶ ʣʽʥʽʻʶ ʚʝʢʪʦʨʥʦʛʦ ʧʦʣʷ  ʥʘʟʠʚʘʻʪʴʩʷ ʪʘʢʘ 

ʢʨʠʚʘ , ʚ ʢʦʞʥʽʡ ʪʦʯʮʽ  ʷʢʦʾ ʜʦʪʠʯʥʘ ʜʦ ʥʝʾ ʤʘʻ ʥʘʧʨʷʤʦʢ ʚʝʢʪʦʨʘ ʧʦʣʷ 

. 

ʅʝʭʘʡ , ,  ï ʧʘʨʘʤʝʪʨʠʯʥʽ ʨʽʚʥʷʥʥʷ ʚʝʢʪʦʨʥʦʾ 

ʣʽʥʽʾ  ʧʦʣʷ , ʫ ʚʝʢʪʦʨʥʦʤʫ ʚʠʛʣʜ̫ʽ ʦʪʨʠʤʘʻʤʦ: 

. 

ɺʽʜʦʤʦ, ʱʦ ʚʝʢʪʦʨ  

 

ʥʘʧʨʷʤʣʝʥʠʡ ʧʦ ʜʦʪʠʯʥʽʡ ʜʦ . ɿ ʦʟʥʘʯʝʥʥʷ ʚʝʢʪʦʨʥʦʾ ʣʽʥʽʾ ʚʠʧʣʠʚʘʻ, ʱʦ 

ʚʝʢʪʦʨʠ  ʽ  ʢʦʣʽʥʝʘʨʥʽ ʚ ʢʦʞʥʽʡ ʪʦʯʮʽ . ʊʦʜʽ ʫʤʦʚʠ ʢʦʣʽʥʝʘʨʥʦʩʪʽ 

 

ʷʚʣʷʶʪʴ ʩʦʙʦʶ ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ, ʱʦ ʚʠʟʥʘʯʘʻ ʚʝʢʪʦʨʥʽ ʣʽʥʽʾ ʧʦʣʷ. 

2. ʇʦʪʽʢ ʚʝʢʪʦʨʥʦʛʦ ʧʦʣʷ. 

ʅʝʭʘʡ ʚ ʦʙʣʘʩʪʽ  ʧʨʦʩʪʦʨʫ  ʟʘʜʘʥʦ ʚʝʢʪʦʨʥʝ ʧʦʣʝ  

 

ʽ ʜʝʷʢʫ ʛʣʘʜʢʫ ʘʙʦ ʢʫʩʢʦʚʦ-ʛʣʘʜʢʫ ʜʚʦʩʪʦʨʦʥʥʶ ʦʨʽʻʥʪʦʚʘʥʫ ʧʦʚʝʨʭʥʶ . ɯ 

ʥʝʭʘʡ  ï ʚʝʢʪʦʨ ʦʜʠʥʠʯʥʦʾ ʥʦʨʤʘʣʽ ʚ ʜʦʚʽʣʴʥʽʡ 

ʪʦʯʮʽ ʜʦ ʧʦʚʝʨʭʥʽ . 

ʆʟʥʘʯʝʥʥʷ. ʇʦʪʦʢʦʤ ʚʝʢʪʦʨʥʦʛʦ ʧʦʣʷ  ʯʝʨʝʟ ʧʦʚʝʨʭʥʶ  ʫ 

ʥʘʧʨʷʤʽ ʥʦʨʤʘʣʽ  ʥʘʟʠʚʘʻʪʴʩʷ ʧʦʚʝʨʭʥʝʚʠʡ ʽʥʪʝʛʨʘʣ  

 

ʘʙʦ 

. 

ʆʪʞʝ, ʦʙʯʠʩʣʝʥʥʷ ʧʦʪʦʢʫ ʚʝʢʪʦʨʥʦʛʦ ʧʦʣʷ ʟʚʦʜʠʪʴʩʷ ʜʦ ʦʙʯʠʩʣʝʥʥʷ 

ʧʦʚʝʨʭʥʝʚʠʭ ʽʥʪʝʛʨʘʣʽʚ. 

ʇʨʠʢʣʘʜ 1. ʆʙʯʠʩʣʽʪʴ ʧʦʪʽʢ ʚʝʢʪʦʨʥʦʛʦ 

ʧʦʣʷ  ʯʝʨʝʟ ʚʝʨʭʥʶ ʩʪʦʨʦʥʫ 

ʯʘʩʪʠʥʠ ʧʣʦʱʠʥʠ , ʱʦ ʣʝʞʠʪʴ 

ʚ ʧʝʨʰʦʤʫ ʦʢʪʘʥʪʽ.  

ʈʦʟʚôʷʟʘʥʥʷ.  

ɼʣʷ ʜʘʥʦʛʦ ʚʝʢʪʦʨʥʦʛʦ ʧʦʣʷ  

. 

ɿʘ ʦʟʥʘʯʝʥʥʷʤ ʧʦʪʦʢʫ ʚʝʢʪʦʨʥʦʛʦ ʧʦʣʷ ʤʘʻʤʦ 
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